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Abstract

We prove universal energy minimality for the triangular lattice in the plane. Among locally
finite configurations of centered density one, it minimizes the lower limit of centered-ball energy
averages for every nonnegative completely monotone function of squared distance, including
when the energy is infinite. We also prove triangular minimality for planar logarithmic and Riesz
renormalized energies, with 0 < s < 2 in the Riesz case, and the corresponding jellium minima.
The proof uses sharp Gaussian Fourier bounds, positive mixtures, and heat-kernel comparison.

1 Introduction

Universal optimality asks whether one configuration minimizes an entire class of pair interactions.
In the plane, the triangular lattice is the natural candidate. The problem goes beyond comparison
with other lattices: a competing configuration may be nonperiodic, may contain arbitrarily close
pairs, and may have very uneven local point counts. We prove the energy comparison for this full
class under a single centered-density hypothesis.

Put b = v/3/2 and let

A=b"Y2{5(1,0) + k(1/2,b) : j,k € Z}

be the triangular lattice of covolume one. Let Bg be the closed disk of radius R centered at the
origin. For a locally finite configuration C C R?, write Cr = C N Br and N = #Cg. Its centered
disk density is one if

Nr
For a nonnegative interaction g : (0,00) — [0, 00), define
1 2
E,(C) =liminf — gllz —y|?). 1.1
o0) = lpint - 35 olle =l (1)
T#Y

The sum counts ordered pairs. Density one makes Np positive for all sufficiently large R, so the
lower limit is well defined in [0, oco].



Theorem 1.1 (Universal energy minimality). Let g : (0,00) — [0,00) be smooth and completely
monotone, meaning that (—1)"g(") (t) > 0 for every integer r > 0 and every t > 0. For every locally
finite configuration C C R? of centered disk density one, the following equality and inequality hold in
the extended monnegative reals:

EyC) = Y gllal’) = Eg(A). (1.2)
a€A\{0}

This includes every Gaussian g(t) = e” ™ with a > 0 and every inverse power g(t) = t~? with

p > 0. The theorem permits singular potentials and divergent lattice sums, and it imposes no
separation or local occupancy bound on C. It identifies the minimum value, not all minimizers. The
comparison uses the centered-density and lower-energy formulation of Cohn et al. [8, Definitions 1.1-
1.3].

1.1 The planar problem and its predecessors

The lattice problem began with inverse-power interactions. For the convergent Epstein zeta sums,
Rankin [29] proved the triangular minimum in a restricted exponent range, and Cassels [3] addressed
the remaining range. Cassels subsequently acknowledged a gap in his proof [4]; Ennola [12] supplied
a repair, and Diananda [11] simplified the needed lemmas. Together these works establish the
triangular minimum among planar lattices of fixed covolume for g(t) = ¢t P with p > 1. Montgomery’s
theta theorem gives the Gaussian minimum for every positive parameter [22, Theorem 1]. These
results identify the best lattice; they leave comparison with nonlattice configurations open.

Cohn and Kumar placed this question alongside their study of universal energy minimization
on spheres [7, Theorem 1.2]. Their Euclidean conjecture singled out the triangular, Fg, and Leech
lattices [7, Conjecture 9.4]. It asks for a sharp auxiliary function for each sufficiently decaying
completely monotone squared-distance interaction: a Fourier lower bound that attains the lattice
energy and therefore proves the comparison for periodic competitors. In dimensions 8 and 24,
Cohn, Kumar, Miller, Radchenko, and Viazovska proved universal optimality and constructed sharp
Gaussian bounds and Fourier interpolation formulas [8, Theorems 1.4, 1.7, and 1.9].

Several planar results address restricted competitor classes. Faulhuber et al. [14, Theorem 1.1
and Corollary 1.3] compare the triangular lattice with the honeycomb configuration, Cartesian
products of one-dimensional periodic configurations, and unions of two translates of a rectangular
or triangular lattice, with each class normalized to the same density. Hardin and Tenpas [15,
Theorem 1] prove triangular optimality among four-point configurations modulo a fixed triangular
lattice and six-point configurations modulo Z x v/3Z, with the appropriate scaling and rotation of
the minimizing lattice. Their completely monotone interactions satisfy a rapid-decay assumption.
Leblé [19, Theorems 1-2] proves that sufficiently small bounded displacements of the triangular
lattice cannot lower the energy; the permitted displacement size depends on the interaction. These
restrictions are different from the centered-density hypothesis of Theorem 1.1.

Theorem 1.1 proves the positive planar universal-energy conclusion in the formulation stated
above. The construction also supplies sharp auxiliary functions for every Gaussian. Integrating
the resulting energy inequalities does not construct a sharp auxiliary for each mixed potential in
the class required by Cohn and Kumar’s conjecture. That stronger per-potential quantifier is not
claimed here.



1.2 The Gaussian route and the interpolation problem

The proof reduces the energy problem to a family of Fourier inequalities. We use the normalization

~

J© = [ fla)e™™ da

and write A* = {w € R? : w-a € Z for every a € A} for the dual lattice. Fix a Gaussian
Gol(z) = e™l7” with o > 0. We seek a real radial Schwartz function fo satisfying

fa < Gq, fa >0, fo‘(a):Ga(G’) (a € A\ {0}),
fa(w) =0 (w e A*\ {0}).

The two inequalities give a lower bound for arbitrary competitors. The contacts at the direct and
dual lattice points make the bound exact on A. For every competitor C of centered disk density one,
Section 6 proves

Eprat(€) 2 Ja(0) = fa(0) = Y e7meldl”,

acA\{0}

The lower bound compares the point measure in a disk with area measure in a slightly larger disk.
Its error is uniform even when points cluster. The equality follows from Poisson summation on A;
the competitor itself need not be periodic.

Exact contacts and signs between contacts are different requirements. The first is an infinite
interpolation problem. The second must hold at every radius and every Gaussian scale. Our
construction separates them, then uses a quantitative correction estimate to bring them together.
The normalized auxiliary theorem, Theorem 2.1, is stated after the shell and node definitions in
Section 2. Its periodic set of rescaled squared radii contains all triangular-lattice shells, so the
prescribed values and first derivatives (jets) supply the required contacts.

The construction has three stages. First, Section 2 encodes the periodic contact set by a sine
product with double zeros. Multiplying that product by summable double-pole and simple-pole
terms gives entire functions with independently specified values and slopes at the nodes. A compactly
supported spectral measure represents each such cardinal function. Gaussian damping turns it
into a radial Schwartz function, and transforming the Gaussian inside the integral gives its genuine
Fourier transform. Combining two cardinal functions with their transformed profiles reduces the
simultaneous contacts to coupled linear equations for two summable coefficient lists. The transformed
jets become uniformly small at distant output nodes, regardless of the input coefficient locations.

Second, Section 3 constructs finite reference lists by positive quadrature, leaving the spectral
atoms exact. It proves a uniform quadrature error and certifies explicit matrix and polynomial
inequalities. These lists do not yet interpolate exactly. The available bound on the full coupled
operator is also too large for a direct small-perturbation argument. Section 4 instead inverts the
finite block and eliminates it; the small distant outputs make the remaining tail operator invertible.
This solves all the exact interpolation equations and bounds the correction to the reference lists.

Third, Section 5 proves the signs corresponding to G, — fo > 0 and fa > 0. It works in
the rescaled squared-radius coordinate, after removing positive Gaussian factors. The normalized
difference and Fourier profile then vanish to second order at the positive nodes because of the exact
value-and-slope contacts. To control them near a node, we subtract the value and linear term of
each component, divide by the squared distance to the node, and then approximate the quotient
by a polynomial. This keeps a small interpolation error from being divided by a vanishing square.
Coeflicients in the Bernstein basis bound the polynomial on whole intervals between nodes, and
rectangular bounds on its parameter data cover whole parameter intervals. On the unbounded



radial tail, the signed contribution from the low-node rational terms is positive. The sum of the
remaining terms has double zeros and a small second derivative. A quadratic lower bound for the
sine product puts the positive part and the remainder on the same scale. Appendix A supplies the
scalar bounds used in this argument and describes the accompanying interval verifier for the exact
quadrature arrays. Appendix C gives a separate rational verification procedure, whose implication
is conditional on its tests passing.

Section 6 converts the normalized construction into the functions f, above. It directly covers
a > 1; a Fourier-complement construction supplies 0 < a < 1. Finally, Section 7 represents each
positive shift of a completely monotone potential as

gle +1) = /[0 : o' dp(v)  (t>0),

where £ > 0 and p. is positive with total mass g(¢). The shift makes this mass finite even when
g is singular at zero. For 0 < v < 1, the kernel v’ is a Gaussian with a = —log(v)/m; the
endpoint v = 1 gives the constant interaction. Fatou’s lemma and Tonelli’s theorem transfer the
Gaussian comparisons to the mixture, and the shift is removed only in the lattice sum. This proves
Theorem 1.1, including singular potentials and infinite energies.

1.3 Antecedents of the method

The interpolation mechanism has substantial antecedents in the Beurling—Selberg extremal method.
Cardinal formulas with squared trigonometric factors, double-pole value terms, and simple-pole
derivative terms occur in the one-dimensional construction of Cohn and Kumar [7, Proposition 9.6]
and in the Gaussian extremal functions of Carneiro et al. [2, Section 1, (1.2)—(1.3)]. Radchenko and
Viazovska [28, Theorem 1] reconstruct even Schwartz functions on the real line from simultaneous
function and Fourier data at square-root nodes. Theorems 1.7 and 1.9 of Cohn et al. [8] give radial
value-and-derivative reconstruction formulas in dimensions 8 and 24. In the plane, simultaneous
values and first derivatives of a radial Schwartz function and its Fourier transform on the triangular
shells do not determine the function: Talebizadeh Sardari [30, Theorem 1.7] proves that infinitely
many linearly independent functions have all these data zero. His proof uses periodic congruence
supersets of the triangular quadratic-form values [30, Section 6.1, Lemma 6.1]. Our construction
prescribes data on a periodic superset and proves uniqueness within its specified summable coefficient
system. The following sections establish exact interpolation in that system and the parameter-
uniform planar signs.

Related Fourier sign conditions enter the sphere-packing bound of Cohn and Elkies [6]. The
companion manuscript [23, Sections 2—4] develops the cardinal, Gaussian-transform, and finite
sign-certification framework for a sharp planar packing bound. We adapt that framework to
a continuously varying Gaussian target and establish the required energy identities, correction
estimates, and signs locally. The separate atomic companion independently proves the same energy
conclusion [24, Theorem 1.1]; this is not a premise of the present proof. Its auxiliary construction is
compared with ours after Theorem 2.1.

The density-only linear-programming argument follows Cohn and de Courcy-Ireland [5,
Proposition 2.2], whose background-measure method follows Cohn and Zhao [10, Theorem 3.3].
The latter is a packing theorem; we use the method, not its exclusion-distance hypotheses. Section 6
proves the needed statement for real even Schwartz functions with nonnegative Fourier transform.
The positive-mixture representation belongs to the classical Hausdorff-Bernstein—Widder theory
[1, 16, 33]; our finite-difference and moment-measure proof is given in Section 7. The lower-limit,
endpoint, and infinite-energy arguments are proved there as well.



1.4 Renormalized and jellium consequences

For 0 < s < 2, the raw Riesz energy with g(t) = t~%/2 is infinite even on A, so the comparison of
raw energies does not by itself distinguish configurations in this range. Neutralized energies account
for a uniform oppositely charged background. In a finite jellium system, one combines point—point,
point—background, and background—background interactions; the thermodynamic jellium minimum
is the large-volume limit of the minimum energy per unit volume. Renormalized energies remove the
divergent self-energy of each point. Their periodic version compares configurations in a fixed torus,
and their infinite-system version measures field energy per unit area. Petrache and Serfaty [27,
Theorem 2] proved that the Cohn—Kumar universal-optimality conjecture implies the corresponding
Coulomb and Riesz crystallization results. Their heat-kernel representation [27, Lemma 1] supplies
the connection to Gaussian comparisons used here. We carry out this passage for the field functional
defined in Section 8, including its normalization and periodic approximation, after completing the
main theorem in Section 7.

Corollary 8.1 proves the triangular minimum for every 0 < s < 2, with interaction — log|z]|
at s = 0 and |z|~° for 0 < s < 2. On each torus R?/(nA), the n? classes of A/(nA) minimize
the canonical periodic energy among all configurations of n? distinct points. The lattice also
minimizes the infinite-system field energy Wy among density-one configurations, and the ordered-
pair thermodynamic jellium minimum is Ws(A)/ks, where kg = 27 and ks = 4w for 0 < s < 2.

Section 8 defines these quantities with unit background and fixes the field normalization by the
fundamental-solution equation. The field energy takes the centered-square upper limit at each fixed
self-energy cutoff, then removes the cutoff; the infimum over compatible gradient fields is outside
both limits. The proof compares heat-kernel energies for arbitrary period lattices. Appendix B
constructs a sequence of square-periodic fields approaching the field infimum, so the comparison
does not require a periodic approximation with prescribed triangular periods. The scalar periodic
and jellium identities of Lewin et al. [20, Section VI, Theorem 2] and Lauritsen [18, Theorem II.1]
then identify the thermodynamic value.

The fresh long-range conclusion here is 0 < s < 2. At s = 0, the corollary overlaps the
independent direct logarithmic result of the Coulomb companion [25, Theorems 1.1-1.2], which
uses its own field-energy normalization and proves a lower bound on square tori. The periodic
assertion above concerns only the compatible triangular tori R?/(nA). It asserts neither uniqueness
nor exclusion of defects, and makes no claim at s = 2 or for quantum crystallization.

2 Cardinal interpolation and Fourier transformation

The auxiliary pair will be assembled from two summable lists of interpolation data. We first
realize each list by an entire function whose values and first derivatives are determined by its
coordinates. Gaussian damping then turns this function into a radial Schwartz function, and Fourier
transformation gives a second kernel with rapidly decreasing jets at distant nodes. The estimates in
this section apply to arbitrary summable lists, before any finite approximation is introduced.

The spectral construction adapts the cardinal-measure and Gaussian-transform method of
OpenAI [23, Section 2]. The formulas and estimates needed for the present target are proved below;
no packing sign bound is used.



2.1 Shells and interpolation nodes

Set the construction parameters and radial coordinate as follows:

b=-—-, h=Z, B=-=_ s = b|z|?. (2.1)

The same radial coordinate is used on the Fourier side. For the unit-covolume triangular lattice A,
take the basis
u=1/2/V3(1,0), v=1/2/V3(1/2,V3/2).

bljud > =2 +0+02  (j,LEZ).

Then

Modulo 3 the right side equals (j — £)?, and is therefore 0 or 1. Modulo 2 it is even only when both
j and £ are even, in which case it is divisible by 4. These two restrictions give the residue classes
listed below. Thus every nonzero shell belongs to the positive part of the following periodic set:

L=1{0,1,3,4,7,9}, Z=12Z+ L, (2.2)
N =Zn(0,00), No={0}UN. '
The inclusion is strict. For example, 24 € N, but if j2 4 j¢ + ¢?> = 24, the parity implication makes
4, ¢ even. Dividing by four gives the same quadratic form with value 6, so its two arguments are
again even. The original value would then be divisible by 16, contrary to 16 { 24. Such additional
nodes will also carry prescribed interpolation data.

Let J denote rotation through a positive right angle. Since det(u,v) = 1, the vectors —Jv, Ju
are dual to u,v. They generate JA, because —v, u form another basis of A. Hence A* = JA, so the
direct and dual lattices have the same radial shells.

2.2 The normalized Gaussian theorem

The Fourier transform uses the convention fixed in the introduction. The common direct and dual
shell set allows us to impose contacts at every positive node of N. The following theorem is the
auxiliary result proved in Sections 2-5.

Theorem 2.1 (Normalized Gaussian Fourier pair). For every finite real k > 2.36, put Ty(s) =
k—le= k=1 There are entire functions Hy, Ha, real on the real axis, and a real radial Schwartz
function f on R? such that

fl@) = e ™ (b)), (&) = e ™I Hy(b g2,

For every real s > 0,
Hq(s) < Ty(s), Hy(s) > 0. (2.3)

At every n € N, the values and first derivatives satisfy

Hi(n) = Ti(n),  Hi(n) = Tj(n) = —e *"D,

Hy(n) = Hé(n) =0. (2.4)

The full parameter range k > 2.36 and every artificial node are part of the assertion, beyond
the contacts needed for the energy inequalities. The theorem asserts existence; uniqueness will be
proved only in the fixed coefficient system of Proposition 4.1.



For a > 1, multiplying the pair by ke™* with k = m(a/b — h) gives a minorant of e-male® A
Fourier-complement construction supplies 0 < o < 1. Section 6 proves this conversion and the sharp
Gaussian energy comparison; Section 7 then proves Theorem 1.1.

The atomic companion [24, Sections 3—4] uses finite atomic columns, a prescribed node set
omitting 24, and Gaussian damping h = 17/50. Here h = 2/5, and both jets are imposed at every
positive node of the periodic superset. The common energy conclusion therefore does not identify
the two auxiliary-function theorems.

2.3 The sine product and its node coordinates

We now begin the construction of the theorem’s pair. The first ingredient is a function with a
double zero at every prescribed node. Define

a2 6 ‘
P(s) = H (2 sin 7T(812)> = l:z_:ﬁPle”tls, t = 5 (2.5)

a€l

This is an entire trigonometric polynomial, nonnegative and 12-periodic on the real axis, with a
double zero at each point of Z and no other real zeros. Its Fourier coefficients are

1 _
(PO,Pl,...,PG):(5,—1+21b,1+2z’b,—2,—2+ib,—1—2z’b,1), P, =D. (26)

Indeed, setting w = €™/ expresses the product as w0 [Toer(w— eima/ 6)2, The scalar factor is one
because ) 7 a = 24; multiplying this degree-twelve polynomial gives (2.6).

At a node n € Ny, write
P(n+u) = Quu*(1+ Dyu + O(u?)). (2.7)
The periodicity of P makes @,,, D,, depend only on the residue a of n:

Qn Dn
/3 —7mv/3/18
(27°/3)(2 = V3)  7w(3+/3)/18
(272/3)(2 —V/3) —7(3++/3)/18 (2.8)
/3 TnV/3/18
(272/3)(2+3) —7(3—+/3)/18
(2m?/3)(2+V3) w(3—+/3)/18

To obtain the table, remove the vanishing sine factor and take the value and logarithmic derivative
of the remaining product:

0 (() I (), nof y et

der\{a} deL\{a}

O© N = W= O

The angle-addition formulas give the displayed entries. In particular,

7 53
n > — = 1.75, Dy| < 22 =2.12. 2.
Qu>4 =175 |Daf < (2.9)

For these strict comparisons, 157/50 < 7 < 22/7 and /3 < 1733/1000 suffice. The small-
est Q, is greater than (2/3)(157/50)2(267/1000) > 7/4, while the largest |D,| is 77v/3/18 <
(22/18)(1733/1000) < 53/25. The upper bound for 7 is proved in Section 3; the lower bound for 7
and the upper bound for v/3 are proved in Appendix A.



2.4 A spectral realization of summable cardinal data

Double-pole value terms and simple-pole derivative terms are familiar from the one-dimensional
constructions of Cohn and Kumar [7, Proposition 9.6] and Carneiro et al. [2, Section 1, (1.2)—(1.3)].
Here we need their planar Fourier transform and bounds uniform in the node location. A compactly
supported spectral measure provides both.

A coefficient list consists of a real constant C' and real pairs (c,,d,) for n € Ny, with the
unweighted norm

lalli = 1C1+ Y (feal + lda]) < oc.
neNy

The letter a denotes the full list. Away from the nodes, put

Pa(s) = P(s) (C+ > <(S fnny 4 S%%ﬂ)) : (2.10)

neNo
We suppress the subscript when the list is understood.

Lemma 2.2 (Cardinal measure). The function in (2.10) extends to an entire function, real on the
real axis, with jets

pa(n) = anna p:;(n) = Qn(dn + Dncn) (n S NO) (2'11)

There is a finite complex measure p, on [—1,1] such that

Pa(s) = /_11 e dpg (t) (s € C), (2.12)

ta(—F) = puo(E) for every Borel set E, and

ttallTv < 25[C1 +36 ) (leal + [dnl)- (2.13)
TLEN()

For real s, the same value can be evaluated from a folded measure on [0,1]:

pa(s) = Re /01 e du, (t). (2.14)

The atoms of v, are Ce;jP; at tj, where eg =1 and ej =2 for 1 < j < 6. Its density on the open
frequency intervals is

6
dj(t) =27 Z e~ imin Z[—ﬂ'cn(tl - t) + idn]]jlemtm (tj_l <t < t]‘). (2.15)
neNy l=j

The same variation bound holds for v,.

Proof. First consider one node n. For u = s — n and real t;, direct integration gives the entire
identities

imtiu t
e — 1 . .
— = z7r/ e™u dt,
U 0

mhu _ 1 irtu

€ 9 [ it
. S / (t — D)™™ dt.
0

u



The integrals include the removable values at v = 0. Multiply these identities by Pe!™" and sum
over [. The subtracted constant and linear terms cancel because P(n) = P'(n) = 0. We therefore
obtain spectral measures for the two entire node fractions in (2.10). Their negative-frequency parts
are conjugate reflections of their positive-frequency parts. Folding doubles the latter parts and gives
exactly (2.15). These node measures are absolutely continuous; the atoms come only from CP, with
the zero frequency counted once and every positive frequency counted twice.

The coefficient row in (2.6) gives (|P1],...,|Ps|) = (2,2,2,1,2,1). The constant column conse-
quently has variation |Pp| 4+ 239, |Pj| = 25. Taking absolute values in the two integrals above
gives, per unit ¢, and d,, respectively,

4 657 6 327

™ 1P| = 5 <36 2m Yy t|P| = =5 <36
=1 =1

The phases involving n have modulus one at real frequencies, so these bounds are independent of

the node. They apply to the full measure and to its folded form.

For an absolutely summable list, the node measures now converge in total variation, proving
(2.13). On every compact subset of the complex s-plane, ¢/ and each of its s-derivatives are
uniformly bounded for |¢| < 1. Thus the measure integral and all its derivatives are locally uniform
limits of those for finite lists. On a compact set avoiding the nodes, the reciprocal factors in
the cardinal sum are uniformly bounded over all n, so absolute summability also gives uniform
convergence of that sum there. The integral thus defines its entire extension, with the stated
removals.

For a finite list, (2.7) gives (2.11): the designated double and simple fractions give the two
displayed terms, while every other term vanishes to order at least two at the node. Locally uniform
convergence of the functions and their derivatives passes these identities to the full list. Finally,
conjugate symmetry of the measure gives reality on the real axis and the folded formula. O

The entire extension is always the full complex integral (2.12). The real part in (2.14) is an
evaluation rule for real s, not a definition at complex arguments.

2.5 Gaussian damping and the transformed kernel

For —1 <t <1, set

(2.16)

For a coefficient list a, define

K () = [ 20O apao) (2.17)

The image of [—1,1] under z is compact and A is bounded there, so the same compact-uniform
argument makes K, entire. Also,

A=t) = A\b),  z(—t) = —z(b).

It follows that K, is real on the real axis, where

K,,(s) = Re /0 B8 duy (1), (2.18)



Remark 2.3 (Pointwise frequency consistency). The rational formulas in (2.16) also make sense for
complex t # —ih. Since z(t) +ih = —B/(t +ih), the image avoids —ih, and substitution twice gives

i —i(t +ih)

=1.
(t+ih) bB

2z) =t A=) =5

These are pointwise frequency and amplitude identities for the Gaussian transform. They do not
define a composition of the folded real-contour integral: z does not preserve that contour, and a
transformed profile has not thereby been given a cardinal measure on [—1,1]. The involution for
the radial functions follows from the genuine Fourier transform below.

Lemma 2.4 (Fourier pairs). For every coefficient list a, the radial functions e ™p,(s) and

e ™K, (s) are real Schwartz functions on R? and are Fourier transforms of one another. Conse-
quently, for any two lists, the entire functions

Hy =p1+ Kp,, Hy = ps + Kp, (2.19)
give the real radial Schwartz Fourier pair
@) = e ™R Ola), (€)= e T Hy (ble]?).

Proof. For a complex parameter v with Re~ > 0, the Gaussian transform in dimension two, with

kernel e~ 2m€ g

e~ (£) = 4L TIEP /Y, (2.20)

For real v > 0, squaring the Gaussian integral and using polar coordinates gives the one-dimensional
value v~1/2 at frequency zero. Integration by parts shows that the one-dimensional transform obeys
F'(&) = —(2r&/v)F(£). Solving this differential equation and taking the product in two coordinates
proves (2.20) for positive real 7. Both sides are holomorphic on the right half-plane; differentiation
under the integral is locally justified by a polynomial times a decaying Gaussian. The identity
theorem gives the complex case.

After multiplication by e~™, the integrand in (2.12) is a Gaussian with parameter v = b(h—it) =
—ib(t 4 ih), whose real part is the fixed positive number bh. Using B = 1/b%, its transform is

1 71_‘5‘2 __ —mhs imz(t)s _ 2
b =0 exp( o — | =e A(t)e , s = bl¢]”.

Integrating this identity against p, proves the forward Fourier formula. The exchanges with Fourier
integration, derivatives, and polynomial weights are justified uniformly: the measure is finite, the
frequency interval is compact, and every differentiated real-space Gaussian is bounded by a fixed
polynomial times a decaying Gaussian. On the transformed side, the real part of the Gaussian
parameter is h/[b(h% + t2)], with a positive lower bound on [—1,1]. The same domination applies
there. Both functions are therefore Schwartz.

Fourier transformation twice reflects a Schwartz function. The functions here are radial, so
reflection fixes them and proves the reverse transform. Linearity gives (2.19). O

2.6 The jet operator and its distant outputs

For a function differentiable at the positive nodes, define the jet projection

(ju)c,n = UC(;;)’ (ju)d,n =

u'(n) — Dypu(n)
Qn

(n € N). (2.21)

10



By Lemma 2.2, Jp, is precisely the positive-node part of a. The three remaining coordinates, in
the order (cg, dy, C), are called the extra coordinates. They make no direct contribution to the jets
at positive nodes; we will choose them in Section 3. Put

Sa=—-TK,,. (2.22)
For two full lists a1, ao, let aj denote their positive-node parts. The coupled pair (2.19) then satisfies
jleaf*Sag, ngza;—Sal.

Thus the interpolation problem asks for these two expressions to equal J 7} and zero, respectively.
This explains the minus sign in the definition of S. The next estimates bound the transformed
contribution, especially at distant output nodes, uniformly in the locations of the input coefficients.

The same letter S denotes its restriction to positive-node inputs with zero extras. Subscripts
specify input and output restrictions. All list norms are unweighted sums of absolute values,
including the sum of the norms on a pair of lists; operator norms are induced by them. A finite
matrix therefore has the maximum absolute column-sum norm.

Lemma 2.5 (Kernel and tail bounds). For 0 <t <1,

44
AOI<3, Ol < <3 whma(t) > 187, (2.23)

The last quantity exceeds .70 when 0 <t <5/6. On 5/6 <t < 1, the sharper bounds are
IA(t)| < 1.25, |z(t)] < 1.32, mlm z(t) > .187 + 2.48(1 — t). (2.24)

The operator S, with extra input coordinates included if desired, maps coefficient lists boundedly to
positive-node (' lists and has norm less than 4000. More precisely, if

w> Y (lea| +dul),  e>]C],
neNo

then for every positive integer r,

67'70T 2 54w 67.1877'
> (1(Sa)en| + [(Sa)anl) < Ur(w,c) := 800(w +¢)———=5 +5.3 < + 2c> g (2.25)
e 1—e r 1—e
n>r

For several lists, the same formula bounds the sum of their tail outputs when w,c bound the
corresponding sums of input coefficients.

Proof. Write ¢(t) = mIm z(¢) within this proof. Direct calculation gives

1
At)| = —,
A= e
B? — 2Bh?
2 _ 12
|Z(t)| =h + t2+h2 )

g(t) = 7h (t?iﬂ - 1).

Since B > 2h?, all three expressions decrease for ¢ > 0. At zero, |\| = 5/v/3 < 3 and |z| = 44/15.
At the other relevant endpoints,

_ 267 8621

=22
q(1) 155 70,

11



and

IN(5/6) = 33476 (33)2'

5/6)° =" < (=
26/6)1" = 19055 < | 35

s‘
w
(e}
S|
| ot

Finally,
2mhBt

— = —_—

q(t) (t2 4 h2)2
The function t/(t? + h?)? decreases for t > h/+/3. Its value at the last endpoint therefore gives
—q'(t) > 20007 /2523 > 2.48 throughout [5/6,1]. Integrating from ¢ to 1 proves the last inequality
in (2.24). All strict numerical comparisons here follow from 157/50 < 7w < 22/7 and squaring the

positive rational bounds.
One unit of spectral variation at frequency ¢ contributes at most

A®)]
@n
to the sum of the two absolute jet coordinates at n. By (2.9), its prefactor is less than 22 globally
and less than 5.3 on the last interval, since
3(1+2.12 4+ 3m) 1.25(1 +2.12 + 1.327)
1.75 1.75

The variation bound is at most 36||al|;. Summing (2.26) over all positive integers, a superset of the
positive nodes, therefore gives

(14 |Da| + 7|z(t)) et (2.26)

< 9.3.

<22,

22 - 36

For the final comparison, 87 — 1 > 187 + (.187)2/2 > .198.
For the sharper tail, split the folded measure into [0,5/6] and (5/6, 1], assigning the atom at 5/6
to the first part. The first part has variation at most 36w + 25¢. Its contribution to the row pair at

n is therefore at most
22(36w + 25¢)e """ < 800(w + c)e 0",

On the last open frequency interval, only [ = 6 remains in (2.15). Here |Ps| = 1 and n(1 —¢) <
m/6 < 1, so the density has absolute value at most 2rw. The only atom in (5/6,1] is the one at 1,
of mass 2C. This part contributes at most

1
5.3¢ 18 <27Tw/ e 248n(1-1) qy 4 20> < 5.3¢18™ (254w + 20> ,
5/6 n

because 27/2.48 < 2.54. Summing over the integers n > r and using 1/n < 1/r proves (2.25). Only
absolute-value sums were used, so the same argument applies to several lists with their summed
inputs. [

The same estimates control every derivative. If V' = 25|C| + 36 Y_,,(|cn| + |dnl|), then for every
integer 7 > 0 and real s > 0, differentiation of the spectral integrals gives

pP () <7V, KD ()] <33 e TV (2.27)
Keeping the two frequency ranges separate as above gives, for s > 0,
. 4 - (2.54

K9 (s)] < 3(3) (36w + 25¢)e ™" + 1.25(1.32m) <5w + 2C> e, (2:28)
s

In particular, the jet, tail, and derivative bounds are uniform in the input node locations and require
no finite-support assumption.
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3 Positive quadrature and finite data

The spectral formulas of Section 2 turn coefficient lists into genuine Fourier pairs. We now construct
ten pairs of finite coefficient columns. Their linear combinations will approximate the two lists
required by the coupled jet equations. The columns are fixed; only the coefficients of the combination
vary with the Gaussian parameter. We control the construction in two ways: a uniform quadrature
estimate bounds the error from replacing the six density integrals by finite sums, and finite interval
comparisons establish the norm and sign bounds for the columns. Section 4 then corrects the lists
to exact interpolation, and Section 5 uses these bounds to prove the signs.

All terminating decimals in this section denote exact rational numbers. For a real matrix, || Al
is its maximum absolute column sum. A column has its #! norm, denoted ||v||;. Matrix products
below are ordinary products, without complex conjugation.

3.1 A positive rule for the six density integrals

Set
M=168, F=Nn[l,M], N =384

There are 84 nodes in F: each of the fourteen successive blocks of twelve positive integers contains
six permitted residues. A finite positive-node list has 168 coordinates, first all ¢, and then all d,,
with n increasing in each group. We append the extra coordinates e = (cg, dg,C) in that order.
Thus the complete finite input space has 171 coordinates.

The folded spectral measure in Lemma 2.2 has a density on each interval ((j —1)/6,5/6) and
seven atoms at t; = j/6. We leave the atoms unchanged. On each density interval define

N _v+1/2 - 2j — 1+ cos(may)
TN v = 12 ’

1 ( Nz2s 1cos 2a7rav)> . (3.1)

1—22 , 0<wv<N, 1<j<6.

The replacement of the density integral is the sum of masses 0,d;(7j,)/6. Since 0 < 7, < m,

every quadrature point lies inside its frequency interval. This is the first Fejér rule described by

Waldvogel [32, Section 2], divided by two so that its weights on [—1, 1] approximate the average rather

than the integral of mass two. We prove the exactness and positivity needed for this normalization.
Put 0, = (v +1/2)/N. For 1 <1 < 2N — 1, the finite identity

N-1

Z cos((v+1/2)t) =

v=0

sin(Nt)
2sin(t/2)

at t = In /N gives N~1Y", cos(16,) = 0. Applying the product-to-sum formula, for 1 <1 < N — 1
and 1 < a < N/2 — 1 we obtain

1 = 1/2, 1=2a
— cos(10,) cos(2ab,) = ’ ’
N Uz::o (16) cos( ) {0, [ # 2a.
Consequently
1, =0,
> 0y cos(16,) = < 0, I odd, 0<I<N-1.

1/(1—1%), 1> 0 even,

13



Let C; be the Chebyshev polynomial defined by Cj(cosf) = cos(lf). These values equal
%fil Ci(x) dz, as follows by substituting x = cosf. The polynomials Cy,...,Cny_1 span all
polynomials of degree at most N — 1, so the rule is exact through degree 383. Moreover,

N2, 1

e [ S
Z_: 4a02 — 1 N -1
a=1
by telescoping. Since every cosine is at most one, this identity and the case [ = 0 above prove

1 N—1

> —— 0 >0, =1. 3.2
The substitution ¢t = (2j — 1 + x)/12 changes the average rule on [—1, 1] into the weights 0,/6 on
the jth frequency interval. Each interval therefore has total weight 1/6, and all six together have
total weight one. N

A tilde will denote this replacement of the density integrals. In particular, p and K, are finite
sums. The functions ultimately used in the Fourier pair remain p and K, with their exact spectral
integrals; the following lemma quantifies the difference.

Lemma 3.1 (Quadrature error for scaled moments). Let p and K, be the exact direct and transformed
functions for one basis input among the 171 coordinates (F,e). For every integer a > 0, real
0 <m < 168, and real |y| < 3/2, the replacement (3.1), with all atoms kept exactly, changes each of

Y (4 Y o (a
ap( )(m), K" (m)

by less than 10731 in absolute value.

Proof. We first bound each analytic integrand on a disk twice as wide as its real integration interval.
We then use polynomial exactness and positivity to turn one Taylor remainder bound into a
quadrature error bound. The estimates are uniform in the derivative order.
For the jth density piece in (2.15), put uw = (25 —1)/12 and consider |t —u| < 1/6. On this disk,
|t| <13/12 < 1.1. The pole —ih of z and A lies outside, and
1 B 214

< 5, |z(t)]| < ————=+h=—— <6.2.

<
Ol < 3 Sho1/6 " 35

(h —1/6)

Inversion sends the disk centered at u + ih with radius 1/6 to the disk centered at (u — ih)/(u® +
h? — 1/36) with radius (1/6)/(u? + h? — 1/36). Thus

I 2(t) > B(h—1/6) 1402

—_———— = — ———— > —.081. 3.3
w2+ h?—1/36 — 17505 - (3:3)

The middle expression decreases as u increases, so its minimum among the six disks occurs at
w=11/12.
For positive indices, the moduli of the coefficients in (2.6) are (2,2,2,1,2,1). Hence

6 6 16
>_|Rl=10, > ulP|=<.
=1 =1
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For a ¢, basis column, the density on the disk has modulus at most
6 372
2m2e™/8 3" |P|(t — u + 1/6) < Te”M/G < 220e™M/6,
I=j
The last sum is bounded by 16/3 + (1/12)10 = 37/6; the first disk gives the largest possible added
term. For a d,, column the smaller bound 20me™/6 suffices. These arguments include n = 0. The

constant column has only atoms, so it has no quadrature error.
The direct scaled kernel factor satisfies

’eiwtm’ ‘iﬂty’a < 6#M/661.6571"
al —
and the transformed factor satisfies
‘)\(t)eiﬂz(t)m| limz(t)yl® < 5o 081TM 9.3m
a - ’
Here z%/a! < e for > 0 removes all dependence on a. The resulting direct and transformed

integrand bounds are respectively

22Oe7rM/3+1.657r 110067rM/6+.0817rM+9.37r.

For completeness, the elementary estimates used to bound these two numbers need no matrix or
interval computation. Polynomial division gives
Lad(1 —2)? 22
o< [T d=T
o 1+22 T 7T
The positive exponential series, whose tail after degree six is bounded by a geometric series of ratio
1/8, gives
6<il+ 1 _ 95901 _ 2719

it T(1—-1/8) 35280 1000

With M = 168, the two exponents above are less than 182 and 160, respectively, after using = < 22/7.
The exact rational comparisons

220(2719/1000)18% < 10%3, 1100(2719/1000)'%° < 10%3

therefore bound both analytic integrands by 10%3. This is the degree-six elementary route for the
present allowance; it is separate from the scalar method developed in Appendix A.

The actual interval is |t — u| < 1/12, half the disk radius. Cauchy’s coefficient estimate bounds
the Taylor tail after degree 383 there by

10% i 27" =2.10%27%%
r=384

The degree-383 polynomial is integrated exactly. Both integration and quadrature are positive
functionals of total mass one when the six intervals are combined, by (3.2). Applying each to the
tail thus bounds their difference by

4.10%27%% <1073,

the final comparison is the integer inequality 4 - 10114 < 2384 Taking real parts cannot enlarge the
error, and no atom was changed. O
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3.2 DMasses and transformed jets

The quadrature is now both specified and controlled. We next express it as matrix multiplication,
so that every entry of the finite construction is determined by the formulas already given. The mass
matrix W has 6N = 2304 quadrature rows in lexicographic (j,v) order, followed by the seven atom
rows in increasing j order; its 171 columns use the coordinate order specified above. For ¢ = 7, and
n € FU{0}, set

2120, _; 6 ;
W(j,v),cn _ ; v s imtn Z(tl _ t)Bemtln’
I=j
27Tio’U —imtn 0 imtin
Wiy, = =€ ™"y Re™", W(jw).o = 0

6 =
At atom j, only the constant column is nonzero: Wiiom(j),c = €, where e¢g = 1 and e; = 2 for
j > 0. These are exactly the folded masses of Lemma 2.2.
For the tuple t of all 2311 mass points, define the row vectors

imtm (1Y)

Fo(m,yit) =e o

9

imy2 ()"

(3.4)
Ga(m,y;t) = A(t)e™=0m ( o

For a real coefficient column A, the real parts of F,W A and G,W A are the order-a derivatives at
m of its direct and transformed finite sums, multiplied by y®/a!. This follows by differentiating each
finite exponential sum. It fixes, in particular, the absence of conjugation in these products.

Apply the jet projection of (2.21) to the transformed sums and write

(Srr.Sre) = —JrK, D= Srr.

Thus D is a 168 x 168 matrix; it is distinct from the scalar node constants D,. Explicitly, if
a, = Re(Go(n,1)W) and b, = Re(G1(n,1)W), the ¢, and d,, rows of the full projected matrix are

_an/Q’m (Dnan - bn)/Qn;

respectively. The bounds in (2.9) ensure that these denominators are positive.

3.3 Target data and finite reference columns

The ten data coordinates encode the target jets at the first five positive nodes. Define
(n1,...,n5) = (1,3,4,7,9),  vj=e =D gk) = (v1,...,v5,01/k,...,vs5/k)".

The first five coordinates are —T},(n;) and the last five are Tj(n;). We will convert these values and
slopes to cardinal coordinates with the jet projection 7. In the cardinal formula, cg, dy determine the
value and slope of the direct profile p at the origin, while C' multiplies P and supplies the constant
term in the later rational tail comparison. These three coordinates leave all direct positive-node jets
unchanged, but alter the transformed contribution. We fix them first; Section 4 will correct the
positive-node coefficients to impose all contacts of the coupled pair. We choose the following values,
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whose suitability will be established by the norm and sign estimates below. In the order of list 1
followed by list 2, they are

567 —.976
.250 408
—.0074 1] .0115
E(k) = 0 + % 1 . (3.5)
—.209 938
.0096 —.017

Let E1, Es be 3 x 10 matrices. Their first columns are the first and last three entries, respectively,

of the first vector in (3.5); their sixth columns use the corresponding entries of the second vector,

and all other columns vanish. Since v; = 1, the stack of E1q(k) and Eaq(k) is exactly E(k).
Define a 168 x 10 matrix Y by the following nonzero entries, for 1 < j < 5:

1 1 D,,.
—A Ye, j+5 = 73— Ya, j45 = =7
an’ ¢ J ! an’ ]7] Qn]-

Then Yq(k) is the jet projection of T}, at these five nodes and is zero at the other nodes of F. The
remaining target jets are small; Section 4 will include them in the correction.

To see which equations the finite columns must approximate, write Ay, As for their unknown
positive-node parts, each a 168 x 10 matrix. The coupled jet identities from Section 2, with integrals
replaced by quadrature and target data replaced by Y, give

Ya,, =

Al_DA2:Y+§}‘eE2, Az—DAl :g}'eEl.

Each right side contains the other list’s extras because the transformed function in H; comes from
that other list. Denote these right sides by ¢1, g2. Adding and subtracting the equations gives

(I —D)(A1+ A2) = g1 + g2, (I +D)(A; — A2) = g1 — ga.

We use finite geometric sums in place of the two inverses and define

g1 =Y + Sr.Fs, g2 = SFcFn,
511 511 '
Vi=> DI, V_=> (-DY,
7=0 =0 (3.6)

Xir=3(Vi(g1 + 92) + Vo(g1 — 92)),

Xor = 3(Vilgr +¢2) = Vo(91 — 92)), Xi= (ﬁi ) (1=12).

The identities (I — D)V, = (I+ D)V_ = I — D?'2 show that the error in these equations is controlled
by D52, Its bound, and the passage back to the exact integrals, are proved in Section 4. Each
X; has 171 rows and ten columns; the reference list for a given k will be X;q(k). A column is
extended by zero beyond M when regarded as a full list. For any such matrix X, the row functions
px and Kx have jth components p(x), and Kp, x5 the same convention applies to finite sums and
derivatives. Although the reference lists have finite support, their profiles px,qx) and priq(k) use
the exact spectral integrals. The tilde profiles replace those integrals by the quadrature rule when
constructing finite moment rows.

The remaining finite bounds have three roles. Bounds on powers of D and the sums V, V_

will control the finite inverse in Section 4, while column norms will control the size of the reference
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lists and their interpolation residual. Half-gap and tail inequalities formed from the reference
columns will supply quantitative margins in the proof of T, — H; > 0 and Hy > 0. Section 5 will
compare these inequalities with the exact pair, accounting for the interpolation correction and the
approximation errors. We next construct the rows for those sign inequalities.

3.4 Containing parameter boxes

The data vector ¢(k) lies on a one-dimensional curve. To obtain lower bounds uniform in &, we
place each part of that curve in a rectangular box. The endpoints are

2.36, 2.65, 3.2, 4, 6, oo.

For a real row [ = (aq,...,as,b1,...,bs5) and consecutive endpoints K, .J, define
= ° —H(n;—1)

llgg= i + xby + i o+ xbj)e Ha—l . 3.7

[, P L jE > é?lr{‘]}{(% zbj)e ¥ (3.7)

At J = 0o, the conventions are 1/J = 0 and e=/(%~1) =0 for j > 1.

Lemma 3.2 (Containing parameter boxes). Let K, J be consecutive endpoints in the displayed list.
For every real row | as above and every finite k with K < k < J, where the upper inequality is
omitted if J = oo, one has lg(k) > [l|k. ;.

Proof. Write = 1/k and w; = e—k(n;=1) for j =2,...,5. The physical vector lies in the box
./L'G []./:],]_/K]’ wj G [B_J(nj_l)’e_K(nj_l)].

On this larger box the expression a; + xby + 2?22 (aj + zbj)w; is affine in each variable while the
others are fixed. Its minimum therefore occurs at a vertex. First minimizing each w; and then
the single shared z gives exactly (3.7). This is a containing-box bound, not sampling of the curve
q(k). O

3.5 Polynomial rows on the half-gaps

We now construct the rows to which the containing-box bound will be applied. They are Bernstein
coefficients of polynomials that will control the signs between nodes. The required inequalities are
T — Hy > 0 and Hy > 0, so set 01 = —1 and 092 = 1. At each center m € Ny N [0, 88], take the
half-gap toward its successor and, when m > 0, the half-gap toward its predecessor in Ny. If m/’ is
that neighbor, put y = (m’ — m)/2. The half-gap consists of s = m + yx, 0 < x < 1, with signed y.

At a positive center the desired value and derivative contacts would make T}, — Hy and Hy vanish
to second order. Before making an approximation, we therefore subtract these two Taylor terms
from each component. For an entire function u, define

u(s) —u(m) — (s — m)u/(m) u’(m)
(s —m)? ’ ’ 2

D ou(s) =

If u(m) = u/(m) = 0, then
u(s) = (s — m)*Dpou(s).

Once exact interpolation is imposed, this identity applies to both w = T, — H1 and u = Hs at every
positive center. It reduces their sign inequalities to lower bounds for quotients that remain regular
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at the nodes. At the origin we use Dpou = u. Put v = 0 there and v = 2 at every positive center.

Taylor expansion gives
oo T

Y
Dy pu(m +yx) =
n 7;) (r+v)!

u") (m)a”

This subtraction is defined even for reference functions that do not interpolate exactly. For the
reference pair formed from the columns X;, we keep the first 41 coefficients and replace each spectral
moment by its quadrature sum. The resulting ten-component rows are

‘s

r4v r+v
b = iyt (P ) + KX ) 0<r < a0,
3.8
N O 35
Lz,d = derlz,m War = (40) , 0< d < 40.

Equivalently, the first row is
lzr =0y Re( r+1/(m y)WX +Gr+y(m y)WX3 z)

There is no singular case here: every selected half-gap has y # 0.
The rows L; 4 are exactly the degree-40 Bernstein coefficients of Zfozo l;»x". Indeed, the binomial

theorem gives
40
Z <4O> d(1 — z)40-d,

d*r

On [0,1] the complete family (d)wd(l - :1:)40*51, 0 < d < 40, is nonnegative and sums to one.
Thus a polynomial value lies between its smallest and largest Bernstein coeflicients, the standard
coefficient-range enclosure discussed by Titi and Garloff [31, Section 3]. The identity just proved
specifies our rows; the local remainder and parameter estimates are separate.

The first inequality also contains the target quotient Dy, ,T}. To bound it below on the same
half-gap and parameter box, define

(X /K)(=Ky) /)2, m =0,
K(~Ky)/(r+2)),, m=1,
(J/2)e~137/6.0,...,0), m=3, J< oo,
0,...,0), otherwise.

(
a* 40 (
( r)r:(] (
(

Lemma 5.1 proves the precise lower bound
Doy Ti(m + yz) Z afz” —.000001  (0<z<1).

Thus the target polynomial supports the same quotient as the reference polynomial; its truncation
error is retained separately.
3.6 The complete finite certificate

For large s, we will use the low-node terms of the cardinal formula rather than its Taylor expansion.
Put
so = 89.5, Nggg =Ny N [O, 88].
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Write u; ,, and d;,, for the ¢, and d,, rows of 0;X;, and C; for its constant row. For the reference
list qu(k) the Slgned rational part from these rows is

oiRH(s) = Crq(k) + (W,nQ(k) +d3‘,nq(k)>.

_ 2 _
v (s —mn) s—n

The identity
1 1 n

s—n s s(s—n)

groups the simple-pole rows into a coefficient of 1/s and a remaining sum. For a fixed parameter
box, put 1k, s(l) = min(0, [{]k,s). This gives a nonpositive lower bound for the numerator lg(k). On
s > s, the reciprocal factors are positive and decrease with s, so their products with this lower
bound are smallest at sg. Keeping the full lower bound for the constant row gives the tail expression
in the proposition below. In Section 5, its positive margin will absorb the correction to the exact
lists and the omitted high-node and transformed terms.

Proposition 3.3 (Finite certificate). The exact arrays defined in this section satisfy

HD64H <004,  |[Vi|+ Vo] < 36,
Z X5, < 2.3, 1<j5<5, (3.10)
17156, 6<j<10.
For every specified half-gap, i = 1,2, consecutive parameter endpoints K, J, and 0 < d < 40,

d

[Lidlk,g + Liz1 Y waray > 001 (3.11)
r=0

For every box and t = 1,2,

nK,J (ZnENggs d’)Lk,’fL)

[CHlKk.g
S0 (3.12)
. " '
+ Z ﬂK,J(““”Z) + n i, (di ) > .0021.
e (sg —n) so(so — n)

Finite verification. We specify the complete stronger exact-array comparisons in Tables 1-3 and
the route by which each is checked. Their looser consequences are the proposition’s outputs, whose
analytic use is separate. No precomputed coefficient list or approximate auxiliary function is an
input: all arrays are reconstructed from (3.1)- (3.6).

The power sums use nine doubling steps. Start with U = D and V, = V_ = I. At step
r=20,...,8, replace V4 by Vi (I + U) and V_ by V_(I + €,U), where ¢g = —1 and ¢, = 1 for r > 0;
square U before the next step. Before step , U = D?", and

8 511 8 511 )
[Tt +Dp*) ZDJ H (I+D*)=> (-Dy.
r=0 r=1 j=0

Thus the final sums are exactly those in (3.6). Table 1 gives strict upper bounds for U before each
update and for both sums after it. Row 6 therefore bounds D%.
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Table 1: Strict upper bounds in the nine-step power computation.
Step r WUl Vel (V-

0 174 274 2.1
1 2.09 6.94 2.2
2 2.27 1532 2.3
3 175 253 197
4 2750 311 1.88
5
6
7
8

A2 32.09  1.85

.0031 3212 1.85

.000002 32.12 1.85
.000000000001 32.12 1.8

Table 2: Strict upper bounds for column norms. In the last row the two norms are added for the
same column before taking the maximum.

Quantity Columns 1-5 Columns 6-10
max; |[(X1);]l 1.29 2.65
max; |[(X2);l; 1.01 3.03
max; >, |[(Xi);ll, 2.20 5.40

There are 46 centers: the seven complete residue blocks in [0, 83] contribute 42, and 84, 85, 87, 88
contribute four more. Every center has a right half-gap and every center except zero has a left
one, giving 91. Consequently the sign table consists of 91-2-5-41 = 37310 separate real lower
comparisons, and the tail column consists of ten. The power and column tests likewise compare
every indicated norm, including each same-column paired norm.

The selected finite route encloses the exact mathematical quadrature arrays directly by Arb ball
arithmetic, whose inclusion principle is described by Johansson [17]. The local source verification/
numeric_balls.py implements these formulas at 256-bit precision. For an upper comparison the
required test is that the whole ball lies below its table cutoff; for a lower comparison it is that the
whole ball lies above it. It performs these tests for all indices just counted. All comparisons in
Tables 1-3 pass these strict inclusion tests. The containing-box lemma, Bernstein range property,
and analytic remainders provide continuum coverage in s and k.

Table 3: Strict lower bounds for the left sides of (3.11) and (3.12). Each half-gap entry covers both
functions, every indicated center and signed half-gap, and all Bernstein indices. The right endpoint
J follows K in the endpoint list.

Half-gap certificate
K m=0 m=1 m=3,4 7<m<88 Tail

2.36 .33 .019 .0033 .00116 .0022
2.65 .34 .017 .0037 .0018 .0029
3.2 .35 .033 .0061 .0026 .0036
4 .36 .036 .0085 .0031 .0043

6 .38 .011 .0105 .0037 .0052
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Finally, the stronger cutoffs imply the displayed proposition bounds: .0031 < .004, 32.12+1.85 <
36, 2.20 < 2.3, 5.40 < 5.6, .00116 > .001, and .0022 > .0021. Appendix C gives a second, fully
specified floor-rounded rational procedure and proves that a successful comparison with these same
stronger cutoffs implies the looser proposition bounds after its roundoff allowances. O

4 Exact interpolation in the summable coefficient space

The finite columns of Section 3 approximate the interpolation equations, but the auxiliary functions
must use the genuine spectral integrals. We correct the finite lists in an unweighted ¢! space, holding
their extra coordinates fixed. The useful small quantity is not the norm of the full transformed-jet
operator: it is the norm of its outputs at distant nodes. This allows a finite-block inverse followed
by a small tail correction.

The elimination method adapts the finite-block and tail argument of OpenAlI [23, Section 3].
The operator, target data, and quantitative estimates below are those of the present Gaussian
problem.

Let

E=0N;R?), T =N\F,

where F = N N [1,168] is the finite node set from Section 3. The two coordinates at each node
are its ¢- and d-coefficients. On a pair of lists we use the sum of their norms. A subscript F or
T restricts the corresponding input or output; the paired finite block has 336 coordinates. Every
operator norm is induced by these unweighted norms.

Proposition 4.1 (Exact interpolation). For every real k > 2.36, there is a unique pair of positive-
node lists in €, with extra coordinates e; = E;q(k), whose full lists ¢; give

Hy(n) = Ti(n), Hi(n) = T;(n),

Hy(n) =0,  Hb(n)=0 (n € N), (4.1)

where Hy = pe, + Kp,, and Hy = py, + K, . Let et = X;q(k), estended by zero on T. Then

2 2 2
Z et <48, Z 6 — 0t <2 1078, z; 14:]], < 5. (4.2)
1=

1= 1=

The functions Hi, Hs are entire and real on the real axis. In particular, Hy — Ty and Ho have zeros
of order at least two at every positive node, including the nodes that are not lattice radii. Their
Gaussian-damped functions form the real radial Schwartz Fourier pair of Lemma 2.4.

The bounded inverse below gives uniqueness for summable coefficient lists with fixed extras and
jets prescribed on the larger periodic node set A/. This differs from reconstruction using only the
actual triangular shells: Talebizadeh Sardari [30, Theorem 1.7] constructs infinitely many linearly
independent radial Schwartz functions whose values and radial derivatives, and those of their Fourier
transforms, vanish on all those shells.

Proof. We first solve the exact operator equation on the full space. We then bound the size and
residual of the finite reference lists and use the same block equations to estimate their correction.
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The coupled jet equation. Write a; € £ for the positive-node part of ¢;. By (2.11) and (2.22),
the desired equations are

al I =S\ (a1 JTy + See
Q-G e

Here S acts on positive-node inputs, while S, acts on the three extra coordinates. Both are bounded
by Lemma 2.5. The target belongs to & as well. Indeed, T}(n) = —e~*("=1 _and (2.9) gives

Ti(n)| , | Th(n) DnTk(n)‘ LA H21D/E hpony (4.4)

Qn Qn 1.75

The right side is summable, uniformly after replacing k& by 2.36. We will use the exact constant

14+ (14212)/2.36 548 4

1.75 ~ 13 °3

Cy :

The finite block. Let D =S 7 and form the paired quadrature block

I -D

e (' )

With 1 = .004%, submultiplicativity and Proposition 3.3 give ||D?'?|| = ||(D%)®| < n. The finite
geometric identities for the matrices V4, V_ in (3.6) yield

R.=I-D)'=v,(I-D"**"' R ={I+D)'=v_(I-D"?%""

The remaining inverse is its norm-convergent Neumann series. Diagonalizing the two-list block into
its sum and difference gives

st _L(Ri+R. Ri—R.
D =9\R,~R. R,+R_]|"

Bounding the two output blocks in each column, and using the finite sum-norm bound, gives

V. V. 36
IVl + V=1 _

|eo | < Ima+ R < == < 1

< 37. (4.5)

We now replace this quadrature block by the exact one. Apply Lemma 3.1 to orders zero and
one with y = 1. For each basis input, the errors in the two transformed moments are less than 1073,
In the jet projection their multipliers are bounded by 1/Q,, and (1 + |D,|)/Qy, both less than 2.
In particular, every entry of Srr — D, and every entry of Sz, — S Fe, has absolute value less than
10722, There are 168 output coordinates. The paired block is off-diagonal, so its column norm has
no extra factor of two. Hence

|Lrr — Lpl|| <2-10777. (4.6)
Factoring £rr through £p and using another Neumann series gives

7] < sy < 40 (4.7)

This bound is for the exact finite block, not for the full inverse.

23



Solving after elimination of the finite block. The scalar bound (A.4) gives
Ues(1,0) < 1.1-1071 = 6.

Because (2.25) is uniform in the input node locations, it bounds outputs on 7 from either finite or
infinite positive-node inputs. Again the two off-diagonal blocks introduce no extra factor in the
combined ¢! norm. We obtain

ILrrll <o, NLrr—1Ill<d,  [Lrrl < 4000. (4.8)

The last bound need not be small. We first solve the finite equation for its finite unknowns in terms
of the tail unknowns. Substituting that solution into the tail equation leaves the Schur complement
Q=Lr7 — LTrLrrLFT.

It satisfies
|1Q — I|| < (1 + 40 - 4000) = 1.760011 - 107% < 1,

so its Neumann series converges. More explicitly, for any right side ¥ = (¢¥x,97), the solution is
reconstructed by

ar = Q (W71 — LTrLFRbr),
ar = L7 (bF — Lrrar).

Every operator in these formulas is bounded. Thus £ is a boundedly invertible operator on the full
pair space £2, not merely on a truncation. Applied to (4.3), this proves existence and uniqueness
for the specified extras. We henceforth write a = (a1, ag) for this solution.

Size of the reference lists. The same-column bounds in Proposition 3.3, applied to the nonneg-
ative entries of q(k), give

5.6
Sl < (23+ = (1 +e 2k p ek 4 o0k e—s’f)
7 ! k
5.6 —4.72 —7.08 —14.16 —18.88
< (23+ 35 (147472 4 e7T08 4 (1010 4 (~I858) g g (4.9)

The last comparison is the corresponding scalar bound in (A.4). The norm includes all extras, so
llei]l; + |le2ll; < 4.8. The constant coordinates in (3.5) satisfy the sharper bound

0115 017
C1| +1Co| = )—.0074 + =+ ’.0096 - <02 (4.10)

Indeed, for k > 2.36, the first expression inside absolute values is negative and the second is positive;
their absolute values are less than .0074 and .0096, respectively. The exact lists have the same
constants because their extras are fixed.

The three finite residual terms. Let a"f be the paired positive-node part of the reference lists,
and let 7 be the right side of (4.3) minus La™. Put v; = giq(k), with g; as in (3.6), and define

ASr = (Srr — D, Sre — Sre).
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This map acts on the finite positive-node coordinates followed by the three extras; the reference lists
are supported on these coordinates. The finite geometric identities (I — D)V, = (I+D)V_ = [ — D512
give the exact decomposition

JrTi, — Yq(k) ASFOt D512~
= . 4.11
" < 0 Tlasgeer ) T\ poizy, (4.11)
The three terms are the omitted target data, the quadrature error on the full reference lists, and
the finite geometric-sum residual.
The vector Yq(k) reproduces the target jets at 1,3,4,7,9 and vanishes at the other finite nodes.

Summing (4.4) over all integers from 12, a superset of the omitted nodes, and applying the scalar
bound in (A.4), gives

1+ (1 + 2.12)/2.36 >0 —2.36(n—1) —12
. -1 . 4.12
1.75 2 ¢ <810 (4.12)

n=12

For the quadrature replacement, each basis column has finite output error less than 168 - 1072°.
Multiplication by the combined reference norm in (4.9) therefore costs less than 10724, including
the extra inputs.

For the third term, we can bound ~; without a further matrix estimate. The elementary bound
e=236 < 2/21, proved in the local calculation preceding (A.5), and (4.4) give the first five target

jets total norm at most
e (14 (2/20)2 4+ (2/21) + (2/21)° + (2/21)°) < 1.35.

The exact operator on the extra inputs has norm less than 4000, and its finite quadrature replacement
differs by less than 2 - 10727, Since the extras have combined norm less than 4.8,

71 lly 4 r2ll, < 1.35 + (4000 + 2 - 10727)4.8 < 20000.

The geometric-sum residual is consequently less than 20000n = 1.31072- 1071 < 1.4- 10715, Adding
the three finite errors yields
lrzll, < 10711 (4.13)

The tail residual. The positive-node reference lists vanish on 7. Their transformed outputs
there, including the extras, are bounded by Ujgs(5,.02), using (4.9) and (4.10). For the target part,
T is contained in the integers above 168, so (4.4) gives

Z Ty (n) " T} (n) — D, Ty(n) <e, e 230168 < 10-170
Qn Qn 1 — 236

neT

The last inequality is the local target-tail calculation (A.5). The scalar bound (A.4) retains the
separate strict margin Ugs(5,.02) < 8.3 - 1071 — 107170, Therefore

77, < Ures(5,.02) + 107170 < 8.3 - 1071 (4.14)
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Correction size and exact jets. Put ur = H(a —a );Hl and uy = H(a - aref)7-H1. Take the

finite and tail blocks of L(a — a**f) = r. Using (4.7), (4.8), (4.13), and (4.14) gives
ur < 40(107H + 4000u7),
7 < 40( N 7) y (4.15)
ur <83-107" 4+ 1.1-10" " (ur + uy).
Substituting the first inequality into the second gives

83.-107M4+44-107%
1 —1.760011 - 102

ur < < 8.31-107, ur < 1.37-1078.

Their sum is less than 2 - 1078, The extras did not change, so this is the full-list correction in (4.2).
Adding (4.9) gives the combined exact norm less than 5.

Finally, (4.3) is exactly JH; = JT) and JHy = 0. The definition of J recovers both values
and first derivatives at every node of NV, proving (4.1). The functions p;, and K,, are entire and
real on the real axis by Section 2; T}, is entire as well. The jet identities are therefore genuine double
zeros. Lemma 2.4 supplies the Schwartz Fourier pair. O

5 Signs on every radius and parameter

Fix a real k > 2.36, and take the exact lists 1, {2 from Proposition 4.1. Write p; = py,, and combine
the two desired inequalities into the slacks

Fi(s) = oiH;(s) + 6;Tj(s), (01,02) = (=1,1), 0; = 1gi—1y-
Thus we must prove Fj, F5» > 0 on [0, 00). Exact interpolation already gives
F;(m) = F/(m)=0 (m e N). (5.1)

The reference lists are X;q(k), extended by zero beyond M = 168. Throughout this section, Hl-ref
denotes the function formed from those lists with the exact direct and transformed spectral integrals.
Only the finite coefficient rows of Section 3 use quadrature.

The gaps in the full zero set have repeating lengths 1,2, 1,3,2,3. The signed half-gaps centered
at the nodes through 88 therefore cover exactly

[0,50], S0 = 89.5.

The last is the right half-gap from 88 to the midpoint 89.5 of the gap to 91. Every signed half-length
satisfies 1/2 < |y| < 3/2. At the origin there is only the half-gap [0,1/2], with v = 0; at every
positive center, v = 2. Figure 1 records the junction with the tail.

5.1 Quotients after subtracting values and slopes

Recall the quotient D,, » introduced before the finite polynomial rows in Section 3. For a twice
continuously differentiable function u, Taylor’s formula gives

D 2u(s) =

The integral also gives the removable value at s = m. As before, Dyou = u at the origin. On a
prescribed half-gap s = m + yx, 0 < x < 1, the relevant quotient is

D Fi(s) = 0D Hi(s) + 6D T (). (5.2)
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s0 = 89.5
finite half-gaps

|
|
I I |
1
|
|
|

‘ U
\ center 88 92
I
40—‘—0—%0—‘—0—>‘ S
87 88 | 91 ! 93
L L
i I
i Taylor remainder Taylor remainder
double zero at 91 double zero at 93

Figure 1: The finite inequalities cover the half-gaps through sg. In the tail, 91 is a nearest node
on [89.5,92], then 93 on [92,94.5], and so on. A double zero at the chosen node turns the uniform
second-derivative estimate into a quadratic remainder bound.

For m > 0, (5.1) makes this equal to F;(s)/(s —m)? away from the center. The deletion is performed
on each function before any approximation is made, so a nonzero constant or linear approximation

error is never divided by (s — m)2.

Moving from the exact lists to the reference lists. Their combined ¢! distance is less than
2.107%. A unit list has spectral variation at most 36, direct frequency modulus at most one, and
transformed bounds |\| < 3, |z| < 3. The transformed damping has positive exponent 7 Im z, so
there is no exponential growth at nonnegative radii. Taylor’s integral formula and the derivative
estimates of Section 2 therefore give the following bound. Each H; — H{ef contains a direct error
from one list and a transformed error from the other. The ¢! norms of the two list differences add
to less than 2 - 1078, so the larger of the two kernel bounds controls the sum:

36

sup | Dy (H; — H) (s )\ < =3 (2-107%) max{r”,3(37)"}

s in the half-gap

< .00011. (5.3)

For v = 0, this is the zeroth-derivative estimate. For v = 2, the factor 1/2 is fol(l —v) do, and the
last comparison is the scalar bound in (A.4). No zero jet is required of the reference function; only
the exact slack uses (5.1).

Replacing the reference quotient by its finite polynomial. The entire Taylor series gives,
in both cases v =0, 2,

r

ref\ (r+v)
L EE ) )

UiDm,Verf(m + yx) Z o;
r=0

The rows [;» in (3.8) replace the included derivatives by quadrature. We claim

sup |0i Dy, HI (m + yz) — Zl”q < .000001. (5.4)

0<z<1

For the included coeflicients, Lemma 3.1 controls the scaled moment of order r + v. The row
above has the additional multiplier y~”, whose absolute value is at most 4. By (4.9), the combined

reference-list norm is less than 4.8 < 5. Summing the 41 coefficient errors therefore gives at most
41-4-5-1073%
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For the omitted powers, put Y = |y| and [ = 41 + v. Their total is at most

Y7365 (

—rdmz(E)m (o (s h. .
T 3Dy () 8 e 1)|Y)> (5.5)

1<j<6
Indeed, each direct derivative contributes a factor imt, and each transformed derivative a factor
im2(t). On [tj_1,1;], both Tm z(t) and |2(t)| decrease. Thus the right endpoint maximizes e~ ™ =(Hm
while the left endpoint bounds the largest frequency modulus, including the endpoint atoms. For
each fixed frequency, the ratio of successive terms in the absolute exponential series is at most
3rY/(l+ 1) < 1. Summing this geometric majorant and then integrating against total variation
gives the displayed denominator. The factor 36 - 5 bounds the combined spectral variation of the
reference inputs.

The scalar calculation in Appendix A replaces the maximum in (5.5) by the larger sum over all
six intervals. For

(m,Y,v)=(0,1/2,0), (1,1,2), (3,1,2), (4,3/2,2),

it gives, respectively, upper bounds 1.8 -107, 1071, 3-10716, and 2- 10!, all below 10~8. These
four cases cover every half-gap. The origin is the first case; the largest half-lengths at 1 and 3 are
one; and every later center is at least 4 with half-length at most 3/2. For fixed v, the expression
decreases as m increases or Y decreases: its powers contain Y= = Y41 and the positive geometric
denominator also improves when Y decreases. Adding the included quadrature error proves (5.4).

5.2 Lower supports for every target regime

Lemma 5.1 (Exponential supports). Let K, J be consecutive endpoints of the parameter partition
in Section 3, and let K < k < J, with no upper restriction when J = oco. On every prescribed
half-gap, the coefficients a} from (3.9) satisfy

40
Dy Ti(m +yz) > > aiaz” —.000001  (0<z<1).
r=0

Proof. At the origin, 0 < s < 1/2, and

Mg‘f) = Ty(s) (1 —s— ;) >0

because k > 2.36 > 2. Replacing k by K therefore lowers the target. The Taylor polynomial of
Tk (yx) through degree 40 has coefficients (eX /K)(—Ky)"/r!, exactly the first case in (3.9).
At the first positive node, write © = s — 1. The deleted quotient is

ek 14 ku

Dy oTi(1 + u) = P R

with value k/2 at u = 0. For u # 0, its derivative with respect to k is

_ —ku
1—(1+Fku)e >0
k22 -
by e > 1 + ku. The same monotonicity holds at the removable value. This works for both

signed half-gaps, including negative u. Replacing k by K again lowers the quotient, and its Taylor
coefficients are K(—Ky)"/(r 4+ 2)!, the second case in (3.9).

28



In both cases the left endpoint satisfies K < 6, even for the last, unbounded parameter interval.
At the origin K|y| < 3, and at node 1 K|y| < 6. Also X /K increases for K > 1, so its value is at
most €9/6. The absolute tails after degree 40 are bounded by

6 - 641
431(1 — 6/44)

6 41
¢ 3 510 <1075,

10720 <107¢
6 411(1 — 3/42) < =

using the scalar comparisons in Appendix A. Thus no Taylor estimate with unbounded & is needed.
At every positive node, Taylor’s integral formula also gives the general nonnegative support

1
DoaTi(m +u) = k / (1 = v)e kom=14v) gy > (5.6)
0

This handles all cases in which (3.9) prescribes zero. It remains to justify the stronger constant
at m = 3 for finite J. Here —1 < u < 1/2, s0 a = 2+ vu > 1. The function ke~ decreases for
k > 2.36, and (5.6) is at least

1
J/ (1 —v)e /@t gy,
0

The probability density 2(1 — v) on [0, 1] has mean 1/3. Jensen’s inequality for the exponential
therefore bounds this expression below by

J et < J 13776
hel > 2
2¢ =9¢ ’

which is the third case of (3.9). When J = oo, the prescribed support is zero and (5.6) applies. [

5.3 The bounded radial range

Lemma 5.2 (Signs on the finite half-gaps). For every real k > 2.36, the exact slacks satisfy
Fi(s) >0 for0<s<sp,i=1,2.

Proof. Choose a half-gap and a parameter interval containing k. Combine the finite rows and the

target support into
40

Oi(z;k) =Y (Lirq(k) + diaf)a"
r=0

By the Bernstein conversion defining (3.8), the coefficient of the d-th degree-40 Bernstein basis
function is

d
Linq(k‘) + d; Z wdra:.
r=0

The containing-box lower evaluation (3.7) applies to the physical vector ¢(k). Together with

Proposition 3.3, it makes every coefficient above strictly greater than .001. The Bernstein basis

functions are nonnegative and sum to one on [0, 1], so ®;(x; k) > .001 on that entire interval.
Apply (5.3), (5.4), and Lemma 5.1 to (5.2). The result is the strict quotient margin

Dy Fi(m + yz) > .001 — .00011 — .000001 — .000001 = .000888 > 0.

At the origin this is the desired inequality. At a positive center, multiplication by (s —m)? proves
the inequality away from the center, and (5.1) supplies equality at the center. The half-gaps cover
[0, sp], while the five parameter intervals cover every finite k£ > 2.36. ]
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5.4 The tail and its quadratic scale

Beyond sg, the low-node rational part of each direct cardinal function has a positive signed value.
We will group the high-node terms, the transformed function, and the target into a single remainder.
That sum has a small second derivative and exact double zeros; its individual terms need not have
zero jets. The following geometric bound lets us compare the positive part and the remainder on
the same squared-distance scale.

Lemma 5.3 (Quadratic barrier for the sine product). For every real s, let m € Z be any nearest
point of the full periodic zero set, so |s —m| = minpecz |s — n|. Then

P(s) > .68(s —m)®. (5.7)

Proof. The set Z is discrete and periodic, so a nearest point exists. Between a zero m and either
adjacent midpoint, the quotient P(s)/(s —m)? is positive after its removable value is filled in. Its
logarithm is concave. For the factor vanishing at m, with u = s — m,

d? sin?(mu /12 2 7\ 2 ™

@log <(u2/)> =z 2 (12> csc? (12) <0
for u # 0, by |sinz| < |z|, and the inequality extends through the removable value. Every other
sine factor has nonpositive logarithmic second derivative on this half-gap. A concave function is
bounded below by the smaller of its endpoint values, so the quotient is bounded below by its smaller
value at the center and the midpoint.

At the center, the periodicity of P reduces the removable value to the corresponding node value

Qn > 1.75in (2.9). At the midpoints, the exact values are

gap modulo 12 | P(s)/(s —m)? at its midpoint
[0,1], [3,4] 12 - 8V2
1, 3] 1
[4,7], [9,12] §(3+\/§+ V3 +V6)
[7,9] 9

Here the denominator is the square of the half-gap length, independent of which endpoint is chosen
at a tie. For clarity, the smallest entry can be derived directly. At s = 1/2, put § = 7/24 and pair
the unsquared factors for residues (1,7), (3,9), and (0,4). Product-to-sum gives

)
(2sin(—0))(2sin(—130)) = 2sin(7/12),
(2sin(—50))(2sin(—170)) = 2sin(57/12),
(2sin 0)(2sin(—760)) = 1 — V2.
The product of the first two right sides is one. Thus P(1/2)/(1/2)? = 4(1 — v/2)? = 12 — 8/2. The
same product-to-sum calculation at the other midpoints gives the remaining entries. The identity
P(4 — s) = P(s), which follows from invariance of L under a — 4 — a modulo 12, accounts for the
paired gap types in the table. The smallest entry satisfies 12 — 8y/2 > .6862 > .68, as recorded in

Appendix A; every other entry is larger than .68 as well. The half-gaps cover the real line, proving
the claim, including the zero values themselves. O

Lemma 5.4 (Signs in the tail). For every real k > 2.36, the exact slacks satisfy F;(s) > 0 for
s> 5sp,1=1,2.

Proof. We first bound the low-node rational contribution, then compare the remaining term on the
same quadratic scale.
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The low-node rational part. Separate each direct cardinal function as

Cin din
R =€t 32 (2 + 325
n<88

pi(s) = P(s)Rio(s) + Pihign(s)-

The high function contains precisely the node columns beginning at 91 and no constant column.
Every denominator in R; is positive for s > sg. We claim

UiRi,O(S) > .002 (8 > 80). (5.8)

For the reference lists, use the decomposition preceding (3.12), which groups the simple-pole rows
into their common 1/s numerator before taking negative parts. In the parameter box containing
k, each numerator row [ has the nonpositive lower bound 7k, ;(I) = min(0, [l]x,s). The reciprocal
factors are nonnegative and nonincreasing for s > sg, so their products with these lower bounds
give a value at least as large as at sp; the constant row retains its full lower bound [C}]k ;. Thus
(3.12) gives o3RI (s) > .0021.

The passage to the exact list changes this rational function by less than 2 - 1078, Indeed,
s —n > 1.5 for every low node, so both reciprocal coefficient factors have modulus at most one, as
does the constant factor; apply the full-list correction in (4.2). Since .0021 — 2 -10~% > .002, this
proves (5.8).

The high-node list and the remainder. For the exact pair define the coupled input sizes

2 2
w=> Y (el +ldml), c=>_|Ci
=1

i=1 neNy

The full-list norm and the fixed extras give w + ¢ < 5 and ¢ < .02, by (4.2) and (4.10). At every
node n > 91, the exact equations (4.3) read

(Clna dln) = (562)71 + (ka)na (C2n’d2n) = (Sgl)n

Here SY¢; = —J K, includes all input coordinates, including the extras. Applying Lemma 2.5 to
both lists with their summed input bounds w, ¢, the combined high-node norm is at most Uy (w, ¢)
plus the target geometric majorant

1+ (1+42.12)/2.36 ¢ 23690
1.75 1 —e=236

<1078,

This follows from (4.4) by overcounting with all integers from 91; the last comparison is the local
calculation (A.6). The finer scalar bound in (A.4) is Uy (5,.02) < 2.2711 - 1077, Since Uy is
increasing in both input bounds, we obtain

2
S (lein| + |dinl) < 2.2711-1077 +107% < 241077,
i=1 neN
n>91

The difference between 2.2711 - 1077 and 2.4 - 1077 leaves room for this target contribution.
Define

Zi(s) = 0i(Pinigh(s) + Kpy_, () + 6 Ti(s).
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Then

FZ(S) = O‘iP(S)Riyo(s) + Zi(s). (5.9)
We have the uniform bound
sup | Z! (s)| < .0002. (5.10)
S>>0

To verify it, the direct high columns contribute at most 367%(2.4 - 10~7). For the low-frequency
transformed term, the actual coupled full-list norm gives the important estimate

25¢ 4 36w < 36(c + w) < 180.

Thus the [0,5/6] variation in (2.28), which includes the atom at 5/6, is bounded by 36-5. On (5/6, 1],
we may separately use w < 5 and ¢ < .02; the only atom there is at 1 and contributes 2¢ < .04.
Finally, T}/ (s) = ke k(=1 Tts supremum over s > sg, k > 2.36, occurs at s = sq, k = 2.36, since
so — 1 > 1/2.36. The resulting four-term bound is

3672(2.4-1077) + 3(37)%36 - 5 e T0%0
2.54-5

S0

+1.25(1.327)? ( + .04) e~ 18750 4 9 367 236(5071) < 85485107 < .0002,

by the scalar comparison in Appendix A. This proves (5.10).
At every node m € N with m > 91, R, is regular and P has a double zero. Subtracting its
product from the exact slack jets in (5.9) therefore gives

Zi(m)=Z{(m)=0  (meN, m>091). (5.11)

These zeros use the exact interpolation equations, not merely the small norm of the high list.

Comparison at a nearest zero. For s > sg, choose a nearest point m € Z with m > 91. Such a
choice is possible throughout the tail; at s = sg, choose 91 from the tied points 88 and 91. The
segment joining s and m stays in [sg, 00). Taylor’s integral formula, using (5.10) and (5.11), gives

1 Z:(s)| <.0001(s —m)2.
On the other hand, (5.8) and Lemma 5.3 imply
0iP(s)R;o(s) > .68 -.002(s — m)?.

Since .68 - .002 > .0001, (5.9) gives Fj(s) > 0. At a node the exact zero value gives the same
conclusion, without division by a vanishing factor. O

Proof of Theorem 2.1. For every real k > 2.36, Proposition 4.1 supplies real summable lists with
the prescribed extras. Section 2 makes H;p, Ho entire and real on the real axis, and Lemma 2.4 gives
the real radial Schwartz Fourier pair

fa) =™ plal?),  F(6) = ey (ble)?).
Lemmas 5.2 and 5.4 cover all s > 0, so H;(s) < Ti(s) and Ha(s) > 0. The exact jets are
Hi(n) =Ti(n),  Hi(n)=Tg(n),  Ha(n)=Hn)=0 (neN)

This proves the theorem. O
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6 From Gaussian pairs to energy comparisons

The preceding sections construct the Fourier pair in Theorem 2.1. We now turn that pair into
a sharp energy bound for every Gaussian. Two steps are needed. First, Fourier nonnegativity
gives a lower bound for any locally finite configuration with the stated centered density. Second,
scaling and Fourier complementation turn the normalized pair into a minorant for every positive
Gaussian parameter. Section 7 then completes the universal-energy theorem by positive mixtures.
The renormalized and jellium consequences are treated separately in Section 8.

6.1 An area comparison under centered density

Recall that Bp is the centered closed disk, Cr = C N B, and N = #Cpg. The only geometric limit
used below is Ngr/(mR?) — 1. The density-only linear-programming argument is due to Cohn and
de Courcy-Ireland [5, Proposition 2.2], whose background-measure comparison follows Cohn and
Zhao [10, Theorem 3.3]. The latter is a packing theorem; its exclusion-distance hypothesis is not an
assumption here. We give the argument for the exact auxiliary class used in this paper.

Proposition 6.1 (Linear programming with centered disk density). Let f be a real even Schwartz
function on R? whose Fourier transform is nonnegative. Every locally finite configuration C C R?
with centered disk density one satisfies

lim inf —— flz—y) > F(0) - £(0). (6.1)
IHLIO% NR 756613 X
TFY

The same lower bound holds if f(x —y) is replaced by ®(x —y), where ® : R2\ {0} — [0, 00) satisfies
®(2) = f(2).

Proof. For finite real signed measures u, v on R?, define

v) = [[ =) dut@) duty), € = [ d(a)

Fourier inversion and Fubini’s theorem give

v) = [, FOmme) d

Indeed, f is integrable and the transforms of finite measures are bounded. Since f > 0, this is a
positive-semidefinite form and therefore satisfies Cauchy—Schwarz.

Put a = f(O) = [f>0and ur = Y ,ec, 02 If @ = 0, positivity gives Q(ugr,ur)/Nr > a
whenever Ng > 0. Suppose now that a > 0. Fix € > 0 and let

VR = 1B(1+6)R dz, Ve =n(1+ 6)2R2.

For every « € Bp, the disk B(1,.r — x contains B.g. Thus

QUi vr) = Naal < Na [ 1/(2)] d = o(N). (62)

|z|>e

The estimate is uniform in the locations of all points of Cg; it does not use a bound on their number
in any smaller disk.
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r € Bp =
BER(I‘) - B(1+5)R-

Figure 2: The comparison disk contains a disk of radius e R around every = € Cr. This containment
gives the uniform tail error in (6.2), including for clustered points.

The area self-term has the limit

Q(VR,VR)
Vr

|B4eyr N (B4e)r — 2)|

Ve dz — a.

= | [z
RQ

For each fixed z, the overlap fraction tends to one and is between zero and one. Dominated
convergence therefore applies with dominator |f|. In particular, Q(vg,vr) > 0 for all sufficiently
large R. Cauchy—Schwarz and (6.2) now yield

Qpr, ir) |Q(ur, vr)I> _ Nr(a+o(1))?
Nr 7 NgrQ(vr,vr) Vr a+o(l) ’

Since Ng/Vr — (1 +¢)72, taking the lower limit in R and then letting ¢ | 0 proves

Qpr, r) -

lim inf > a.

R—o00 Ng
There are exactly Np diagonal terms, each equal to f(0), so removing them proves (6.1). The
assertion for ® follows by termwise comparison of each finite off-diagonal sum. O
6.2 Sharp pairs for every Gaussian parameter

The normalized theorem directly covers « > 1. Fourier complementation supplies 0 < a < 1. This
is the Gaussian form of the duality in Cohn and Miller [9, Section 6]; we give the calculation to fix
the dimension-two factor and the two contact sets.

Lemma 6.2 (Gaussian duality). For every a > 0, let Go(z) = e ™= There is a real radial
Schwartz function f, such that, pointwise,

fa<Gay  fa>0,

fala) = Gala) (a€ AN{0}),  fa(w) =0 (we A"\ {0}).

Proof. For a > 1, take

(6.3)

k=mn(a/b—h)>7(2/V3—2/5) > 2.36.
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The elementary comparison is proved in Appendix A. Let f be the function supplied by Theorem 2.1
for this k, and define f, = ke™*f. The multiplier is positive, so f, > 0. With s = b|z|?, the upper

bound for f, becomes
ke—ke—whsTk(s) _ e—(Trh—&-k)s _ e—wa|x‘2.

The shell containment and A* = JA from Section 2 place every nonzero direct and dual shell in A.
The value contacts in (2.4) therefore give (6.3).

For 0 < a < 1, put f = 1/a and use the function already constructed for 5 > 1. Define its
nonnegative radial Schwartz slacks

ag = Gp — [, rg = fp-

The Fourier transform applied twice is reflection, which is immaterial for these radial functions.
Thus Gg = qg + 3. The dimension-two Gaussian transform from (2.20) gives

BTG, = @ﬁ = qg + s

Set
fa = Bas. (6.4)

Then Gy — fo = Brg > 0 and fa = fBqp > 0. The known contacts say that gz vanishes on A\ {0}
and 73 vanishes on A*\ {0}. Since A* is a rotation of A and both functions are radial, gz also
vanishes on the nonzero dual shells and rg on the nonzero direct shells. The two displayed slack
identities give the required contacts for f,. O

It remains to identify the lower bound with the Gaussian lattice sum. Periodize the fixed Schwartz
function f, over A. Schwartz decay makes the periodization smooth, and termwise integration
over a unit-area fundamental cell gives Fourier coefficients fa (w) for w € A*. These coefficients
are absolutely summable. Evaluating the Fourier series at zero gives Y ,c 4 fa(a) = Supear fa(w).
Using (6.3) and removing the origin yields

> Gala) = Jal0) = fa(0). (6.5)

ac A\{0}

Only the lattice has been periodized; no periodicity is assumed of the competitor. Proposition 6.1
with & = GG, therefore proves, for every locally finite C of centered disk density one and every o > 0,

]. 2 2
liminf — > e~moleylt > > e~molal”, (6.6)
R—oo Np z,yeCRr acA\{0}
TH#Y

This scalar inequality is the input for the positive-mixture argument in the next section. No
measurable choice of the functions f, will be needed there.

7 Shifted moments and positive mixtures

Equation (6.6) compares the configuration with the triangular lattice for every kernel e, To
pass to a completely monotone interaction, we represent it by positive mixtures of these kernels. A
potential may be singular at zero, so a finite representing measure need not be available for the
unshifted function. We instead construct one for each positive shift and remove the shift only after
taking the lattice sum.
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7.1 A finite moment representation

The representation belongs to the classical Hausdorff-Bernstein—-Widder theory [1, 16, 33]. We
prove precisely the finite-measure form needed here. The construction first solves a discrete moment
problem using finite differences, then passes to all positive real exponents. It also identifies the
endpoint masses that enter the energy argument.

Lemma 7.1 (Positive mixtures). Let F' : [0,00) — [0,00) be smooth, with one-sided derivatives
at zero, and suppose (—1)FU)(t) > 0 for every integer j > 0 and every t > 0. There is a finite
positive Borel measure p on [0,1] of total mass F(0) such that

F(t) = / o dp(v) (> 0). (7.1)
0.

Moreover, p({0}) = 0. An atom at 1 is allowed and contributes a constant function.

Proof. Compactness of the measures. We first record an elementary compactness argument that
preserves the limiting total mass without discarding possible endpoint atoms. Let (u,) be any
sequence of positive measures on [0, 1] with uniformly bounded masses. By a diagonal subsequence,
arrange that the masses converge to m and that p,([0,¢q]) converges to a(q) for every rational
g€ (0,1). For 0 <x <1, set
H(x) = xg;fd a(q), H(1) =m.
q rational

The function H is nondecreasing and right-continuous. Its associated positive Borel measure p
has distribution u([0,z]) = H(z), including mass H(0) at zero and mass m — H(1—) at one. At
every continuity point x € (0,1) of H, rational points on either side of x bracket uy([0,z]) and
give convergence to H(z). Step-function approximations on partitions with such internal endpoints,
together with convergence of the total masses and uniform continuity, then give

/g@ dpy, — /cp dp  for every continuous ¢ : [0, 1] — R.

Thus the subsequence converges weakly. The endpoint atoms have not been discarded in this
construction.

Discrete moments. Fix d > 0 and put m; = F(jd) for integers j > 0. Writing Am; = m;11 —m;;,
repeated integration gives, for r > 1,

(—1)"A™m; :/[ ] ()" FO(jd + uy + - -+ u,) duy - - - duy > 0.
0,d]”

Define a linear functional on polynomials by A(z/) = m;. For every integer M > 1, place at p/M,
0 <p < M, the mass

Wy = A<<M ) (1 x)M—p> = (M> (=DM PAM Py, > 0.

p

Let ppa = Zﬁi 0 WMpOp/nr- Its total mass is mg, because the Bernstein basis sums to one. For

fixed 0 < 7 < M, the identity (]\;) (?) = (]y) (]‘194_7) gives
M (P
N (M A
L T B
p=0 (g) p
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Applying A shows that >, was, (;;;)/(1\]/1) = mj. For fixed j and M > max{1,;}, put

j—1
Mz —r
PMv](x) = H Ar
o M—r

These polynomials converge uniformly to 27 on [0,1] as M — co: each of their finitely many factors

converges uniformly to z. At z = p/M their values are exactly (?) / (A]/I ), so the identity above says

J Parj dpar,g = my. Since puay g is positive with mass my,

‘/xj dpara — mj| < moll! = Parjlloo — 0.

The compactness argument supplies one weakly convergent subsequence of (ar,q)a>1. Since the
moment convergence holds for every fixed j along the full sequence, its limit 7, satisfies all the
moment identities

F(jd) = /[ L) G =012,

In particular, ng has mass F(0).
Positive real exponents. For each positive integer [, push 7, forward by z z! and call the
resulting measure p;. It has mass F'(0) and

| an) = FG) G=1.2..0)
[0,1]

Choose one weakly convergent subsequence p;, — p; necessarily [,, — 0o, and the limit still has mass
F(0). Now fix any ¢ > 0 and set t,, = [It]/l,. Since 0 < t,,—t < 1/l,, and supg., <1 v*|logv| = 1/(et),
the mean value theorem in the exponent gives the following bound; at v = 0 both powers are zero
because their exponents are positive:

tp — 1

sup |vfn —of| < — 0.

0<v<1 -

t

Continuity of F' and weak convergence against the continuous function v* now imply

F(t) == thnF(tn) == h};n/’()t" dpln fy /Ut dp

The subsequence was chosen before t, so the same p works for every ¢ > 0. Finally, as ¢ | 0,
the functions v! increase to 1(071](0). Monotone convergence and continuity of F at zero give

p((0,1]) = F(0) = p([0,1]), proving p({0}) = 0. O
7.2 Lower limits and singular interactions

The next proposition isolates the positive-mixture step. Its Gaussian hypothesis has already been
proved for every configuration considered here in (6.6).

Proposition 7.2 (Positive-mixture transfer). Let C C R? be locally finite with centered disk density
one. Suppose that, for every a > 0,

liminfi E e~ male—yl? > E e~malal®,
R—o00 NR

zyeCr acA\{0}

TFY
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Then every smooth completely monotone g : (0,00) — [0,00) satisfies

EyC)= Y, gllaP’) (7.2)

acA\{0}
in the extended nonnegative reals, with the ordered-pair energy defined in (1.1).

Proof. Fix e > 0 and set F.(t) = g(e +t) for t > 0. It satisfies Lemma 7.1, with a finite representing
measure p. of mass g(¢). Choose any real sequence R,, — 00, discarding finitely many terms so that
Npg, > 0, and define

Ap(v Z eyl (0<v<1).

Rn x yECR
TFY

Every exponent is positive, so A, is continuous and nonnegative on [0, 1], with 0° = 0 for ¢ > 0.
Define the nonnegative extended-valued function

Lv)= > plo? (0<wv<1).

acA\{0}
For 0 < v < 1, the Gaussian hypothesis with o = — log(v) /7 gives

liminf A, (v) > L(v).

A full-radius lower-limit inequality holds along every sequence tending to infinity. The same
comparison holds at the endpoints: A, (0) = L(0) = 0, while A4,,(1) = Ng, —1 — oo = L(1).
The finite-sum representation, Fatou’s lemma, and Tonelli’s theorem now give

. 1
hmnlnf N Z F.(|z —y)?)
" x,yeCr,,
TF#Y

—hmmf/A ) dps(v)
> / lim inf A, (v) dp2 (v / L(v) dp.(v

> Flal?)

acA\{0}

Every integrand and summand is nonnegative, so these steps remain valid when the last sum is
infinite. Since the sequence R, was arbitrary, this is the full-radius lower bound for Fy.
Complete monotonicity gives ¢’ < 0, hence g(t) > F.(t) for t > 0. Termwise comparison therefore
yields
Ey€) > Y gle+la®)  (e>0)
acA\{0}

As € ] 0, the summands increase to g(|a|?). Monotone convergence in the lattice sum proves (7.2).
No limit in € has been interchanged with the configuration lower limit, and no unshifted representing
measure has been used. O

Completion of the proof of Theorem 1.1. Equation (6.6) verifies the proposition’s hypothesis for
every locally finite configuration of centered disk density one. This proves the inequality in
Theorem 1.1. We finish by checking attainment, including the case of an infinite lattice sum.
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Choose a bounded half-open fundamental cell of A with vertex zero and area one, and let d
bound the distance of its points from its lattice vertex. Up to boundary sets of area zero, for R > d
the union of cells whose vertices lie in A N Bgr contains Br_4 and is contained in Br4. Its area is
#(AN Bg), so A has centered disk density one. For each x € AN Bpg, the differences y — x with
y € AN Bg\ {z} form a subset of A\ {0}. Nonnegativity gives

Y. glz—yP)< Yo gllaP).

yeAQBR ac A\{0}
YFx

If the lattice sum is finite, averaging gives the upper bound for F4(A), and (7.2) applied to A gives
the reverse bound. If the lattice sum is infinite, the same lower bound gives E(A) = oo. Thus the
equality in Theorem 1.1 holds in every case. O

8 Renormalized and jellium energies

The universal-energy theorem is now proved. For the nonsummable Riesz kernels with 0 < s < 2
and for the logarithm, the meaningful finite comparison comes from neutralizing the points against a
uniform background and removing their self-energy. Petrache and Serfaty established the implication
from universal optimality to these crystallization conclusions [27, Theorem 2]. We give the transfer
for the field normalization and order of limits specified below.

The decisive intermediate comparison allows arbitrary period lattices. Consequently the square-
periodic approximation of the field infimum in Appendix B suffices, although the minimizing lattice
is triangular.

8.1 Field and scalar energy conventions

Following the field-first construction of Petrache and Serfaty [26, Definitions 1.2-1.3], we define the
energy with its full-space normalization fixed by the fundamental-solution equation below. The
truncation limit and cubic approximation for this convention are established in Proposition B.1.
For 0 < s <2, put

0(X) = {—mng!, s =0, (k) = {(070), 5= 0.

| X, 0<s<2, (I,s—1), 0<s<2.

Write X = (z,y) € R? x R¥, with the extra coordinate omitted when k = 0, and let wy = |y| for
k =1 and wg = 1. The full-space identity

—div(wsVygs) = Ksdo

gives kg = 27 and, for 0 < s < 2,
Ks = s/ |wy|* 7! do(w) = 47
S2

Here wy, is the vertical coordinate on the unit sphere, and dg> denotes area measure on R? x {0}.
Fix once and for all p with 1 < p < 2 if s =0, and

. 2 3 .
1 <p<min|?2 -, if0<s<2.
s's+1
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For a locally finite configuration C, admissible fields are gradients E = Vh in LI, (R?*k; R?+k) with
wsE € Llloc, satisfying

peC

- div(wSE) = Kg (Z (5(1,70) - 5R2) .
This is the local integrability range following Petrache and Serfaty [26, Definition 1.2]. Set
fsm=1(9s—9s(n)+,  Ep=E-=> Vfy(X —(p0)).

peC
Thus the scalar potential subtracts fs, and its gradient subtracts V fs . For Kp = [-R/2, R/2)?,
define
: 1 2
W.n(E) = lim sup {R? /KRka ws| Ey|* — msgs(n)} ,

R—o0

We(E) = lim W, ,(E), Ws(C) = inf Ws(E).
nd0 E

The truncation limit exists in R U {4+o00} by Proposition B.1; the infimum is over compatible
admissible fields and is +oo if there are none. In particular, the configuration infimum is outside
both limits.

The periodic energy has the same field normalization. For a torus 7' = R?/L of area N € N and

distinct points a1, ...,an, let H be the canonical potential with mean-zero trace satisfying
N
—div(wsVH) = ks <Z 8(a;,0) — 5T> ,
i=1

with finite truncated energy on 7' x R¥. Truncations include the periodic images of the charges. Set
1
1% =li 7/ VH,|? - ]
s,L(a1 an) i {N A ws|VHy|* — ks9s(1)
If G, is the mean-zero unit-source extension Green function,

— div(wsng) = (5(0,0) — NflfsT,

integration by parts gives

L—HJ { ZQL —aj,0 +11m (QL(x,O)—gs(x))].

K
i#j s

This follows the integration-by-parts argument of Petrache and Serfaty [26, Proposition 1.5], using
the Green function and coeflicient determined by the displayed extension equation.
For N € N, set R =+/N and Kg = [~R/2, R/2]?. The finite ordered-pair jellium energy is

JS,R(a17~~-7 ng z_a] _22/ gs

i (8.1)
—{—/ / gs(x — ') dz da’.
KpJKR

Here the particles are distinct; collisions have energy +oo. We use the density-one thermodynamic
minimum

(s) o1 )
ey, = lim — min J. ~(ai,...,an).
Jel N—oo N a1,...,aNEK\/ﬁ S N( b ’ N)

Since |K \/N| = N, normalization per particle and per unit area coincide. The scalar thermodynamic
results and finite confinement argument below establish the existence of this limit.
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8.2 The triangular minimum

Corollary 8.1 (Planar renormalized and jellium energies). Let 0 < s < 2. For every positive integer

n, put N = n? and enumerate A/(nA) by alﬁ, e ,a]%. Every configuration of N distinct points in

R2/(nA) satisfies
WS,nA(al, RN CLN) > WsmA(alA, RN aﬁ)

Moreover, A minimizes W among density-one planar configurations, and egse)l = kg LW,(A).

For a density-one periodic configuration C = UY. | (a; + L), write Vi(C) = W, 1(a1,...,an) for
its canonical periodic value. The following identity compares these values without requiring the
configurations to share a period lattice.

Lemma 8.2 (Heat comparison across period lattices). Let 0 < s < 2, and let C and D be simple
periodic configurations of density one. Put
227570 (1 — 5/2)
= 2 =
q0 T, qs F(S/Q)

(0 <s<2), Uy (z) = (dt)Leml#17/(40),

IfC=UY,(a; + L), where |R?/L| = N, define

N
Py r(z) = Z Vi(z —v), He(t) = % Z Py (ai — aj) — ¥(0),
vEL 1,j=1

and define Hp using its own period lattice and point count. Then the following integral is absolutely
convergent and satisfies

(o)
VO) VD) = 5 | te(t) = o) at.
Proof. Put a =1 — s/2. We first identify the scalar Green function whose heat representation has
the field normalization used here. On the base plane, (—A)%gs(+,0) = gsdp, with the extra coordinate
omitted when s = 0. On T = R?/L, the spectral operator (—A)® multiplies the Fourier mode
e?mi&e ¢ € L*, by A&, where \¢ = (27|¢])?. Its mean-zero unit-source Green function Gy, therefore
has coefficient IV _1/\5_0‘ for each £ # 0. To compare it with the full-space extension, suppose first
that 0 < s < 2. For A > 0, the even profile

1 [ 1
uA(y)=F(a)/0 o lemA—y?/(41) gy

decays at infinity and satisfies

1 -2«

ux(0) = A7, uy + uh —duy =0 (y>0).

Differentiation and the substitution v = 32/(4t) give its full, two-sided weighted flux:

'i—«a) =«
—21im y' 2 (y) = 2220 L = ==,

Thus the unit-source extension mode is (¢s/(Nks))uy,, whose trace is (qs/HS)N_l)\ga. The zero
mode has no source: finite tail energy forces it to be constant, and the mean-zero trace sets
that constant to zero. For s = 0 there is no extension coordinate; both Green functions solve
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—AG = 6y — N~! on T with zero mean, and qo/ko = 1. Hence, throughout 0 < s < 2, Gr,(z,0) =
(¢s/ks)Gr(x), with the trace notation omitted at s = 0. The periodic formula above consequently
becomes

Ws,L = Ks(s

1 . gs(x)
N;GL(CLZ' —aj) +£1£>% (GL(x) T >] .

Set .
Be(t,x) = N ZPt,L(ai —a; + ),
i7j

so Be(t,0) = He(t) + ¥4(0). The heat representation [27, Lemma 1] is

Grlx) = F(la) [ (Pt - 5 ) et ar

Its spectral proof applies to any flat torus. To compare two periodic configurations C and D, set
Se(z) = N1 >ij Gr(ai —aj+x), and define Sp using its own period lattice and point count. Each
S has singular part gs(z)/qs. In their heat-integrand difference the background terms are both 1 and
the diagonal terms are both W.(z), so these terms cancel. Uniformly for x near zero, the remaining
difference is bounded by Ct~le=¢/t as t | 0, because the other image distances are positive, and by
Ce M as t — oo, by the two torus spectral gaps. Dominated convergence as  — 0 consequently
gives

Ks(s & —s/2
(C) = V(D) = —— He(t) — Hp(t))t dt.
V€)= Va(P) = s [ (Hett) — Hn )
This calculation also covers s = 0: the logarithmic singularity cancels before either endpoint is
integrated. O

Proof of Corollary 8.1. Periodic configurations. The subtraction in H¢ removes only the coincident
point; all other images, including images of the same point, remain. Periodic counting gives

He(t) = 15, (), gulu) = /),
4rt

Indeed, every fixed image displacement has its periodic frequency in large disks, and the Gaussian

tail is summable uniformly over the finitely many point types. The Gaussian estimate (6.6), with

Gaussian parameter 1/(47t), multiplied by the positive factor (47t) ™!, therefore gives He(t) > H4(t)

for every ¢ > 0.

Applying Lemma 8.2 with D = A therefore proves Vi(C) > Vi(A) for every periodic C. Repetition
on nA preserves Hy and hence V;(A), which proves the stated torus inequality.

The infinite-system field infimum.

Put my = inf g W,(E), where the infimum runs over all compatible gradients in the fixed-p class
with simple locally finite configurations and unit background. No centered-density assumption is
added to this infimum. Proposition B.1 supplies canonical periodic gradients whose values tend
to ms. Each value is at least Vi(A) by the preceding inequality, so ms > Vs(A). Conversely the
canonical field of A is admissible, so mg < Vi(A). For the configuration infimum we now have

mg < WS(A) < VS(A) = Mg,

and every configuration has Ws(C) > ms. This lower bound uses inclusion in the field class, not a
conversion between disk and square density. The cubic sequence suffices because the heat comparison
applies to every period lattice.
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The scalar jellium value. Let G again denote the mean-zero unit-source Green function of
(—=A)1=%/2 on R?/L, as in the heat-comparison lemma. To identify the jellium value, use the physical
periodic kernel v, = ¢sG 1, and its regular part r;, = lim,_o(vr(2) — gs(x)). The unordered scalar
periodic energy, including its self term, is

N 26per, . Wi
gper,L = § UL(ai - aj) + ETLy % = 2=,
e~ Ks
1<]
The scalar thermodynamic input, in this notation, is
1 1
N2 2 i TV () = R By Eper/ 22 () = Cper (8.2)

For 0 < s < 2, this is Lewin et al. [20, Section II, (3)-(4), and Section VI, (25), (27)—(31), Theorem 2J;
for s = 0, it is Lauritsen [18, Section I and Theorem II.1], who also proves existence of the full
periodic limit. Both inputs use IV particles against a background of density one and area N, with
unrestricted particle positions on the left. Their scalar energies count each pair once. Their periodic
kernels have zero mean, and their self contribution is N7y, /2, exactly as in Eper 1, above.

The approximating periods in Proposition B.1 are cubic. Every canonical periodic value is at
least myg, and the values along that sequence tend to mg. The finite identity 2&per.1,/N = W 1/ ks

therefore identifies the lower limit in (8.2) as el()‘z)r =ms/(2Ks).

Confinement to the background square. Finite minimization is unchanged by restricting the
particles to K. Fix the other N — 1 particles. For 0 < s < 2, their one-particle potential extends
to X = (z,2) € R3 as

V) = S X = (@, 01 = [ X = (.0 dy.
J#i Kr
The background potential is continuous because s < 2, the point poles tend to +oo, and U(X) =
—|X|7* 4+ O(]X|7*7!) at infinity. Hence U attains a negative global minimum away from its point
poles.

We use the weighted strong minimum principle: a continuous weak solution u € Hlloc(D, |z|7 dX)
of div(|z|"Vu) = 0 on a connected open set D, with —1 < v < 1, cannot attain an interior minimum
unless it is constant [13, Corollary 2.3.10, p. 98]. This follows from their Harnack inequality for Ay
weights, Theorem 2.3.8; here |z|7 € As.

Apply this principle on

D=\ (Kpx {0)U{(a;.0):j #i}), ~v=s—1

The function U is smooth away from these sources and belongs to Hi (D, |z|*~! dX). It is weighted
harmonic also across the source-free part of z = 0: there 9,U = O(]z|), so |2]°710,U = O(|z|*) = 0
from both sides. The set D is connected. Constancy there is incompatible with the negative
minimum and U — 0 at infinity, so a minimum lies on Kz x {0}. For s = 0, ordinary harmonicity
outside the square and the point poles, together with U(x) = log|z| + o(1) at infinity, gives the
same conclusion by the ordinary strong minimum principle. Moving each exterior particle to such a
minimum does not increase the energy or create a collision. On K g , the extended energy is lower
semicontinuous, finite at a distinct tuple, and diverges at collisions, so its infimum is attained. The
confined and unrestricted minima therefore agree, and

m
i =2 ="
S
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A Scalar bounds for the Gaussian construction

The elementary inequalities and scalar error budgets below are the numerical inputs to the interpola-
tion and sign arguments in Sections 4 and 5. We give rational proofs of these bounds. The supplied
program verification/arithmetic_bounds.py checks these scalar budgets and the numerical
error-propagation majorants in Appendix C, using 512-bit Arb balls, exact rational arithmetic, and
exact integer samples of the rounded exponential routine. It does not implement the degree-2000
rational exponential enclosures described below.

The finite matrix certificate has a separate verification. The program verification/
numeric_balls.py encloses the exact quadrature arrays at 256-bit precision and tests every strict
comparison in Tables 1-3. This is the finite route used in Proposition 3.3; its relation to the exact
spectral integrals is supplied by Lemma 3.1.

Appendix C gives a separate conditional floor-rounded rational procedure, with all its error
estimates and finite loops. That full matrix construction is not executed by the supplied programs.
Commands and dependencies for the two programs are listed in verification/README.md.

A.1 Rational enclosures of elementary constants

Every terminating decimal specifying a parameter or comparison threshold is an exact rational
number. Set ¢ = 1078 and define

Dy = 3.14159265358979323846264338327950288419716939937510582097494459230781640628620899,

Al

b, = 0.86602540378443864676372317075293618347140262690519031402790348972596650845440001. (A1)
Lemma A.1 (Decimal enclosures). For b = +/3/2, these rationals satisfy

Px < T < Py + €, by <b<byi+e (A.2)

Proof. Put

65 .27 +1

—1)ig2
Az) = %

= 27+1
For 0 < z < 1, integrate the finite geometric expansion of 1/(1 + z?). Its remainder has the sign
and magnitude giving A(z) < arctanz < A(x) + 2'33/133. The tangent addition formula gives
tan(4arctan(1/5)) = 120/119; subtracting an angle with tangent 1/239 gives tangent one, and the
resulting angle is in (0,7/2). Therefore 7/4 = 4 arctan(1/5) — arctan(1/239). The two required

rational comparisons are
pe < 16A(1/5) — 4(A(1/239) + 2397133/133),
16(A(1/5) +5713%/133) — 4A(1/239) < p. +e.
They follow by clearing positive denominators. Likewise, the second bracket is exactly the pair of
integer-square comparisons b < 3/4 < (b, + €)% O
The threshold in Lemma 6.2 needs only a shorter rational comparison. Squaring gives v/3 <
1733/1000. Using the Machin identity proved above, the alternating arctangent series gives

S 16 (1 1 ) 4 281476 S 157
i 5 3-53 239 89625 50

Consequently
2.36.

1733 5

157 (2000 2) 1025838 59

2/V3—2/5) > —~ hniutsieis
m(2/V3 - 2/5) 50 433250 ~ 25
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We will also use a rational enclosure of a real exponential. For rational a > 0 and an integer
q > 0, put Py(a) = Z?:O a’/j!. If a > 0 and q + 2 > a, comparison of successive terms in the
positive tail gives

<e’ < )
ala) <e q<a)+(q+1)!1—a/((1+2) \
. Y (A.3)
<e <

adtl 1

KIORS =y s Fola)

Indeed, the first omitted term is a9™! /(g + 1)!, and every subsequent ratio is at most a/(q +2) < 1.
The lower bound is the positive partial sum, and reciprocation reverses the two positive bounds.

At a = 0 both exponentials equal one. Lemma 3.1 uses only the a = 1,¢ = 6 instance to prove
e < 2719/1000; its three final numerical allowances have already been established there.

A.2 Scalar bounds for interpolation and signs

We now evaluate the scalar majorants derived in Sections 4 and 5. The first is the tail bound from
Lemma 2.5, for a positive integer r:

~ 800(w + ¢)e "

5.3(2.54w/r + 2¢)e 187
— '

Ur(w,c) 1 — o187

In each application, w bounds the sum of the absolute node coefficients and ¢ bounds the absolute
constant coordinate, summed over the input lists when there are two. Lemma 2.5 then bounds the
sum of the absolute transformed jet coordinates over all output nodes n > r by U, (w, ¢).

The following strict outward bounds collect the numerical inputs for interpolation and the first
sign estimates:

quantity outward upper bound allowance used
Uses(1,0) 1.0670 - 1014 1.1-1071
Uses(5,.02) 8.1575- 1014 8.3-10"1 — 10170
Uo1(5,.02) 2.2711-1077 2.4-1077
1+ (142.12)/2.36 e 23611 12 12 (A.4)
7915 - 1 1 :
K T 7.7915 - 10 8- 10
(2.3+5.6/2.36) > e 2300 4.7185 4.8
ne{1,3,4,7,9}
%(2 -107%)3(3n)? 9.5933-107° .00011

The first tail residual has a deliberately finer margin: 8.3 - 10714 — 8.1575- 10714 = 1.425 - 10~ >
107170, For the high-node list, the finer 2.2711 - 1077 bound is retained before the target jets are

added.

Local target tails and interpolation arithmetic.

14 (1+2.12)/2.36 548

Write

Ciet =

1.75

413

_ 672.36'

The target-jet estimate (4.4), monotonicity in k& > 2.36, and overcounting by all integers show that
the target cost from nodes n > r + 1 is at most cjep” /(1 — p). A small rational check suffices even

for the very distant tail:

P;(59/25) > 1+ 2.36 + 2.78 + 2.19 + 1.29 + .61 + .239 + .08 = 10.549 > 21/2.
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Each termwise lower comparison is rational. Thus p < 2/21. Also

54821 3
— <= 21/20)'%® > (21/20)%° 2)1% > 150.
T < (21720019 > (21/20)190 > (3/2)1° > 150
The middle inequality follows from (141/20)*° > 1+10/20 = 3/2, and the last follows by comparing
316 with 150 - 2'6. Therefore the target tail above 168 satisfies the explicit local bound
168
P 548 21 168 _ 31 ~170
w—— < ——(2/21 —— =1 . A.

et — < 13 19 2/2D"™ < 0 (A.5)
Combining this with the finer Ujgs(5,.02) row of (A.4) proves the tail allowance Uygs(5,.02) +
107170 < 8.3. 107, This direct rational bound handles the exponent 2.36 - 168 = 396.48, outside
the range of exponents used in the degree-2000 comparisons below.

The same local estimate for the first high node 91 gives

6—2.36-90

Cjetm < 5 10790 < 10789. (AG)

Thus the transformed and target contributions to the high-list norm obey Ug; (5,.02) + 1078 <
2.4-107". The finer Uy; bound leaves the margin needed to include the target jets.
The same p < 2/21 gives a direct bound for the first five target jets:

548

s (1+ (2/21)? + (2/21)° + (2/21)° + (2/21)%) < 1.35.

The reference-list bound in (A.4) includes the extras, so their combined norm is below 4.8. Their
constant coordinates also retain a stronger bound. For k& > 2.36, the first expression below is
negative and the second positive, whence

| —.0074 + .0115/k| + |.0096 — .017/k| = .017 — .0285/k < .02.

The first-five jet bound and the quadrature-operator bound imply 1.35+ (4000 +2-10727)4.8 < 20000
for the combined data norm used in the geometric residual.
For clarity, the remaining local inverse and residual arithmetic is

36 37
—oo® <% 1m0

(1.1-107™)(1 4 40 - 4000) = 1.760011 - 1077 < 1,
20000(.004)% = 1.31072 - 1075 < 1.4 - 10715,

< 40,

The finite residual is consequently bounded by 8- 10712 410724 +1.4- 10715 < 107! after its three
terms have been derived in Section 4. For the correction inequalities (4.15), put f = 1.1 - 1074,
Their rational solution is bounded by

8.3-107 +408 - 10711
ur < )
1— B(1 + 40 - 4000)

ur < 40(107 + 4000u7).

The denominator is positive by the preceding Schur bound, and the two right sides give ur + ur <
1.3681 - 1078 < 2-107%. Together with the operator-derived inequalities (4.15), this proves the
correction bound. The reference norm then gives a combined exact-list norm below 4.842-1078 < 5,
with the fixed constant coordinates still bounded by .02.
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Half-gap and tail sign arithmetic. For the Taylor remainder in (5.5), put

Y365 0

R(m,Y,v) = (wY )1 £ 35 eIzt (|2t |V
(41 4+ v)!(1 - 37Y/(42 + v)) ( ; !

The denominators are positive for the four tuples below; for example, 37Y/(42+v) < (97/2)/42 < 1.

The sum of six nonnegative candidates dominates the maximum in the analytic remainder. The

strict outward bounds are
(m,Y,v) ‘ R(m,Y,v) is below

(0,1/2,0) 1.8-10°1
(1,1,2) 1.0-107H
(3,1,2) 3.0-10716

(4,3/2,2) 2.0- 1071

The included-moment quadrature cost is separately at most 41-4-5-1073! =8.2-1072°. Adding it
to each displayed remainder still gives less than 1078, As proved after (5.5), the bound decreases
when m increases or Y decreases, so these four tuples cover every half-gap.

The two target-support Taylor tails satisfy

641

1
81072 <1076 6—— <1072 < 107,
< < ’ 4311 —6/44 < <

ef 341 1
6 4111 —3/42

These estimates are applied after the parameter monotonicity and signed half-gap cases in Lemma 5.1;
in particular, K < 6 also in the final unbounded parameter box.
At sg = 89.5, the four terms in the tail second-derivative majorant obey

3672(2.4-1077) + 3(37)236 - 5 ¢ 7050
+ 1.25(1.3277)2(2.54 . 5/30 + .04)6_’18730 + 2.366_2‘36(30_1) < 8.5485 - 10-5 < .0002.

The last term is the supremum of ke #(0=1) for k > 2.36: its logarithmic derivative is 1/k—(so—1) <
0 there. The smallest endpoint ratio for the divided periodic product satisfies 12 —8+v/2 > .6862 > .68.
The midpoint identities and logarithmic concavity in Lemma 5.3 extend this endpoint bound to
every nearest-node half-gap.

The final numerical implications are elementary once their separate error terms and barriers
have been proved:

.001 —.00011 —.000001 —.000001 = .000888 > 0, 0021 —2-107% > .002, .68-.002 > .0001.

These give, respectively, the bounded-range quotient margin, the exact low-node rational margin,
and the comparison with the tail remainder.

A nonmatrix rational route for these scalars. For the three U, evaluations and the reference-
list, omitted-jet, deleted-quotient, four half-gap-remainder, two target-support-tail, second-derivative,
and product endpoint comparisons above, use (A.3) with ¢ = 2000. Square roots, when present, are
enclosed between positive rationals of width 1078 whose squares straddle the radicand. Explicitly,
write a radicand as Apum/Aden With positive integers Apum, Aden. Integer search over 0 < m < 3-10%9
finds m with m?Agen < 10Y9 A4, < (m + 1)? Agen. Then m/10%° < \/Apum/Aden < (m + 1)/10%;
equality at the lower endpoint is kept exact. The radicands used here exceed one, so both bracket
endpoints are positive. The tail and interpolation comparisons need only rational arithmetic and
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exponential enclosures, with positive geometric denominators. The deleted-quotient, half-gap-
remainder, and second-derivative comparisons also use the m output of Lemma A.1; they do not
need its b output. For the half-gap remainders,

B
Imz(t) = ho_ h, |z(t)]* = h? +

B(B — 2h?)
RN

t2 + h?

at rational ¢t = t;, so only the latter positive rational radicand needs a square-root bracket. For
0<t<1,1<4/25+304/261 < |2(t)|> < 9, by this formula and |z| < 3. The endpoint ratio
uses a bracket for v/2, whose radicand also lies between one and nine. Thus each of these scalar
comparisons requires no matrix construction.

All exponential magnitudes in this list are below 250: the largest explicit target phase is
2.36(sp — 1) = 208.86, the largest tail phase is .70 - 168 = 117.6, and the four half-gap phases are
below 7 -3 -4 < 38 by |z| < 3. Finite rational evaluation with ¢ = 2000 and the indicated root
brackets gives the printed outward margins. The two more distant target-jet tails instead use the
local P7(59/25) calculation above; the quadrature proof uses ¢ = 6.

B Periodic approximation for the field energy

Fix s and the exponent p as in Section 8. Throughout this appendix we suppress the subscript
5 in gs, Ws, Ks, foms Wems Ws, and Vs, retaining the same order of limits. Thus L = —div(wV-),
Lg = kdy, and k = 27 for the planar logarithm, whereas k = 47 for g(X) = | X|7°, 0 < s < 2, with
k=1,v=s—1,and w = |y|” on the full extension space; for the logarithm set k = 0, v = 0, and
w = 1. A compatible field also satisfies wE € Li ; its equation is understood through the finite
weak integrals [wE - V. This requirement is automatic whenever a truncation has finite local

weighted energy. Write Kr = [~R/2, R/2]? and

/2, s =0,

QW(E7R):/ 77377275/(2—8), s> 0.

w|E,|?, F, = / z,0)dx =

[ wlEE Fy= [ o {
Proposition B.1 (Normalized cubic approximation). Let 0 < s < 2, and fix 1 < p < 2 for s =0,
orl <p<min(2,2/s,3/(s+ 1)) for s > 0. Let Ay be the compatible gradient fields in this fixed

LY . class, with simple locally finite configurations and unit background. Then the limit

W(E) = lim {lim sup R2Q,(E, R) — ng(n)}
70 | R—oo

exists in R U {400} and is bounded below uniformly over A;. Its infimum m is finite. There are
integers R; — oo and simple configurations C;, periodic under 2RjZQ, with 4R]2~ points per period
cell, whose canonical periodic values satisfy

The approzimating fields may therefore be chosen to be canonical periodic gradients in the same
fixed-p class.

The proof has three inputs: cutoff control, a stationary minimizing law, and a screening
construction. The following lemmas establish them before we reflect and project the screened fields
to prove the proposition.
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A cutoff-energy estimate alone does not control the renormalized energy: removing the cutoff
can expose arbitrarily close pairs. We first obtain a stationary law supported on minimizing fields
whose expected close-pair defect tends to zero with the cutoff. We then screen one realization
without creating new close pairs, and reflect it to obtain a periodic configuration. The periodic
defect identity below converts its cutoff bound into a bound for the renormalized energy.

The screening fields need not be gradients. At that stage we preserve the divergence equation,
obtain zero exterior normal flux, and bound the cutoff energy. After reflection, projection onto the
canonical periodic gradient preserves the charges and decreases that energy. For cutoff estimates
and compactness we temporarily allow integer multiplicities; the stationary-law lemma will rule
out collisions before using the infimum over simple configurations. Let B;, be the ball of radius 7
centered at zero in R2t*. The positive unit sphere measure is

6" = k7 —g' (Mwdoop,,  Lfy=r(% — o).
(n)

The measure d," is its translate to (p,0). The sign is fixed by the decreasing kernel. Write
v =723, Npbp, vy =3, Npéz(,n), and Np = v(B). Fix the geometric constants

1 /2 . (1 ap
a0:4\/;7 CL1:4\/§, nOme{S»lG}~

These constants are independent of the cutoffs, the realization, ¢, and R. Indeed, the planar
subdivision in Petrache and Serfaty [26, Lemma 6.3] gives sidelengths in [iﬁz_l/ 2 4m~1/?]; for
m € [1/2,3/2] this interval is contained in [ag, a;]. Fix once and for all a dyadic auxiliary cutoff
1’ € (0,m0) for the local count estimates, and include it among the cutoffs controlled by the stationary
law. The cutoffs used for stationary approximation will run through dyadic values 0 < n < 7/.

B.1 Cutoff control and spatial density

Lemma B.2 (Cutoff control). For compatible gradients in the prescribed fized-p class, allowing
integer multiplicities, the cutoff limit W(E) exists in RU{+o0}. There is a constant Cs independent
of the field such that

—Cs <Wy(E) < W(E) + 2kF, (0 <m <mno).

If Qu(E,R) = O(R?) at one fived cutoff, Q,(E,R) = O(R?) holds at every fized cutoff p and
v(KR)/R? = 1. In particular, the infimum m in Proposition B.1 is a finite real number.

Proof. Testing the smeared field equation against a nonnegative smooth function equal to one near
all spheres centered in a fixed unit cell gives

N% < Cp, (1 +/ w|En|2> . (B.1)
B'x[—h,h]k

Here B’ and h are fixed enlargements. These enlargements have bounded overlap over a unit-cell
tiling. Also

[l 0= £)F = rlgl) =gl 0<a<n

Consequently, if Qq(E, R) = O(R?) at one fixed cutoff, then Q,(FE, R) = O(R?) at every fixed
cutoff: apply (B.1) to the finite-range difference 3>, N,V (fa — f)(- — p).
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The smeared Gauss equation also gives v(Kg)/R? — 1 whenever one cutoff has volume-order
energy. For completeness, choose a lateral boundary at distance at most one from 0K g with squared
flux energy O(R?). For k = 1, choose height L € [1, \/E] with top and bottom squared energy
O(R?/?). Weighted Cauchy-Schwarz bounds the total flux by

CL(’Y+1)/2R3/2 + CL7/2R7/4 — O(RQ),

since —1 < v < 1 (for negative =, use L2 < 1). The smeared count lies between the counts in
squares whose sidelengths differ from R by a fixed constant. Applying these inequalities at the
correspondingly shifted radii proves full-radius density convergence. In the logarithmic case only
the lateral term is needed. This is the argument of Petrache and Serfaty [26, Lemma 2.1], with the
actual flux in the weak equation.

Put S =3, Np(fa — fy)(- —p) < 0. For a horizontal cutoff x, integration by parts gives

/Xw(yEn\Z CELP) = H/XS(VH Vo — 2052)
- /Sw(Ea + E,) - Vx.

Distinct-charge terms are nonpositive. An interior self term is —x[g(a) — g(n)]N;, bounded above
by the same expression with N, in place of Ng. The background contributes at most 2xF;, per
particle. The commutator and transition terms are bounded by the sum of the two energies and the
counts in a fixed-width shell, using (B.1).

To remove that shell, choose r; realizing the n-limsup. Averaging both fixed-cutoff shell energies
over t € [rj + b, rj + \/7”7], where by exceeds twice the shell width, gives a radius ¢; at which their

sum is O(r?/Q) = 0(7"]2). Since tj/r; — 1 and @, is nonnegative and increasing,

2
Qu(E,t) _ 75 @n(E, 7))
2 — 42 2 :
¢ g

Thus these radii still realize the n-limsup. Only an upper limsup bound is needed for Q(E,t;)/ t?.
The count shell is 0(75?) by the density conclusion. Hence

Wy(E) < Wa(E) + 26F,, 0<a<n<n. (B.2)

These selected radii suffice for the upper-limit comparison. Comparing with one fixed cutoff proves
a uniform lower bound; then (B.2) proves existence of the full cutoff limit and

—Cy < W,(E) < W(E) + 2xF,. (B.3)

If every cutoff has infinite energy, the conclusion is immediate. These arguments also hold with
integer multiplicities. A canonical unit-lattice field has finite renormalized value, so —co < m < oo.
O

B.2 A minimizing stationary law and its close-pair defect

The cutoff estimate does not exclude rare clusters. We now use translation averages to obtain
a stationary law for which their contribution can be measured exactly. Fix the unit square
Q = [~1/2,1/2)% and a decreasing dyadic sequence 7, | 0 beginning with 1 = 1’. For distinct
locations define the nonnegative kernel

anlp = 0) = Fp = 0.0) + [ Fo(X = (p.0) o) (X).
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It vanishes when |p — ¢| > 2n. Anchor each ordered pair at its first point and define the measure

=K ( > qn(p—(J)) G-

peC \qeC\{p}

Lemma B.3 (Stationary minimizers with vanishing defect). There is a horizontally stationary
probability law P on compatible simple gradient fields in the fived-p class, supported on W(E) = m.
For the selected dyadic cutoffs, put

an = EpWy(E), Dy =Eppun(Q).

Then a, — m and 0 < D, < m — ay + 2kF,, — 0. For each selected 1, one can choose a
realization for which the spatial averages of every selected cutoff energy have finite limits, the density
dy = limpg—00 R 21, (KR) satisfies dy < 2Dy, and, when k =1, for every fized € > 0,

)
e R? JK px{lyl>2R/4}

w|E> — 0.

Proof. Choose simple fields BV with W(E?) < m + 1/j. For each j choose one radius S;, with
S;/j — oo, large enough that the upper limsup estimates for EJ hold simultaneously at 7, ... 2N
on Kg, 9. This enlargement handles all observation windows contained in the centered exhaustion
square Ko;. This is possible because there are only finitely many estimates at each stage. Let P; be
the law of (E7(- + (x,0)),v;(- 4+ «)) when z is uniform in Kg;. For the unit square Q fixed above,
Tonelli’s theorem and the enlargement by 2j give the limiting bounds

lim sup/I‘W dP; < m+2kF,, + kg(ne), I (E)= / . w|Ep|?. (B.4)
J QxR

The analogous bounds hold on every fixed base square.

Here are the compactness details. Use H) | for E, with r > (24 k)/2 + 1, together with the
vague topology for the positive charge measure. Bounded local L? sets are relatively compact in
the first space. Equation (B.1) bounds second moments of local counts. Weighted Hoélder bounds
E, in local unweighted L” when p < min(2,2/s); the singular correction belongs to local LP when
p < 3/(s+1). For the logarithm both requirements reduce to p < 2. Thus Markov’s inequality and
a countable exhaustion give tightness. Allow multiplicities in the resulting integer point measure.

On sets with bounded local counts, vague convergence identifies every fixed singular correction
distributionally (indeed in the permitted local L? topology). On bounded-energy subsequences, the
truncated fields have weak L?(w) limits, identified by that correction. It is this weighted convergence
that passes the smeared divergence equation, since test gradients belong to L?(w). Adding back
the singular correction recovers the unsmeared equation; weighted Cauchy—Schwarz and the locally
integrable singular flux give wE € L] . Distributional curl remains zero and the local LP bounds
persist, so the limit is a gradient in the prescribed class. These statements hold on compact sets of
arbitrarily large probability, by a summable allocation of the Markov bounds. They therefore apply
to the limiting law, not merely to a deterministic subsequence of configurations.

Weighted quadratic energy is lower semicontinuous in this topology. On a bounded cylinder this

follows also from
JwlF? = sw (280) = [0 ll?).
pelge

Take the increasing supremum over cylinder heights for the full extension integral. Consequently a
subsequential law P satisfies (B.4) with P in place of P;. At this point the limit law is supported
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on compatible gradients and has the required energy bounds; it may still have multiple charges. It
is horizontally stationary: for a fixed translation z, the total variation discrepancy of an orbit law
and its translate is at most |Kg, A (Kg, + 2)|/S7 — 0.

The L' pointwise and mean ergodic theorems along tempered Fglner sequences [21, Section 1],
applied to the centered square sequence in Z?, apply to each integrable observable I';,. The tiled
sums of this observable are exactly the raw energies on integer squares; positivity and nested squares
extend the limits to every real radius. Each limit is the conditional expectation of its observable on
the Z?-invariant sigma-algebra. It may depend on the realization; no ergodicity of P is assumed.
Its expectation equals the mean of the observable. Thus, on one event of full probability for all
selected cutoffs,

ay, == EpW,, =Epl'y, — kg(ne) < m+ 2KF,,.

Fatou and the uniform lower bound give EpW < m. This does not yet use minimality, because the
limit could have multiplicities. It shows that WV is finite and integrable. Equation (B.3) then gives
dominated convergence a,, — EpWV.

Unit intensity and simplicity. The local count bound gives finite point intensity p. In the
logarithmic case the expected smeared PDE immediately gives p = 1 by horizontal stationarity. In
the extension case, let b,(y) = Ep(E,), and let u,, be the vertical probability marginal of one
smeared charge. Jensen gives [ |y|7|by|* < oo, and the mean PDE is

—8y(|y|7bn) = H(pﬂn,y —do)-

Outside [—n, n] the weighted flux is constant on each tail. They must vanish, since [y~ dy = oo.
Integrating the equation proves p = 1.

For cutoffs 0 < a < n from the selected dyadic sequence, put d = > ,(f; — fa)(- — p), counting
labeled particles. Then

w(|Ey|? — | Eyl?) = diviwd(Ey + Ep)] + kd(ve + vy — 20g2). (B.5)

At positive cutoffs the kernels in d are bounded and have finite range. The second count moment
and Cauchy—Schwarz justify all local expected products. Test with a smooth horizontal function of
integral one and, if needed, a vertical cutoff equal to one on |y| < 7. Stationarity annihilates the
expected horizontal divergence; the vertical cutoff varies outside the support of d. Separating self,
distinct-labeled-pair, and background terms gives exactly

Da,n = Qo — Ay + 2H(F77 - Fa)a Da,n > 0. (B6)

Here D, is the ordered-pair intensity of the kernel

/@/(f77 — fa)(X = (p, O))(déga) + d&é”))(X), p # q as labeled particles.
A coincident pair contributes k[g(a) — g(n)]. If ccon = Ep > ,cq Np(Np — 1), then

0 < klg(a) — g(n)]ccon < Dayy-

The right side stays bounded as a | 0, whereas g(a) — oo. Hence c.on = 0; stationarity and a
countable tiling show simplicity almost surely. Only now do we use W > m, proving W = m almost
surely and a,, — m.

We have obtained simple minimizing fields. The remaining task is to select one whose close pairs
and vertical tail remain controlled during screening.
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Vanishing defect and selection of a realization. Fatou in (B.6), with only a | 0, gives

0<D,:= KEPZan(p—q)Sm—an+2/<;Fn—>0. (B.7)
PEQ g7#p

The measure p, thus has finite mean intensity D,,. The ergodic theorem therefore gives its spatial

density

. K

almost surely. For k = 1, apply the same ergodic theorem to the raw energy over each fixed integer
height |y| > z > 1. These integrable observables decrease to zero, so their spatial densities decrease
to zero almost surely. Intersect all the energy, tail, and selected defect events, a countable family
of full-measure events. For each selected 7, choose a realization (E,C) in this intersection with
dy, <2D,; if D, =0, choose d,, = 0. This realization may depend on 7. For every fixed € > 0, define

1

e 2
657]{ = @ w]E\ — 0. (B8)

/I(RX{|3/>41152R}

The coeflicient i in this threshold is fixed independently of the cutoffs and the realization. Indeed,
compare the moving height with each fixed integer height and then let that fixed height tend to
infinity. No uniform rate in ¢ is needed.

O

B.3 Screening at a fixed cutoff

We use the rectangular shell construction of Petrache and Serfaty [26, Section 6.2]. The next lemma
records the precise input and output needed here; the proof supplies the local field equations and
their constants in the present normalization.

Lemma B.4 (Screening without new close pairs). Fiz the auxiliary cutoff ' chosen above and
0<n<n'. Let E be a compatible simple gradient field for which

Mg, = R?Q,(E,R)

has a finite limit for p =n,n'. If k = 1, suppose also that e. g defined in (B.8) tends to zero for
every fized € > 0; set e. g =0 if k = 0. For every 0 < e < 1/8 and every sufficiently large integer R,

there are exactly R? distinct points AcC Kgr and a field E with zero exterior normal flux satisfying

—div(wE) = & Z 8(p,0) — 1K p0R2
pEK

Its truncation has finite weighted energy and obeys

R [ wlBy < Mg+ Coye(Ltg(m) (1 + Mpg + Mp,y) + 05(1)
RX

+ Csee R€1+min(2’y,0)'
FEvery pair in A at distance below 2n is a retained pair of the original configuration in Kgr, and

every point has distance at least ag/2 from OKp. The field E need not be a gradient. All constants
are independent of R and the realization; R is chosen after n/,n, the field, and ¢.
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Proof. Keep the field and both cutoffs fixed. We first choose the inner cylinder where its truncated
field is retained, then construct the shell and caps. Coarea supplies an inner rectangle K, whose
corresponding faces are at distances between e R and 2¢ R from the outer boundary, with

/ w|E,[? < CMp,e 'R, w|Ey[? < CMpye 'R,
OK, xRk k

(OK},)p xR

where b is a fixed sufficiently large shell width and Mg, = R‘2QP(E, R). For k = 1, choose
¢ € [3e2R,e?R). Such a height with the required trace bound exists because

2R
/ / w|E? | dt < / w| B2
1e2r \JKy x{t} Krx{|y|>3e2R}

2

= €4R2657R.

Dividing by the interval length %z—:zR gives

/ w|E|?* < 2e*Re. p.
K x{££}

For k = 0, retain the choice £ = ¢2R. In both cases R is then taken large enough that ¢ > 21/2. The
fixed-cutoff energy limits bound both M’s as R — oc.

Let Do = K5, x [—£,0)%, Aq, = |Kg| — |K}|, and, when k = 1, let T be the outward weighted
flux of the old field through the top and bottom of Dy. The cap constants must be

Ty

+_ _
Cc* = A0

(B.9)

They impose separate compatibility in the disconnected upper and lower caps Kr x (¢, R) and
Kpx(—R,—{). For k = 0all T, C* and cap terms are omitted. Let Ag = {p € C : dist(p, 0KpR) <n}
be the retained crossing centers and po = >~ ¢, Npé,(gn) their full smeared measure. The retained old
centers are Agiq = (CNKR)UAg; Noig counts all of them, including multiplicity if present. All pieces
assembled below are finite-energy components of the truncated field. In particular the new-charge
component uses smeared sources; the point singularities are restored only after the pieces have been
assembled. On a shell cell H;, denote the old side flux by B; = f(BK}%ﬂaHi)x[f&é]’“ wk, - vy, where 1
points outward from Dg. The truncated shell field is the sum of five components, constructed below:

Field Role in the shell

FEooss  Complete the retained smeared charges across the inner boundary.
FEert Match the upper and lower cap data.

Fside Match the old lateral flux and the ideal background density.
FEiouna Correct the density when cell masses are rounded to integers.
Few Place new smeared charges against the rounded background.

For k =0, Fyert = 0 and there are no caps. We use two independent fixed partitions of the shell, so
that corner completion and integer charge counts do not require moving its faces.

For the large cells, include the coordinates of every inner and outer face as breakpoints in each
coordinate axis. Subdivide each resulting interval into lengths in [, 2¢], and remove the product cells
inside K. The remaining rectangles H; form a connected annular grid. Adjacent rectangles share
full edges of length at least ¢, and there are O(1) rectangles at fixed . All the one-dimensional
intervals exceed ¢ for sufficiently large R and the chosen small €.
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We spell out the field estimates needed in this construction. First consider a fixed cell 2 =
S x [~1,1]%, where S is a rectangle with sidelengths in [1,2]; when k = 0, take Q2 = S. Suppose
the cell carries a restriction v of smeared charges, of total mass ). A constant outward normal
component br on a chosen lateral face F' is compatible with Lh = kv precisely when

bF/Fw: —kQ.

Use the representative u of weighted cell mean zero; compatibility allows this choice because the
Neumann functional annihilates constants. The weighted Poincaré and trace estimates on these cells
can be seen directly. Apply ordinary Poincaré and trace in the horizontal variables, then integrate
against |y|7. In the vertical variable use

o) o < ([ rwpa) ([ ).

Both w and w~! are integrable on this interval because —1 < v < 1. Averaging this inequality
proves weighted Poincaré and the trace bound at y = 0; horizontal trace gives the lateral-face bound.
The constants are uniform over the stated sidelengths.

For the extension, reflect across the coordinate faces of the base rectangle S, which preserves
w. If k=1, extend in y only to [-3/2,3/2], reflecting each added collar into 1/2 < |y| < 1, where
the original and reflected weights are comparable. Multiply by a smooth cutoff equal to one on 2
and supported in this fixed enlargement. Poincaré controls the term «Vyx from that multiplication,
giving an extension T'u with

19Tl 20 < OVl 2wy

When k£ = 0, the same construction uses only the horizontal reflections.

Put g, = g — f;, the fundamental solution capped at g(n). The retained centers contributing to
this cell lie in a fixed enlargement of it. On the support of Tu, radial integration of the fundamental
solution’s flux gives

w|Vgy(X = (p,0)* dX < Cs(1+ g(n)).
supp(T'u)
For s > 0 the full-space integral is kg(n); for the logarithm the integral over a ball of fixed radius is
klog(1/n) + O(1). Only this local integral is used. Positivity of the smearing measure then gives

’/Qudagm <1+ () [Vull g2

The Neumann functional annihilates constants. Lax—Milgram therefore gives energy at most
CN?(1+ g(n)) when at most N labeled charges contribute and the sum of the absolute prescribed
face fluxes is at most CxkN. The same proof allows several constant face data whose total is —kQ:
apply the trace bound to each face. This proves the local estimate needed from Petrache and
Serfaty [26, Lemma 6.6], with the outward flux fixed by Lh = kv.

For crossing-charge completion, form a separate tensor grid with sidelengths in [1,2], again
containing all inner and outer face coordinates. Restrict pg to its exterior cells times [—1, 1]¥. Tts
exterior support lies within distance 2n of O0K',. With 2n < 1/2, every such cell either lies in the
first layer outside exactly one inner coordinate face, and shares a full face with K, or is one of the
four diagonal corner cells. Route each corner cell to an adjacent first-layer cell through their full
shared face. These are trees of uniformly bounded size; cells not receiving a corner contribution are
single-cell trees.

< [ 1rujas = \ [wVgn(-~p-viTd
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All face data in the following construction are constant normal derivatives: a prescribed integrated
weighted flux Fy means the value Fyy/ [ w on that face. On a leaf, prescribe outward weighted flux
—k times its restricted source mass through the face leading to the root. At a root, prescribe the
opposite incoming flux through each child face, and export —k times the total tree mass through its
full inner face. All other face data are zero. More generally the outgoing flux of a tree vertex is —k
times the mass in its subtree. The sum of its outward fluxes is exactly —k times its own source
mass, so the cell problems are compatible. Internal normal fluxes cancel. This gives one global
completion field E¢oss With source kpg on the exterior part, and a nonnegative outlet density

J = —FEcross * Vshell = Z 1F

on the inner shell boundary.
F outlet fF

Here QF is the total tree mass and vgne) = —1. Figure 3 shows the local corner relay.
The completion field is not cut at the boundaries of the large cells H;; thus no trace on an
arbitrary such cut is required. The local count estimate and bounded overlap of the unit trees give

/w‘Ecross’ < C 1 —+ g Z treev /8K, <R w < C Z tree — + MRW ) R

trees R trees

The additive 1 in the count-square bound is required.

The crossing field now completes every retained smeared charge and provides its actual outlet
flux on the inner boundary. We next balance that flux against the background, then choose an
integer number of new particles.

For each large cell set Q; = f(a KO H; ) x [0k wj, its actual inner-face outlet flux. This need not

equal the restricted source mass rpo( H; x [—¢,{]¥), because the completion field may transport that
source across a large-cell boundary. Define the ideal density by

Since =, Q; = kpo(D§), Gauss’ equation and (B.9) give >, m;|H;| = R?> — Noig =: Nyew € N. At
fixed parameters the lateral-flux, cap-flux and outlet bounds make max; |m; — 1| — 0 as R — oc;
choose this maximum below 1/4. For example the outlet term divided by |H;| is bounded by
C(l + MR,n/)é‘*E)R*l.

Set r; = m;|H;|. Round the r; down, and increase the required number of entries by one,
obtaining integers n; with Y, n; = Npew and |n; — ;| < 1. Put m; = n;/|H;|. For large R these
densities lie in [1/2,3/2]. To compensate this rounding, write §; = n; — r;, whose sum is zero, and
choose a rooted spanning tree of the large-cell adjacency graph. On the face from a child cell ¢
to its parent prescribe outward weighted flux —K ", i\ the subtree of i 9a, With opposite flux on the
adjacent cell. The total outward flux of cell ¢ is —kd;. There is therefore a compatible Neumann
field Eyouna,; with source #0;|H;| = 0p2, these face fluxes, and zero flux on all other faces, including
the caps. The paired fluxes make the union F,qunq a global field. It has no flux through the inner
or outer shell boundary. After dilation by ¢, weighted trace and Poincaré on rectangles of bounded

aspect ratio give
Csel™%, s>0
/w|Er0und|2 S e ’ ’
Ce., s=0.

Indeed there are O.(1) cells and each tree flux is O.(1); the unit-scale variational problem has
bounded energy, and dilation scales it by ¢7° for Riesz kernels and by one for the logarithm.
This is o(R?) at fixed parameters. For sufficiently large R, every sidelength of H; is at least
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side root

Qd+Qr

e

L @

Kp

Qa —\ 7-ball
another
corner cell side cell

Figure 3: Auxiliary-cell routing near an inner corner (base-plane view). The corner cell has no full
face on K7, so its restricted smeared mass Qg is routed to the side root, whose own restricted mass
is ;. The arrows indicate mass routing. On each outgoing face, the assigned integrated outward
flux is —k times the indicated mass; the internal face fluxes cancel. One retained center and the
section of its n-ball are illustrated. These auxiliary cells are independent of the large cells H; and of
the rectangles used for new particles. The completion field E...s is added to the other shell fields.

0>22> 2771;1/2, and m;|H;| = n; € N. Thus Petrache and Serfaty [26, Lemma 6.3] partitions H;
into n; rectangles of area 1/m;, with every sidelength in

1 __1/2 4L/

T Amy C [ao, a1].
In particular, the lower bound ag fixed at the start applies to every new-charge rectangle, indepen-

dently of all later choices.
The vertical correction on each shell cell is the gradient of

o0 [Ctytr, y >0,
ha(y) = {

L=y |Clyl*™7, y<o.

It has source —¢7(CT+C~)dg2. The side-flux correction has the opposite cap source plus (m; —1)dg2
and datum —FE, - 1y + j on the inner side, with zero data elsewhere. Equation (B.10) is exactly its
compatibility.

The large-cell estimate used for this correction is as follows. Let H have sidelengths in [¢, 2],
set O = H x [—(,{] and ¥ = OH x [~£, /], and let —1 < v < 1. For a constant a and b € L*(%, |y|7)
satisfying

| =~ [ lyb,
P

the weak Neumann problem
—div(|y|"Vh) = adgz in Q, Oh=>b on, Oyh=0 on H x {£+(}

has a solution modulo constants and obeys

Lwrvn? <o, (a6 v [rp?) < e [ ur (B.11)
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The constants depend only on v and the stated aspect-ratio bounds. To see the scaling, choose the
weighted-mean-zero representative. Weighted Poincaré and the one-dimensional trace inequalities,
after dilation by ¢, give

[ im0 < et [gpivne, [ gpine <oy [ P
H Q Y Q

Testing the weak equation gives the first inequality in (B.11). Compatibility, |H| < ¢2, and
Jss ly|7 =< 02 give a?0377 < ¢ [s, |[y|7|b?, which proves the second. This is the constant-source
case of Petrache and Serfaty [26, Lemma 6.4], with the source coefficient written explicitly. For the
logarithm use Q2 = H, —Ah = a, and d,h = b on 0H; ordinary Poincaré, trace, and compatibility
give the same final bound C¥ [, [b|?.

For the side field on H;, take

ai = r(m; — 1)+ 0(CT+C7), bj = —FE,-vg+j on its inner face,

with b; = 0 on its other lateral faces. The cap term is omitted when £ = 0. The density equation
gives a;|H;| = B; — Q; = — fEi wb; exactly, so the cap contribution to the constant source is included
in the compatibility estimate. The inner faces partition the old lateral boundary. Consequently the
old-field coarea bound and the outlet bound yield

JwlBaat < Ct S [ wlb?

<Oyl / w\En]2+/ wj?
DK, X [~£,0)F DK, xR

< Cop(E°R) (e R) (MR + 1+ Mp,y)
= CyyeR*(Mpy + 1+ Mp,y).

Here 3; = 0H; x [—¢,(]F. This calculation supplies the length factor in the side-field row of the
shell-energy estimate. Its constant may depend on the single fixed auxiliary cutoff 1/, but not on 7,
€, R, or the realization.

Finally, let S C H; be one of the area-1/m; rectangles, with barycenter p, and work on the
fixed cylinder Qg = S x (—1,1)* (or Qg = S when k = 0). Take the 7-truncation of the neutral

Neumann field with source x(d(,0) — m;1gdg2) and zero normal component on its entire boundary.

The truncated source is 5(51(,77) — ;150g2). Extend this truncated field by zero into H; x [—£, £]*
and the shell. The sidelength bounds [ag, a1], fixed height, and 7 < ag/16 keep the charge uniformly
away from the cell boundary. To verify its energy, write the point-source potential as g(- — (p,0)) + v.
The correction solves

Lv = —km;150p2, dyv =—=0,9(- — (p,0)) on 9Ng.

The weighted trace and Poincaré estimates give a uniform bound on fQS w|Vv|?; no smoothness
across y = 0 is needed. Test this compatible weak equation against g,(- — (p,0)). The resulting
plane integral is uniformly bounded because s < 2, and the boundary terms are uniformly bounded
by the clearance from the pole. Hence st wVv - Vg, = O4(1). The capped fundamental solution
itself has energy kg(n) + Os(1) in Qg, so the truncated cell field has the same energy, uniformly over
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the allowed rectangles. In addition to the preceding O(R2) bound for E,qund, the shell fields satisfy
[ 0l Berosl? < CO1+ g)(1+ M) ',
/w\EvertIQ < C’eg,RESRQ,
/leside!2 < Cyye(Mpy + 1+ Mg,y )R?,
[ 0l Bnen? < C(1+ (1) Noew,

where Nyew = O(eR?) + o(R?) at fixed parameters. The first bound uses the sum of squared tree
counts; the third uses the weighted rectangle trace estimate with height £. Write vpew,, = 22 51(777).

The five shell fields have combined source

p new

kpo — L(CT + C7)oge + [k(m; — 1) + (CT + C7)] g2 + k(T — m;)dr2 + K(Vnewy — MidR2),

which is k(po + Vnew,y — 0gz). On the inner shell boundary the crossing and side data sum to
—j+ (=Ey -+ j) = —E,-v. The rounding field has zero inner data and paired internal data;
the completion field remains global across the large-cell boundaries. Thus all interface fluxes cancel.
We sum squared energies only in the shell, where a fixed factor of five is harmless. The old field
inside Dy is retained exactly, with coefficient one in the energy bound; no global factor multiplying
its energy is introduced.

The shell now has the required source and lateral flux. It remains to close the two vertical ends
without changing these sources.

The upper and lower weighted harmonic caps are solved separately. On the inner horizontal face
of the upper or lower cap, prescribe the outward normal derivative —E,(z, £f) - (£e,) for z € K},
and —C* for x € Kg \ K',; here e, is the positive vertical unit vector. Prescribe zero normal
derivative on every other face. By (B.9), the weighted integral of these data is —Ty — Ag,¢YC*F =0,
so each cap problem is compatible. If u is adjusted by its ordinary mean on one cap, ordinary trace
and Poincaré, followed by weight comparison, give

/ wluf? < CRmax{l,(E/R)”}/ w|Vul?.
KRX{K} cap

Testing the compatible cap problem yields total cap energy at most

Ce. R81+min(2%0)R2.

The extra factor for v < 0 is retained. It vanishes at fixed € by (B.8). There are no cap terms for
k=0.
Retain E; in Dy, use the sum of the five finite-energy components in the shell, and use the two

harmonic cap fields above and below. Extend this assembled field F;, by zero past the outer square

R 5]()77)
pEA
consists of the retained old and new barycenter charges, exactly R? points. Now define

E=F,+> V(- (p,0).

peEA

and the cap heights. It has zero exterior normal flux and source (> — 1k,0R2), where A

The singular corrections lie inside the outer square by its clearance. Thus En = }?’77 exactly, and
the fundamental-solution identity proves the required unsmeared divergence equation, with zero
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exterior normal flux. At fixed cutoffs the preceding bounds give

R [ wlBy < Mg+ Coye(Ltg(m) (1 + Mpy + Mp,y) + 05(1)
RX

+ C’Se&RaHmin(%’o). (B.12)

Here R is chosen after 1,7, e. For example, the count estimate is controlled once R > (1+ M Rm/)sf‘r’

Every new barycenter is at least ag/2 from each face of its rectangle. Retained old points lie
inside K, or within n of its boundary. Since 1 < 19 < aog/16 was fixed before the realization was
selected, every new—old distance is at least ag/2 —n > 2n. Choose the integer radius large enough
that eR —n > ag/2; this gives the same clearance at the outer boundary and hence at every reflected
seam. New—new distances and all reflection-seam distances exceed 2n. Thus every close pair after

screening was already an old close pair.
O

B.4 Reflection, projection, and removal of the cutoff

Proof of Proposition B.1. Lemma B.2 proves existence and the uniform lower bound of the cutoff
limit, as well as finiteness of m. To approximate m, choose a selected dyadic cutoff n and a realization
supplied by Lemma B.3. Apply Lemma B.4 after choosing ¢, and then choose its integer radius R.
We now convert that screened field into a canonical periodic gradient and estimate its energy after
removing the cutoff.

Reflect the screened square in both coordinate directions and repeat with period 2RZ?. The
reflected vector components have matching zero normal flux, so there are no interface charges. The
period cell has 4R? points and area 4R?. Reflection multiplies both energy and defect by four. The
nonnegative defect of the resulting configuration is at most the old anchored defect in Kpg, divided
by R?, and hence tends to at most d,(E) < 2D,,.

Write EP€ for the reflected field, which need not be curl free, and let £?" be the canonical periodic
gradient with exactly its charges and background. At fixed cutoff, D = EP®" — F1 = Eper — pran
belongs to L?(w) on the full period cylinder and has zero weighted divergence. Test against the
canonical truncated potential, with vertical cutoffs tending to infinity; its nonconstant Fourier modes
decay vertically and its zero mode has compactly supported derivative. The cross term vanishes, so

[ wiEeE= [ wiEepe [ D
TxRF TxRFk TxRF

Canonical projection therefore decreases the cutoff energy and leaves the configuration defect
unchanged. It also returns to the prescribed admissible class. For s > 0, finite truncated L?(w)
energy gives local unweighted LP by weighted Hélder when p < min(2,2/s), and each of the finitely
many local singular corrections belongs to LP when p < 3/(s + 1). For the logarithm both bounds
reduce to p < 2. Weighted Cauchy-Schwarz and the locally integrable singular flux give wE®" € L] .
Thus the canonical gradient is a member of A4; with the exponent fixed at the beginning, even
though the intermediate screened field was not required to be a gradient.

For a finite simple periodic configuration, integrate (B.5) over its period cell and let the auxiliary

cutoff tend to zero. This gives

V(C) — Wy(EE™) = m SN o —a) — 24F,. (B.13)

peT q#p

The second sum includes periodic images; the self image at zero is the only omitted particle.
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Keep the auxiliary cutoff  fixed at its initial value as 1 tends to zero. For each selected 7, take
the realization chosen above, and choose ¢ so the middle term of (B.12) is as small as desired; then
choose an arbitrarily large integer R so that all energy and defect limits, the moving-tail estimate,
the size conditions, and the seam clearance hold simultaneously. Subtract kg(n), project canonically,
and apply (B.13). Equations (B.3) and (B.7) give

V(Cpr) < m+2kF, 4+ 0(1) + 2D, — 26F,, = m + 2D, + o(1).

Let the chosen cutoffs tend to zero, taking the screening thickness and integer radius in that order
for each cutoff. The canonical periodic gradients belong to A1, so their values are also at least m.
This proves the asserted cubic minimizing sequence. Every use of the box limit preceded removal of
the cutoff; no interchange of the two limits has been made. O

C An alternative rational verification procedure

This appendix proves a conditional alternative to the exact-array interval verification used in
Proposition 3.3. If the rational procedure below passes the stronger tables of Section 3, its roundoff
allowances leave the exact quadrature arrays within the proposition’s looser bounds. The complete
floor-rounded matrix procedure is not executed by the supplied programs; the selected finite
certificate uses direct Arb enclosures of the exact arrays.

We use € = 10780 and the decimal brackets ps, b, from (A.1) in Appendix A. We first define the
rounding and prove its error bounds. The complete listings then specify each finite loop, keeping all
arithmetic not explicitly rounded exact.

C.1 Componentwise rounding and its error

For real x, let R(z) = €|x/e|. Apply R separately to the real and imaginary components of a
complex number and entrywise to a matrix. For complex rational w, define

u=R(w/4096),  do=1,  dj=R(dj—1u/j) (1<j<60),

80 ) , (C.1)
xg = Zdj, rjp1 = R(zj) (0<j<12), ex(w) = z12.
j=0

This uses a degree-60 polynomial with 61 terms followed by twelve squarings. Every quantity is
rational. In the floor prescription, m, b, v/3 are replaced by px, bs, 2bs, cosine is evaluated as Re e, (iw)
at the corresponding rational phase w, and B, h remain exact.

In addition to the floors internal to ey, the prescription rounds the quadrature points and weights,
mass entries, and values of z and A. It rounds the transformed zeroth moment factor and every
higher moment factor after its divided-power update. It also rounds the projected jet entries, the
entries of Y, every product in the power and partial-sum updates, and both final positive-node
coefficient matrices. The extra coordinates and all other operations are exact rational arithmetic;
in particular, the products used to form the Bernstein and tail rows incur no further floors. The
listings below fix the order of these operations.

A superscript # denotes the output of this floor prescription. Its error is measured against the
corresponding exact quadrature array of Section 3: for example, Sﬁ]_- is compared with S rF, S}é
with S Fe, and Y7, XZ-# with Y, X;. The error from quadrature to the exact spectral integrals is a
different quantity, already bounded in Lemma 3.1.
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Lemma C.1 (Roundoff bounds for rational verification). The floor prescription below has the
following properties.

1. If lw| < 1700 and Rew < 7, then |e.(w) — e®| < 10798, Every ewxponential argument in the
prescription lies in this domain.

2. A computed single-column quadrature moment of order at most 42, scaled by y*/a! with
ly| < 3/2, differs from the evact quadrature moment by less than 10~%8. The initial operator-
norm errors in Sﬁ]_-, S}i, and Y# are less than 10744,

3. Suppose that either the exact or the rounded computation satisfies the following envelopes:
every pre-update power in the nine steps has norm below 3, each intermediate partial-sum
matriz has norm below 34, and every combined pair of corresponding X1, Xo columns has
norm below 5.6. Then the combined error in a pair of corresponding columns of X#,X;%'é 18
less than 107%°. Ewvery entry of the Bernstein rows Lfd differs from the corresponding entry
of Li g in (3.8) by less than 10715, Euvery lower evaluation in (3.11) and every tail expression
in (3.12) has error less than 1075,

The stagewise envelopes in the last item follow from the stronger power and column tables, whether
those tests are established on the exact arrays by intervals or on the rounded arrays by the prescription
below.

Proof. We control elementary functions first, then a single moment, then the matrix products, and
finally the scalar lower evaluations. This order keeps the error due to the coefficient lists separate
from the error in the primitive moments.

Exponential approximation. A componentwise floor changes a complex number by less than
2¢. For 7 = w/4096, both |r| and |u| are below .416. If §; bounds |d; — r7/5!|, then

416 2¢.4167 71
0o =0, 0; < ——0d0j_1 + =0 n + 2e.
J J:
The first term propagates the previous error, the second changes r to u, and the last is the new
floor. Summing through j = 60 and adding the exponential tail gives

'416.41661
67' <1.263-10°8 < 4.10"78,

60
__w/4096 < S5
o — "< 305+

=0

The factorial tail alone is less than 4 - 107197, These are finite rational comparisons after using
et16 < e < 2719/1000. _

At squaring step j, the exact value has modulus at most e . While the accumulated error
is below one, its amplification factor is at most 2¢7/2”7 4 1. Since 2e® + 1 < 3¢¢ for a > 0, the
product of all twelve factors is at most 3'2¢7. Including all twelve new floors gives

7/2127

(4-107™ 4 24€)3'2" < 2.472 1075 < 10768, (C.2)

The same bound is below one at every earlier stage, closing the hypothesis used in the amplification
estimate.

The arguments used by the prescription have ample room in the stated domain. Density phases
have modulus at most 7 - 168 before the rational perturbations. The weight cosines have phase
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modulus less than 27 - 191. Transformed phases have modulus at most 7(44/15)168 < 1549 and
nonpositive real part by Lemma 2.5. They remain in the left half-plane after substitution: on the
real integration interval, Im z > .187/7, whereas the perturbation of z below is less than 107°. The
only positive real scalar phases are K < 6 in the support at m = 0. Every other finite scalar phase
is nonpositive with modulus at most 48. Infinite endpoints are evaluated by their limits, not passed
to e,. Thus every call satisfies |w| < 1700 and Rew < 7.

Primitive masses and moments. The intermediate absolute error allowances are

quantity absolute error bound

Tiv 10757
o 107%5/384
2(t), A(t) 10795
one density value 10760 (C.3)

one mass column, summed absolute error 1059
Fo(t), Go(t) 10-60
Fo(t), Ga(t), 0<a<42 10752
Qn, Dp 1077,

The comparison values here use the exact quadrature points and the exact constants m,b. We justify
each stage rather than infer it from decimal agreement.

For a weight phase, replacing m changes the phase by less than 382¢. Add the 1 exponential
error, and use 2 21119:11 (4a® — 1)~! < 1. Including the final floor gives the stated bounds for 7 and o.
On the real line, |t + ¢h| > h; the derivative bounds

0—68

() < B/ <9,  OAR)| <8,  |\)] <4

then give the errors for z and A. The density phase errors are below 10793 because n < 168. Inserting
them in the six-term density formulas, using >~ |P/| = 10, gives the density allowance 107%. The
weighted density errors sum to at most 10759 because the six positive quadrature rules have total
weight one. Weight errors, density errors, the 2311 componentwise mass floors, and atom coefficient
errors together contribute less than 1079 to the sum of absolute errors in one mass column.

Each exact mass column has sum of absolute values less than 230. Indeed, the pointwise
real-interval density bounds are 2% >",. ;| P;| < 106 for a ¢, column and 207 < 63 for a d,, column;
the constant column has atomic variation 25. Positivity and total density weight one from (3.2)
make 230 a common bound.

The direct zeroth kernel phase error is below 10793, The transformed zeroth phase error is
below 6 - 10793, and multiplication by |A| < 3 still leaves error below 107%. The divided-power
arguments iyt and imyz have modulus below 15 and error below 10793, To see explicitly how these
errors enter a higher moment, write either exact factor as H, = Hov®/a! and its rounded update as

HY = R(Hﬁlv#/a). Here

|Ho| <3,  |HY —Hol <107, ||, |o#| <15,  [v¥ — 0] <1079,

Changing the initial value costs at most e!®107%°, and changing v costs at most 321073, by the
derivative of v®/a!. A floor introduced at step 7 is multiplied by (v#)?74!/al. Since j!/a! < 1/(a—7)!,

all the floors together cost at most

a '
_ilJ: 15
26]21 15 ja < 2ee®.
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Thus for 0 < a < 42 the total factor error is bounded by
|HY — H,| < (107 +3.107% 4 2¢) < 10752

The last comparison follows already from e < 3. Expanding the moment difference against the
rounded mass column, whose norm is below 230+ 1075, also retains the product of the two primitive
errors. The total is at most

(230 4+ 107°9)107°2 + 3¢5 - 107%Y < 107,

Finally, (2.8) and (A.2) give errors below 10~ in Q,,, D,,. Jet projection uses Q,, > 1.75, | D,| < 2.12,
and 168 output coordinates. Including its floors, the resulting initial operator errors are less than
10~*4; the same estimate applies to Y#.

Powers and coefficient columns. A floor on a real matrix with 168 rows contributes at most
168¢ < 10~77 in operator norm. Let e, bound the error in U before step r, and let v, bound the
error in either partial-sum matrix after r steps, with vg = 0. The assumed stagewise envelopes give
|U|l < 3 and partial-sum norms below 34. Comparing products and then adding the floor gives

eo <107, e <Te, +10777, vy < 5up 4 3de, +10777. (C.4)

More precisely, the square error is at most (6 + e, )e, + 10777, and the partial-sum coefficient of v,
is at most 4 + e,.. Induction gives e, < 1 and validates the displayed recurrence. Its finite rational
solution yields

max e, < 5.765 - 10738 < 10736, vg < 6.529 - 10736 < 10734,

If the coarse norms are known for the rounded rather than exact factors, exchange their roles in the
product difference. The same two inequalities follow. This is why the argument is not circular and
does not require a rounded matrix inverse.

The largest combined column norm of Ej, E» is 3.3505. The formulas for Y give ||Y]| < 2, and
the transform bound gives the sharper data estimate 2 + (4000 + 2 - 10727)3.3505 < 13405. Its
rational perturbation is less than 10743, Thus, for every column j, ||(g1);]|; + I|(g2);], < 20000 for
both the exact and rounded data. Applying the two sum/difference formulas in (3.6), including the
168 real floors in each of the two final columns, gives the complete bound

4000009 + 72 - 107* + 336€ < 2.612- 1073 < 1072,

The appended extras are exact. In particular, the term 336¢ is part of the column error even though
it is negligible numerically.

Bernstein and lower-evaluation errors. A scaled moment against a unit list column has
absolute value at most 230 - 3. Also |y|™ < 4 and 0 < wy, < 1. The contribution from the
coefficient-list error to one Bernstein row entry is therefore at most

41-4-230- 3¢ -107% < 3.700 - 10718,

For this decomposition the list difference is evaluated with exact moments; the primitive difference
is evaluated against the rounded columns. The primitive moments therefore contribute separately.
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The relevant combined column norm is below 6, either directly from the rounded cutoffs or from the
exact cutoff 5.6 and the column error. Thus their contribution is at most

41-4-6-107%8 <1074,

The sum of these two contributions is below 1076, as claimed. This explicitly includes the
primitive-moment addition.

For completeness, the subsequent minimizations do not amplify that bound to anything close to
1075, The same moment bound with combined column norm 6 shows that each exact Bernstein row
entry is below 10'* in modulus. If its entry error is § = 10716, then for z € {1/K,1/J} C [0,1] the
error in a; 4+ xb; is below 24. A finite endpoint exponential has error below 10798 and modulus at
most one; the infinite-endpoint values are exact. Each product in (3.7) consequently has error below
20 + (2 - 101 + 26)10758. There are four such products and one unmultiplied term. A minimum is
nonexpansive in the maximum norm, so the total row lower-evaluation error is less than 2 - 10715,

Only the target supports at m = 0 and m = 3 use a rounded exponential. At m =0, |Ky| < 3,
1/K < 1, and 32037 /r! < €3 < 27, so their total weighted error is below 27 - 1078, At m = 3,
J/2 < 3 gives error below 3 - 107%. The m = 1 support is rational and exact. These additions still
leave a bound far below 1075,

For a tail row from X;, the entry error is below 1072? and its entry modulus is below 6. The
same is true for the row obtained by summing the low d,, rows, because the combined column norm
controls that sum. The preceding five-term argument gives lower-evaluation error below 2 - 10728
for each such row. Taking min(0, -) does not increase it. In (3.12) there are one constant row, one
summed row, and two rows for each of 46 low nodes, hence 94 terms. Their nonnegative reciprocal
factors are at most one since sy —n > 1.5. The tail error is therefore below 94(2 - 10~2%) < 210726,
in particular below 1076. O

C.2 The complete floor-rounded finite prescription

We now specify the alternative rational computation. Every loop has a finite inclusive range. The
five shell and two list indices are one-based; quadrature and derivative indices start at zero as
indicated. Products are ordinary matrix or row products, without conjugation. An operation not
marked R is exact rational arithmetic. The imaginary unit is i; a list subscript never denotes that
unit. The symbols P, @y, D,, mean the formulas in (2.6) and (2.8) after the rational substitutions
above.

The input order is all ¢, for increasing n € F, then all d,, then ¢y, dg, C. The 2311 mass rows
are the 6 - 384 quadrature points in lexicographic order followed by the seven atoms.

Listing 1: Floor-rounded verification: masses and moment factors

eps = 1/10780

R(x) = eps * floor(x/eps) # separately on complex components

# pstar,bStar are the two printed 80-digit decimal rationals.

# e_star uses the degree-60 Taylor polynomial and 12 squarings above.

F_nodes = [n for n=1..168 if n mod 12 in {0,1,3,4,7,93}]
t_1 =1/6 for 1=0..6
for v=0..383:

a0 = (v+1/2)/384

olv] = R((1-2*sum(Re(e_star(2xd*i*pstar+*a0l))/(4xd*d-1)

for d=1..191))/384)
for j=1..6:
taulj,v] = R((2xj-1+Re(e_star (i*pstar*a0)))/12)
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W = zero complex matrix with 2311 rows and 171 columns
for j=1..6:
for v=0..383:
t = taulj,v]
for n in F_nodes followed by [0]:
for 1=j..6:

A[1] = (olvl/6)*2*pstar*e_star(-i*pstarxt*n)
*P[1]*e_star (i*pstar*t_l*n)
R(-pstar*sum((t_1-t)*A[1] for 1=j..6))

R(i*sum(A[1] for 1=j..6))

WE(j,v),c(n)]
Wi(G,v),d@)]

for j=0..6:
Wlatom(j),C] = R((1 if j==0 else 2)*P[jl)

function factors(m,y,end_degree):
points = all taul[j,v], followed by t_0,...,t_6
for each point t:
z[t] = R(-B/(t+i*h)-i*h)
lam[t] = R(i/(bStar*(t+ixh)))
F[0,t] = e_star(i*pstar*t+*m)
G[0,t] = R(lam[t]*e_star(i*pstar*z[t]*m))
for a=1..end_degree:
Fla,t] = R(F[a-1,t]*ixpstarxt*y/a)
G[a,t] = R(G[a-1,t]l*ixpstar*z[t]*y/a)
return F,G

These moments are scaled by y*/al, which explains the division by y” in the later half-gap rows.
The floor convention can itself be implemented with integers. Put S = 10%°. For w = w, + iwy,
initialize u, = | Sw,/4096| and u; = | Sw;/4096|. Represent a rounded complex number by the two
integers obtained after multiplication by S. The Taylor update is

dyruy — dzuzJ \\druz + dz”rJ)
Sj ’ S ’

(drydi) —> Q
with both right sides evaluated before replacement. The squaring update is

(e 1) Q“’z = ng | ff’foD |

Every floor is toward negative infinity, including for negative numerators. These formulas are exactly

(C.1).

Listing 2: Floor-rounded verification: projected matrices and columns

Ssharp = zero matrix with 168 rows and 171 columns
Ysharp = zero matrix with 168 rows and 10 columns
for m in F_nodes:

F,G = factors(m,1,1)

a = Re(G[0,:] * W)

d = Re(G[1,:] * W)

Ssharplc(m),:] = R(-a/Q_m)

Ssharp[d(m),:] = R((D_m*a-d)/Q_m)

for j=1..5:
n = [1,3,4,7,9]1[j]
Ysharp[d(n),jl = R(-1/Q_n)
Ysharp[c(n),j+5] = R(1/Q_n)
Ysharp[d(n),j+5] = R(-D_n/Q_n)
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E = zero matrix with 6 rows and 10 columns
E[:,1] = [.567,.250,-.0074,0,-.209,.0096]
E[:,6] = [-.976,.408,.0115,1,.938,-.017]
El = first three rows of E
E2 = last three rows of E
U = positive-coordinate columns of Ssharp
vp = identity matrix of size 168
vm = identity matrix of size 168
for r=0..8:
vp = vp + R(vpxU)
vm = vm + R((-1 if r==0 else 1)*vm*U)
record the maximum absolute column sums of U,vp,vm
if r<8: U = R(UU)
# Compare every recorded value with the power table, row r.

Se = last three columns of Ssharp

gl = Ysharp + Se*E2

g2 = SexEl

X[1] = stack(R((vp*(gl+g2)+vm*(gl-g2))/2), E1)

X[2] = stack(R((vp*(gl+g2)-vm*(gl-g2))/2), E2)

# Test every individual and same-column combined absolute column sum
# against the corresponding bound in the column table.

The product identities in the proof of Proposition 3.3 give the prescribed 512-term series. At
each stage, the entries of vp and vm are integer multiples of e. Hence V + R(VU) = R(V(I + U)),
with the analogous identity for the initial minus sign. The listing and the rounded product update
used in (C.4) are therefore the same operation.

Listing 3: Floor-rounded verification: every half-gap and tail inequality

nodes5 = [1,3,4,7,9]
endpoints = [2.36,2.65,3.2,4,6,infinity]
sigma = [-1,1]

function low(row,K,J):
exK = [e_star(-K*(n-1)) for n in nodes5]
exJ = ([e_star(-J*(n-1)) for n in nodes5]
if J<infinity else [1,0,0,0,01)

answers = []
for x in [1/K, (1/J if J<infinity else 0)]:

v = row[1..5] + x*row[6..10]

answers.append(v[1] + sum(min(v[al*exK[a],v[a]l*exJ[al)

for a=2..5))

return min(answers)

low_nodes = [0] followed by all n in F_nodes with n<=88
for m in low_nodes:
# Successor and predecessor are in {0} union the positive nodes.
ys = [(successor(m)-m)/2]
if m>0: append (predecessor(m)-m)/2 to ys
for y in ys:
nu = (0 if m==0 else 2)
F,G = factors(m,y,40+nu)
for fn=1..2:
for a=0..40:
1[a] = sigmal[fn]/y nu * Re(
Fla+nu, :]1*(WxX[£fn])
+G[a+nu, : ] * (WxX[3-fn]))
for consecutive K,J in endpoints:
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tc = zero row of length 41
if m==0:
tc[r]
if m==1:
tclr] = Kx(-Kxy) r/(r+2)! for r=0..40
if m==3 and J<infinity:
tc[0] = (J/2)*e_star(-13xJ/6)
for d=0..40:
lsum = zero row of length 10
tsum = 0
w=1
for r=0..d:
lsum = lsum + w*l[r]
if fn==1: tsum = tsum + wktc[r]
if r<d: w = wx(d-r)/(40-r)
value = low(lsum,K,J) + tsum
# Strictly compare with the m-group and K row
# of the half-gap table, for every value.

e_star(K)/K * (-K*xy)“r/r! for r=0..40

sO = 89.5
for consecutive K,J in endpoints:
for fn=1..2:

signedX = sigma[fn]*X[fn]
neg(row) = min(0,low(row,K,J))
value = low(signedX[C,:],K,J)
value += neg(sum(signedX[d(n),:] for n in low_nodes))/s0O
for n in low_nodes:
value += neg(signedX[c(n),:]1)/(s0-n)"2
value += n*neg(signedX[d(n),:]1)/(s0*(s0-n))
# Strictly compare with the tail column for this K row.

The three references to tables in these listings mean, respectively, Tables 1, 2, and 3. Every
comparison is strict and rational. There are 37310 half-gap comparisons and ten tail comparisons; a
reported extremum is not a substitute for testing each index.

If the floor computation passes all these tests, the roundoff lemma transfers them to the looser
exact-array bounds in Proposition 3.3. For example, .00116 — 1076 > .001 and .0022 — 10~ > .0021.
The column cutoffs 2.20, 5.40 remain below 2.3, 5.6 after the column error, and the power errors are
much smaller than the gaps from .0031 to .004 and from 32.12 4 1.85 to 36.
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