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Abstract

We prove the rational Hodge conjecture in every codimension on every self-power of a
complex abelian sixfold with an imaginary-quadratic action and a compatible polarization whose
rational homological Hermitian form is hyperbolic of signature (3, 3). We also prove it in every
codimension on every self-power of a complex abelian variety of dimension at most five admitting
an imaginary-quadratic action. Both results include nonsimple varieties and special periods
with additional endomorphisms. The proof uses the companion theorem on the rational Hodge
conjecture for CM abelian varieties.
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1 Introduction
For a smooth projective complex variety X, the rational Hodge conjecture asks whether every class
in

H2p(X,Q) ∩Hp,p(X)

is the class of a rational algebraic cycle of codimension p. For an abelian variety, the question on
every self-power is naturally a question about tensors in its first cohomology: classes can couple
several copies even when the classes on the variety itself are already understood. This paper proves
the conjecture on all self-powers in two families with an imaginary-quadratic action.

An action of an imaginary quadratic field E on an abelian variety A means a unital embedding
E ↪→ End0(A). Write E = Q(u), with u2 = −d and d ∈ Z>0. A rational Riemann form e is
compatible with the action if e(ax, y) = e(x, āy) for every a ∈ E. Its associated homological
Hermitian form is

hE(x, y) = e(x, uy) + ue(x, y), x, y ∈ H1(A,Q),

conjugate-linear in the first variable and linear in the second. A rank-six Hermitian form is hyperbolic
if it contains a totally isotropic three-dimensional E-subspace. The form in the next theorem is
the one coming from the actual polarization, not merely an abstract form of the same complex
signature.

Theorem 1.1 (Split Weil sixfolds). Let E be an imaginary quadratic field and let A be a complex
abelian sixfold with an E-action. Suppose a compatible polarization has hyperbolic rational Hermitian
form of signature (3, 3). Then the rational Hodge conjecture holds in every codimension on Am, for
every m ≥ 1.

Theorem 1.2 (Quadratic actions in dimension at most five). Let A be a complex abelian variety of
dimension at most five admitting an action of an imaginary quadratic field. The rational Hodge
conjecture holds in every codimension on Am, for every m ≥ 1.

Both statements include nonsimple varieties and periods with additional endomorphisms. The
quadratic action need not be the full endomorphism algebra or be central on a repeated simple
factor. The second theorem requires no separately chosen compatible polarization: one is obtained
by averaging any rational Riemann form, as shown in Section 3.

1.1 Weil classes and earlier results

Weil’s determinant construction [41] provides a basic test of the Hodge conjecture beyond divisor
classes. For an abelian variety of dimension 2n with a compatible imaginary-quadratic action of
signature (n, n), the two embedding determinants form a rational plane of classes of type (n, n). For
a general such variety with n > 1, these classes are not generated by divisors; see [40, Sections 4.9–
4.11]. Early geometric constructions used automorphisms of curves and Prym varieties [33]. Schoen’s
addendum corrected the polarization hypothesis in the earlier fourfold statement and established
algebraicity of the Weil plane for every fourfold with balanced action by Q(

√
−3), without a

discriminant restriction [34].
Markman’s secant-sheaf construction proves algebraicity of the whole Weil plane for every split

Weil sixfold. The preprint states the result for discriminant −1, while the published account uses
the equivalent split condition on the rational Hermitian form of the compatible polarization [25,
Theorem 1.5.1] [26, Theorem 1.2]. The published account also proves the Hodge conjecture for
every individual abelian variety of dimension at most five, with no quadratic-action hypothesis [26,
Corollary 1.3]. These are all-period statements. The further question in our main theorems concerns

3



all Hodge classes on every self-power, including the extra tensors that can occur when the Hodge
group drops at a special period.

The all-powers question also has substantial precedents. Moonen and Zarhin’s low-dimensional
classification includes all-powers divisor-generation results, as well as a fourfold case whose square
has exceptional classes [28, Theorems 0.1–0.2]. For every Weil fourfold of discriminant one, Floccari
proves the Hodge conjecture on all powers through the Kuga–Satake correspondence [15, The-
orems 1.3 and 5.12]. Floccari and Fu give another proof using singular varieties of O’Grady’s
six-dimensional type [16, Theorem 1.2]. Our argument addresses the two stated families by combin-
ing the split-sixfold Weil plane with a determinant criterion for the actual Hodge group and the
CM algebraicity input specified below.

The geometric proof is a detailed treatment of Markman’s construction, rather than an extension
of its period range. It uses Mukai’s Fourier–Mukai duality and the algebraic spin interpretation of
Golyshev–Lunts–Orlov [29, 17]. We work out the coherent seed, the fixed transform conventions,
the full invariant derived obstruction space, and its passage through quotient descent and projective-
bundle conversion. The full-group comparison and descent are already part of Markman’s method
[25, Section 7.4.2 and Lemmas 9.3.2 and 9.3.11] [26, Sections 11.3–11.5]. The Hochschild–Atiyah
comparison follows the character and evaluation identities of Căldăraru, Buchweitz–Flenner and
Huang [7, 5, 21], with the abelian specialization of Todd-corrected compatibility [6]. The deformation
argument reconstructs the smooth-projective-germ case of the coherent-sheaf argument in Buchweitz–
Flenner’s Theorem 5.1 and its proof [4]. The needed injectivity is on the full obstruction group, not
merely the image of Hochschild evaluation.

The separate passage from the Weil plane to all powers uses classical invariant theory to reduce
tensors to pairings and determinants [23, 24, 35]. The two-weight restriction is the standard minuscule
argument [38, Section 3.2, Lemmas 4–5]; comparison of product Hodge groups through graph links
has a close predecessor in Moonen–Zarhin [28, Section 3.1 and Lemmas 3.3–3.4]. Adjoining auxiliary
factors and extracting lower-dimensional Weil classes also appears in Schoen’s Proposition 10 [34].
Here CM elliptic factors supply smaller quadratic determinants, while the actual-group analysis
identifies the products selected by the simultaneous balance equations. Those supply and balance
steps, rather than the invariant spanning theorems alone, give the all-powers conclusions.

1.2 Proof strategy

Let H = H1(A,Q). A tensor in H⊗2p is balanced if it has type (p, p). For Am, antisymmetrization
lifts a Hodge class to a balanced tensor in (H⊕m)⊗2p, with the copies labelled by the factors of the
power. Diagonal pullback returns the exterior class. Section 2 gives a criterion for algebraicity of
these tensors. The multilinear invariant theorems for symplectic, orthogonal, and special linear
groups reduce the tensors to pairings and top exterior lines [23, 24, 35]. Pairings are divisor classes.
The required products of the remaining lines are supplied by algebraic correspondences from the
full cohomology of CM abelian varieties. A rational Hodge class in such a supplied subspace lifts to
rational Hodge classes on the CM sources; Theorem 1.1 of The rational Hodge conjecture for CM
abelian varieties, dated September 30, 2026, makes those lifts algebraic [30]. This is the precise CM
input used in this paper.

Section 3 proves the two main theorems from the Weil-plane input, whose geometric proof follows
in Sections 4–8. Adding CM elliptic curves supplies smaller quadratic determinants whose signature
entries are at most three. The Albert decomposition, the two Hodge-circle weights, and the small
minuscule representations determine the possible constituents of the actual derived Hodge group. A
separate independence argument identifies their simultaneous product. The balance equations then
cancel opposite determinants or combine them into a supplied quadratic determinant. This is how
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the proof accommodates additional endomorphisms at special periods.
The cycle construction in Section 4 begins with a genus-three Jacobian X. Disjoint orbits of

Abel curves give an ideal sheaf on X2; a fixed Fourier–Mukai transform and duality produce a
coherent perfect sheaf E on X × X̂, together with a coherent finite translation action twisted by line
bundles. The normalized Chern character of this sheaf is the candidate cycle class. Two properties
are needed: it must contain a nonzero Weil component and remain of Hodge type as the Weil period
varies; and, after descent and a projective-bundle construction, an associated ordinary sheaf must
deform so that the normalized character is algebraic near the initial point.

Section 5 proves the exact Hochschild–Atiyah trace identity and its transport for the fixed
transform. A direct equivariant Ext calculation then shows that the evaluation image equals the
entire invariant obstruction space, on which the trace map is injective. Section 6 computes the
rational Betti character by a finite Clifford calculation. It identifies the actual ample polarization,
proves that its homological Hermitian form is hyperbolic, and shows that the character is Hodge
throughout the compatible marked domain.

Section 7 descends the sheaf through the finite quotient and converts the resulting twisted sheaf
into an ordinary sheaf on a projective bundle without losing any obstruction class. Its semiregularity
theorem produces the required local deformations. Section 8 extracts the normalized character by
algebraic projective-bundle operations, spreads the resulting Weil plane through proper Hilbert
parameter spaces, and clears rational lattice denominators by isogenies. This proves algebraicity of
the whole rational Weil plane at every compatible hyperbolic period.

2 Algebraic supply and invariant tensors
The cohomology of an abelian variety is generated by its first cohomology. We will therefore prove
algebraicity first for tensors in degree one. Classical invariant theory reduces these tensors to pairings
and top exterior powers. Pairings are divisor classes. The remaining task in each application is to
supply the required products of top exterior powers by algebraic correspondences from CM abelian
varieties.

All varieties are complex, and cohomology is singular cohomology with the indicated coefficients.
An algebraic correspondence has rational coefficients unless otherwise stated. We fix k = Q ⊂ C.
An automorphism of k/Q acts only on coefficients in the cohomology of the fixed complex variety;
it does not replace that variety by a conjugate. For a pure Hodge structure V , our convention is
V (r)p,q = V p+r,q+r, so the Tate twist V (r) has weight wt(V ) − 2r. A class is algebraic over k if it
belongs to the k-linear span of rational algebraic cycle classes.

2.1 Correspondences from CM abelian varieties

For a smooth projective variety X, let

Cd(X) =
∑

B,j,Γ
im
(
Γ∗ : Hd−2j(B,Q) −→ Hd(X,Q)

)
, Γ ∈ CHdim B+j(B ×X)Q,

where B ranges over CM abelian varieties, including a point, and j ranges over integers for which
the displayed groups and cycles exist. Here and below a CM abelian variety means an abelian
variety whose degree-one Hodge group is a torus. The displayed map is a morphism of weight-d
Hodge structures from Hd−2j(B,Q)(−j). We say that a subspace of Hd(X, k) is CM-supplied if it
is contained in Cd(X) ⊗Q k. Thus supply concerns the full cohomology of the CM source, not only
its Hodge classes.
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We use the companion theorem that the rational Hodge conjecture holds for every complex CM
abelian variety in every codimension [30, Theorem 1.1]. This is the only Hodge-conjecture input in
the following lemma.

Lemma 2.1 (Operations and Hodge lifts). CM supply is preserved by external products, permutations
of factors, cup products, and rational algebraic correspondences. It is also preserved by k-linear
combinations of such correspondences and by scalar conjugation. Every rational Hodge class in a
CM-supplied subspace is algebraic.

Proof. External products of correspondence cycles realize products of their maps, and a product of
CM abelian varieties is CM. Composition is realized by pulling two cycles to the triple product,
intersecting, and pushing forward. Graphs give pullback and pushforward. Diagonal pullback gives
cup product; adding integration gives contraction. These operations are defined for the smooth
projective varieties in question. Linearity proves the scalar assertion, and Cd(X) ⊗ k is invariant
under scalar conjugation because Cd(X) is rational.

Let α ∈ H2p(X,Q) have type (p, p) and belong after scalar extension to C2p(X)⊗k. Membership
in a rational subspace descends under a field extension, so α already belongs to C2p(X). Finitely
many of the defining correspondence maps have an image containing α. They give a morphism

f :
s⊕

ν=1
H2p−2jν (Bν ,Q)(−jν) −→ H2p(X,Q)

of polarizable pure Hodge structures. This morphism splits onto its image as a rational Hodge mor-
phism: the orthogonal complement of ker f for a polarization on the source is a Hodge substructure
and maps isomorphically to im f . Nondegeneracy on ker f follows from the positive Hermitian form
obtained using the Weil operator. Hence α has a rational Hodge lift. Its νth component before
twisting has type (p− jν , p− jν) on Bν . The CM Hodge theorem makes this component algebraic.
Applying the defining correspondence cycles and adding proves the assertion.

2.2 Degree-one summands and pairings

We record the coefficient descent needed to pass from complex eigenspaces to rational algebraic
maps. If T is a finite-dimensional rational vector space, P ⊂ TC is complex-linear, and t ∈ Tk

satisfies γt ∈ P for every γ ∈ Gal(k/Q), then

t ∈ (T ∩ P ) ⊗Q k. (2.1)

Indeed, choose a finite Galois field K containing its coefficients. For a ∈ K, the trace TrK/Q(at) =∑
τ∈Gal(K/Q) τ(a)τ(t) is rational and belongs to P . If bj is a basis of K and b∗

j is its trace-dual
basis, these traces for a = b∗

j are exactly the rational coefficients of t in the basis bj . Here each τ is
extended to k when applying the hypothesis. This proves (2.1). Conditions that a tensor have a
specified Hodge type, or that a map preserve Hodge types, are complex-linear conditions, so the
observation applies to them.

Let X be an abelian variety or a smooth connected projective curve. A subspace W ⊂ H1(X, k)
is admissible if it is the image of a k-linear idempotent e such that every γe preserves the Hodge
decomposition after extension to C. A k-linear map between such spaces, or between finite external
direct sums of them, is admissible if it preserves the Hodge decomposition after every scalar
conjugation. We write W for the scalar complex conjugate of W .

A pair tensor between W and W ′ is a tensor t ∈ W ⊗W ′ whose associated map W ∗ → W ′ is
an isomorphism and for which every γt has Hodge type (1, 1). For a tensor on W itself, symmetry
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or alternation refers to the ordinary interchange of tensor factors, before the Koszul sign in product
cohomology.

Lemma 2.2 (Algebraic maps and contractions). Every admissible map is induced on the indicated
summands by a k-linear combination of rational algebraic correspondences. Every pair tensor is
algebraic over k, and contraction by its inverse pairing is an algebraic cohomological operation. If
W is admissible, so is W , and there is a pair tensor between W and W .

Proof. For an admissible map, compose with the source projector and the target inclusion to obtain
a map on the ambient degree-one spaces. Equation (2.1) expresses it as a k-linear combination of
rational Hodge maps. A rational Hodge map between the first cohomologies of abelian varieties is
induced by a rational homomorphism in the contravariant direction: dualize to homology, multiply
to preserve the lattices, and use the resulting complex-linear map of complex tori. A homomorphism
of abelian varieties is algebraic. For a curve target use its Abel map to its Jacobian. For a curve
source, the cup pairing identifies a degree-one Hodge map with a rational (1, 1) class on the product,
which is a divisor class by the Lefschetz (1, 1) theorem. These arguments also apply componentwise
to external direct sums. In particular an admissible projector commutes with the scalar extension
of the rational Hodge group.

A pair tensor lies in the H1 ⊗H1 summand of degree two on the product. Scalar descent and
the Lefschetz (1, 1) theorem make it algebraic over k. Let b : W ⊗W ′ → k be its inverse pairing,
with its bidegree (−1,−1) understood. Extend b by the admissible projectors. For a rational
polarization pairing ψX on the source H1(X,Q) there is a unique map u : H1(X ′, k) → H1(X, k)
satisfying b(x, y) = ψX(x, u(y)). In every scalar conjugate, b pairs only complementary Hodge
degrees; nondegeneracy of ψX therefore makes u an admissible map. The first part algebraizes u.
The remaining contraction by ψX is cup product, an ample power if needed, and integration. It is
algebraic.

The conjugate projector shows that W is admissible. The restriction of ψX to W ×W is perfect.
After extension to C, the positive Hermitian form associated with the polarization detects every
nonzero vector of the Hodge-stable space WC by pairing it with the conjugate of a vector of WC.
Its inverse gives a tensor in W ⊗ W . For an arbitrary γ, conjugate the nonzero determinant of
this restricted pairing. The resulting pairing on γW × γW is still perfect and pairs complementary
Hodge degrees, since both spaces are Hodge-stable and ψX is rational. Its inverse has type (1, 1).
This argument does not assume that γ commutes with complex conjugation.

For an admissible space W of dimension r, write

D(W ) =
r∧
W ⊂ W⊗r ⊂ Hr(Xr, k)

for its top alternating line on separate tensor slots; put D(0) = k on a point. Ordinary permutations
differ from geometric permutations only by rational Koszul signs. Direct-sum factorization and
cancellation of these determinant lines can therefore be performed algebraically. More precisely,
if an admissible isomorphism identifies W with

⊕
j Wj , alternation and the admissible inclusions

and projections induce nonzero maps in both directions between D(W ) and
⊗

j D(Wj). If W,W ′

have a pair tensor, the determinant of the inverse pairing contracts D(W ) ⊗ D(W ′) nontrivially
to the unit line. Conversely, alternating the appropriate tensor power of the pair tensor supplies
D(W ) ⊗ D(W ′) algebraically. For an alternating self-pair on a 2r-space, the rth exterior power
supplies D(W ) algebraically. These statements follow in bases from the nonzero determinant, or
Pfaffian, of the pair tensor and from Lemma 2.2.
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2.3 The tensor criterion

For a polarizable rational Hodge structure H of weight one whose only types are (1, 0) and (0, 1),
let J = Hdg(H) be the smallest rational algebraic subgroup of GL(H) containing the Hodge circle,
which acts on H1,0 and H0,1 by z and z̄ for |z| = 1. It lies in the symplectic group of the polarization.
A tensor in H⊗2p is called balanced if it has Hodge type (p, p). The group J is connected: its identity
component is rational and contains the connected circle, so minimality applies. It is reductive: a
rational invariant subspace is a Hodge substructure, and polarizability supplies a rational Hodge
complement, which is again invariant by minimality. The faithful representation on H is thus
completely reducible.

Lemma 2.3 (Hodge tensors determine the Hodge group). Inside the symplectic group of H, the
group Hdg(H) is the pointwise stabilizer of all rational tensors of type (a, a) in H⊗2a, for all a ≥ 0.

Proof. By minimality, the rational J-invariant tensors are precisely the rational tensors fixed by
the Hodge circle. To see that these determine J , use Chevalley’s theorem to choose a rational
representation T of GL(H) and a line L ⊂ T whose stabilizer is J [27, Theorem 4.27]. Reductivity
gives a J-equivariant projector e : T → L. Rational representations of GL(H) are subquotients
of sums of mixed tensor powers of H [27, Theorem 4.14]. Complete reducibility for GL(H) [27,
Theorem 22.42] gives a GL(H)-equivariant embedding of End(T ) as a direct summand of a finite
sum of mixed tensor powers. The element e in this representation is J-invariant. Use the polarization
to replace dual tensor factors by ordinary factors, equivariantly for the ambient symplectic group.
The components of e are then rational tensors fixed by the circle, hence balanced tensors in even
degrees. An element fixing every such tensor fixes e, preserves its image L, and therefore belongs to
J . The reverse inclusion follows from minimality.

We also use the standard effective weight-one equivalence between toric Hodge groups and CM
abelian varieties, including rational summands. The following form ensures an actual CM source.

Lemma 2.4 (Toric degree-one summands). Let A be a complex abelian variety and let H ⊂ H1(A,Q)
be a rational Hodge summand. If Hdg(H) is a torus, then H is isomorphic as a rational Hodge
structure to H1(B,Q) for a CM isogeny factor B of A.

Proof. Choose a rational Hodge projector onto H. By the degree-one realization in Lemma 2.2, it
is induced by a rational endomorphism of A. After clearing denominators, its image is an abelian
isogeny factor B with H1(B,Q) ≃ H. Its Hodge group is a torus, so B is CM under our convention.

We also describe the embedding-line decomposition used below. Put J(H) = Hdg(H). Its
envelope in EndQ(H) is a commutative semisimple algebra E0: after splitting the torus it is an
algebra of diagonal scalars. The polarization adjoint preserves E0 and is positive, since these
scalars commute with the Weil operator. A positive involution on a real finite étale algebra fixes
each primitive real summand and is complex conjugation on each complex summand. Exchanging
idempotents would give e∗e = 0, and the identity involution on a complex summand would give
i∗i = −1, contradicting positivity. A real summand is impossible here: the connected compact
circle can act on it only trivially, whereas weight one has only the characters z, z̄. Thus the rational
field factors of E0 are CM fields. Splitting the associated E0-modules into field lines gives rank-one
CM Hodge structures. The projectors onto these field lines are rational Hodge maps. The same
degree-one realization gives abelian isogeny factors of B with toric Hodge groups. For a rank-one
module over a CM field E, the idempotents of E ⊗Q k =

∏
σ:E↪→k k give one-dimensional embedding

lines. Scalar conjugation permutes these lines, and each is pure of type (1, 0) or (0, 1).
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For admissible W , define its imbalance at γ by

ϵγ(W ) = dimC(γWC ∩H1,0) − dimC(γWC ∩H0,1).

The determinant line γD(W ) is pure of bidegree given by these two dimensions. The perfect
complementary pairing in Lemma 2.2 gives

ϵγ(W ) = −ϵγ(W ) for every γ. (2.2)

A self-pair forces equal Hodge dimensions, hence even rank and imbalance zero. Abstract self-duality
of an SL2 module alone does not supply an all-conjugate (1, 1) self-pair; such a block may still
need to be treated as linear. These identities remain valid without commuting γ with complex
conjugation.

Theorem 2.5 (A determinant criterion for all powers). Let A be a complex abelian variety,
H = H1(A,Q), J = Hdg(H), and R = Jder. Suppose the following data exist.

(a) A rational Hodge summand H0 ⊂ H has toric Hodge group. Choose a decomposition of H0,k

into CM embedding lines, with repeated occurrences distinguished, and call this finite list E0.

(b) The complement of H0,k is a direct sum of blocks of nonzero admissible spaces. In a symplectic or
an orthogonal block, each space is equipped with an admissible isomorphism to a representative
Vi chosen as an actual summand of that block, with, respectively, an alternating or a symmetric
pair tensor on itself. A linear block has dimVi ≥ 2, with Vi again an actual summand, and
each space is equipped with an admissible isomorphism to either Vi or V i, paired with each
other as in Lemma 2.2. The pair identifies V i with V ∗

i (−1) as a Hodge-graded space and with
the dual as a group representation.

(c) Under these identifications the image of Rk contains

P =
∏

i∈ISp

Sp(Vi) ×
∏

i∈ISO

SO(Vi) ×
∏

i∈ISL

SL(Vi).

Each factor acts by its standard representation on its own copies, by the dual representation
on the opposite copies of a linear block, and trivially on every other block and on H0,k. The
symplectic and orthogonal forms are the inverse pairings.

(d) Let W1, . . . ,Ws be any list, with arbitrary repetitions, from

{Vi : i ∈ ISO} ∪ {Vi, V i : i ∈ ISL}.

Whenever there are ℓ1, . . . , ℓr ∈ E0, again with arbitrary repetitions, such that
s∑

j=1
ϵγ(Wj) +

r∑
a=1

ϵγ(ℓa) = 0 for every γ ∈ Gal(k/Q), (2.3)

the line
⊗s

j=1D(Wj) is CM-supplied on its separate tensor slots. Empty lists are allowed.

Then for every p ≥ 0 every rational balanced tensor in H⊗2p is the class of a rational algebraic
cycle on its separate A-slots. The rational Hodge conjecture holds in every codimension of Am for
every m ≥ 1.

Call the data saturated if every singleton D(Vi) for an orthogonal or linear block is CM-supplied,
without any balance condition. For saturated data and any CM abelian variety M , the induced data
on A×M are saturated. In particular the same tensor and Hodge-conjecture conclusions hold for
every power of A×M .
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The list of CM lines in (2.3) is chosen once and then tested at every scalar conjugation. This is
weaker than requiring individual determinant supply: special periods in Section 3 will require only
certain products of column determinants. Saturation is useful when arbitrary CM companions are
to be added.

Proof. We use the multilinear first fundamental theorems in their all-degree form. For a nondegen-
erate bilinear form b on V , let tb ∈ V ⊗ V be its inverse-form, or coevaluation, tensor. The Sp(V )
invariants in V ⊗d are spanned by permutations of products of tb for the alternating form and vanish
for odd d [23, Theorem 4.1 and Corollary 4.2]. For SO(V ), products of tb for the symmetric form
and a top alternating tensor span all invariants [24, Theorem 2.1 and Corollary 4.2]. For SL(V ) in
mixed powers of V, V ∗, the generators are the identity coevaluation tensor

∑
j ej ⊗ e∗

j ∈ V ⊗ V ∗,
independent of the chosen basis, and the top alternating tensors of V and V ∗ [35, Section 5]. These
are spanning statements in every degree; stable-range bounds concern independence, not spanning.
They hold over k by scalar extension, since invariants are kernels of linear maps defined over k. For
the product P , decompose each tensor slot into its block summands and apply these statements
separately to each factor.

We need one elementary simultaneous-balance observation. Suppose a subspace E ⊂ Tk of a
rational pure weight-2p Hodge structure is spanned by finitely many lines La, each pure in Hodge
bidegree after every scalar conjugation. A rational vector α ∈ E of type (p, p) is spanned by those
La whose every conjugate has type (p, p). To prove this, for fixed γ group the original lines according
to the bidegree of γLa. Their group sums form a direct sum, as is seen by applying γ and using the
Hodge decomposition. Let qγ be the projection retaining the group of type (p, p). Since γα = α, this
projection fixes α. Every La is an eigenline of every qγ with eigenvalue zero or one. The projections
therefore commute even if the spanning lines are dependent. Only finitely many distinct projections
occur, because each is determined by the subset of the finite list it retains. Their product fixes α and
has image spanned by exactly the lines retained by every conjugation. This proves the observation.

Fix a tensor degree. A rational balanced Hodge tensor is fixed by J , hence by P . The invariant
theorems show that the P -invariant subspace is spanned by finitely many lines formed, up to slot
permutations and the prescribed admissible identifications, from three types of factors:

lines in E0, pair tensors, D(Vi) for i ∈ ISO, D(Vi), D(V i) for i ∈ ISL.

Every such line is pure after every scalar conjugation. This is part of the definition for pairs, follows
from the top exterior power of a Hodge-graded space for determinants, and holds for CM embedding
lines. The simultaneous-balance observation reduces a rational balanced tensor to generator lines
balanced in all conjugates. Discarding the pair factors from the bidegree count leaves exactly
(2.3), with the actual CM lines in the chosen generator. Assumption (d) supplies its determinant
product. Lemma 2.4 supplies the toric summand by a CM isogeny factor, and the pair tensors and
identifications are algebraic by Lemma 2.2. Lemma 2.1 therefore places the entire generator line in
the scalar extension of the rational CM-supplied subspace. Rational membership descends, and the
same lemma makes the original tensor algebraic.

For Am, first cohomology is H⊕m. The same argument works with slots labelled by the copies:
it merely repeats the old blocks, and assumption (d) already permits arbitrary repetitions. Finally
H2p(Am,Q) =

∧2pH1(Am,Q). Normalized antisymmetrization gives a rational Hodge lift of a
Hodge class into the ordinary tensor power. The tensor result makes that lift algebraic on separate
slots. Pullback along the diagonal, equivalently cup product of the slots, returns the exterior class.

Suppose now that the data are saturated. Scalar conjugation supplies the opposite determinants,
and products supply every determinant list, so (d) holds. Let T be the toric Hodge group of
H1(M,Q) and let J ′ be the Hodge group of H ⊕H1(M,Q). It is a connected reductive subgroup
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of J × T whose projection onto J is surjective by minimality. Its derived subgroup consequently
projects onto R and trivially onto T . Thus, inside this representation,

(J ′)der = R× {1}.

The product P still acts on the old blocks and trivially on the enlarged toric summand H0⊕H1(M,Q).
The old singleton determinants remain supplied after pullback along A × M → A on their slots.
These are saturated data on A×M , and the proved assertions apply. If all of H is toric, there are
no classical blocks and the only determinant list is empty, so this case is included.

2.4 Passing from supplied cohomology to powers

The next elementary transfer passes from complete cohomological supply to Hodge classes on
arbitrary products. Its hypothesis concerns products of the source varieties, not merely each source
separately.

Lemma 2.6 (Correspondence transfer). Let S be a collection of smooth projective varieties such
that the rational Hodge conjecture holds on every finite product of members of S . Let Y1, . . . , Yv

be smooth projective varieties. Suppose that, for each i and each degree q, Hq(Yi,Q) is spanned by
images of maps

Γ∗ : Hq−2j(S,Q) −→ Hq(Yi,Q), Γ ∈ CHdim S+j(S × Yi)Q, S ∈ S .

Then the rational Hodge conjecture holds on every finite product of the Yi, with arbitrary repetitions
and with any additional members of S .

The same conclusion holds if the spanning is given over k by restrictions of maps induced by
k-linear combinations of rational algebraic correspondences, provided their images span the full
target degree after scalar extension.

Proof. Fix a product Y allowed by the conclusion. In each degree, finite dimensionality makes
a finite sum of the stipulated maps surjective. Tensor these maps and the identity maps of any
additional source factors. The Künneth decomposition shows that, in each degree of the target
product, a finite sum of maps from finite source products is surjective. One uses the indicated
Künneth summands only to see that the images span; no algebraic Künneth projector on a source is
required. External products and composition make all these maps algebraic correspondences. For a
target degree 2p, write jν for the sum of the individual shift parameters of one such external-product
map, so its cohomological shift is 2jν , and write Sν for its source product. The surjection is a
morphism ⊕

ν

H2p−2jν (Sν ,Q)(−jν) −→ H2p(Y,Q)

of polarizable pure Hodge structures of weight 2p. The splitting argument in Lemma 2.1 lifts a
rational target Hodge class. Its νth component before twisting has type (p− jν , p− jν) on Sν . It is
algebraic by the source hypothesis, so its image is algebraic.

For the scalar variant, expand each scalar correspondence into finitely many rational correspon-
dence cycles. Its image on any specified source subspace is contained in the scalar extension of the
sum of the full images of those rational maps. If the scalar images span the full target degree, the
quotient by that rational image sum becomes zero after scalar extension and was already zero over
Q. The first part therefore applies.
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For later use, if A has saturated data, then the collection of varieties Aa × M , where a ≥ 0
and M is any CM abelian variety, satisfies the source hypothesis of Lemma 2.6. A finite product
is A

∑
a ×

∏
M , an abelian factor of a sufficiently high power of A×

∏
M , and its Hodge classes

transfer by the algebraic factor inclusion and projection. For a curve C with A = Jac(C), the Abel
map supplies H1(C) from A, while a point and the fundamental class supply the even cohomology. If
a smooth projective variety F has Cq(F ) = Hq(F,Q) in every degree, finite dimensionality expresses
each degree by finitely many rational correspondence images from CM abelian varieties. External
products then supply the full cohomology of every product of copies of C and such varieties F
from varieties Aa × M in the preceding source collection. Lemma 2.6 gives the corresponding
Hodge-conjecture conclusion.

3 Quadratic actions at every period
We prove Theorems 1.1 and 1.2 by applying the determinant criterion of Theorem 2.5 to the Hodge
group at the given period. The cycle input is algebraicity of the Weil plane on every hyperbolic
Weil sixfold. We state it below and defer its geometric proof to Sections 4–8.

3.1 The Weil-plane input

An action of an imaginary quadratic field on an abelian variety will always mean a unital embedding

E ↪→ End0(A).

The action need not be the full endomorphism algebra, and it need not be central on an isotypic
power. We first specify the polarization convention in the six-dimensional result.

Write E = Q(u), where u2 = −d and d ∈ Z>0, and put V = H1(A,Q). A rational Riemann
form e for a polarization is compatible with E if

e(ax, y) = e(x, āy) (a ∈ E).

In particular e(ax, ay) = NmE/Q(a)e(x, y), the norm-pullback condition for a polarized variety of
Weil type. It then defines the Hermitian form, conjugate-linear in the first variable,

hE(x, y) = e(x, uy) + ue(x, y) ∈ E. (3.1)

This is the usual homological convention [40, Lemma 5.2]. The adjoint identity and alternation
show directly that hE is Hermitian and that

e(x, y) = TrE/Q
(
(2u)−1hE(x, y)

)
;

in particular it is nondegenerate. For an embedding σ : E ↪→ k, write H1(A, k)σ for the simultaneous
σ-eigenspace of the pullback E-action. It is admissible: its spectral projector is

u∗ − σ̄(u) id
σ(u) − σ̄(u) ,

and every scalar conjugate is a Hodge endomorphism. If σ(u) = i
√
d, the signature of hE is (p, q),

where
p = dimC

(
(H1(A, k)σ)C ∩H1,0(A)

)
, q = dimC

(
(H1(A, k)σ̄)C ∩H1,0(A)

)
.
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Here p + q = dimA. On VR viewed via σ as an E ⊗Q R ≃ C-space, the complex structure
I has eigenspaces with eigenvalues i,−i. On them u =

√
d I and u = −

√
d I, respectively, so

hE(x, x) = e(x, ux) has the indicated positive and negative signs by the Riemann positivity
e(x, Ix) > 0. The eigenspaces are Hermitian-orthogonal because hE is I-invariant. The corresponding
holomorphic σ- and σ̄-forms have dimensions p and q. A nondegenerate rank-2b Hermitian form is
called hyperbolic if it has a totally isotropic E-subspace of dimension b.

Every quadratic action admits a compatible polarization. Starting with a rational Riemann
form e0, set

e(x, y) = e0(x, y) + d−1e0(ux, uy). (3.2)

Both summands satisfy Riemann positivity because u is an invertible complex-linear map. Direct
substitution gives e(ux, y) = −e(x, uy). A positive integral multiple clears denominators and is the
Riemann form of an ample polarization.

For a sixfold, H1(A,Q) has dimension twelve and is an E-space of rank six. Thus its two spectral
eigenspaces each have dimension six. The direct sum∧6

H1(A, k)σ ⊕
∧6

H1(A, k)σ̄ ⊂ H6(A, k)

is stable under every scalar conjugation: scalar conjugation merely permutes the two spectral
eigenspaces and their exterior powers. Finite-dimensional Galois descent therefore gives a unique
rational two-dimensional subspace WE(A) ⊂ H6(A,Q) whose scalar extension is this sum. When
hE has signature (3, 3), each determinant line has type (3, 3).

Theorem 3.1 (Algebraicity of the hyperbolic Weil plane). Let E be an imaginary quadratic field.
Let A be a complex abelian sixfold with a unital E-action and a compatible polarization whose actual
homological Hermitian form hE is hyperbolic of signature (3, 3). Then

WE(A) ⊂ im
(
CH3(A)Q −→ H6(A,Q)

)
.

The assertion holds at every compatible period, including nonsimple varieties and periods with
additional endomorphisms.

Markman states this theorem in the discriminant-−1 formulation [25, Theorem 1.5.1]; his
published account also states it for all split Weil sixfolds [26, Theorem 1.2]. The later sections give
the secant-sheaf and spin proof with the fixed conventions used here.

The theorem supplies the total E-determinant of a split sixfold. At a special period that
determinant can split into several column determinants for the larger endomorphism algebra. Our
task is to show that the products required by Theorem 2.5 still have CM supply. We first obtain
determinant supply by adding CM elliptic factors, then determine the actual small-dimensional
derived groups, and finally check the determinant products.

3.2 Determinants supplied by a split sixfold

For a Hermitian form h, write [deth] for its determinant class in Q×/NmE/Q(E×). Changing an
E-basis multiplies the determinant by a norm.

Lemma 3.2 (A rational hyperbolicity test). Let E be imaginary quadratic. A nondegenerate
E-Hermitian form of rank 2b and signature (b, b), b ≥ 1, is hyperbolic if and only if

[deth] = [(−1)b].

Every hyperbolic form of this rank is isometric to the sum of b planes with matrix ( 0 1
1 0 ).
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Proof. For necessity, let L be a totally isotropic b-space and choose 0 ̸= v ∈ L. Choose w with
h(v, w) = 1 and replace w by w − 1

2h(w,w)v. The two vectors now span a hyperbolic plane. The
projection of L to the orthogonal complement of this plane has isotropic dimension b− 1: for x ∈ L,
replace x by x− h(w, x)v. Induction gives the displayed sum of planes, each with determinant −1.
This proves necessity and the isometry assertion.

Conversely, x 7→ h(x, x) is a nondegenerate rational quadratic form of dimension 4b and signature
(2b, 2b). Nondegeneracy follows from the trace pairing and trace duality. When b ≥ 2, Meyer’s
theorem gives a nonzero isotropic vector [31, Corollary 3.3.4]. Split off its hyperbolic plane. The
complement has signature (b− 1, b− 1) and determinant class [(−1)b−1], so one may repeat until
rank two. Write the last form diagonally as ⟨a, b′⟩, with a, b′ ∈ Q×. Its determinant condition says
−ab′ = Nm(t) for some t ∈ E×. The vector (t/a, 1) is isotropic because

aNm(t/a) + b′ = 0.

It splits the last hyperbolic plane.

The following construction adjoins auxiliary factors and then removes their determinant lines
by algebraic pairings. Schoen [34, Proposition 10] uses a related padding and extraction argument
for Weil fourfolds; here the auxiliary factors are CM elliptic curves and the output is determinant
supply on separate slots.

Lemma 3.3 (Quadratic determinant supply). Let A be a complex abelian variety with an action
of an imaginary quadratic field E, and let a compatible rational Riemann form have associated
Hermitian form of signature (p, q). Put n = dimA = p+ q. Both lines

D
(
H1(A, k)σ

)
, D

(
H1(A, k)σ̄

)
are CM-supplied in either of the following cases:

1. n = 6, (p, q) = (3, 3), and the form is hyperbolic;

2. n < 6 and p, q ≤ 3.

The second assertion permits every compatible rational Riemann form. Both assertions hold at every
period.

Proof. Theorem 3.1 proves that the rational Weil plane is algebraic on every polarized imaginary-
quadratic sixfold whose actual homological Hermitian form is hyperbolic of signature (3, 3). Its
convention is exactly (3.1), so it applies directly to the first case, including special periods. It
supplies the rational Weil two-plane, not all Hodge classes at such a period.

For a sixfold X in the first case, the definition of WE(X) shows that algebraicity of this rational
plane makes each of its two embedding determinant lines algebraic over k. To pass to the determinant
on separate slots, let µ : X6 → X be addition. For an integer t ≥ 2, the interpolation polynomial

πX
1 =

∏
0≤r≤2 dim X

r ̸=1

[t]∗ − tr id
t− tr

is an algebraic cohomological projector to H1(X), since [t]∗ acts by tr on Hr(X). For a basis
v1, . . . , v6 of either embedding space, expanding µ∗v =

∑
i pr∗

i v shows that

(πX
1 )⊠6µ∗(v1 ∧ · · · ∧ v6) =

∑
τ∈S6

sgn(τ)vτ(1) ⊗ · · · ⊗ vτ(6).
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The right side is a nonzero vector in the top alternating line. Thus both determinant lines in the
first assertion are algebraic over k, and hence are CM-supplied from a point.

Now start with an arbitrary A in the second assertion. Add 3 − p rank-one E-Hodge structures
of signature (1, 0) and 3 − q of signature (0, 1). They are realized by CM elliptic curves C1, . . . , C6−n

with the chosen or the conjugate E-action. In an E-basis their Hermitian coefficients may have
any positive rational magnitude and the prescribed signs: positive rational rescaling of an elliptic
polarization leaves the Hodge structure unchanged.

The orthogonal sum on X = A × C1 × · · · × C6−n has signature (3, 3). Its determinant d0 in
chosen bases is negative. At least one line has been added, so multiply one added coefficient by
−1/d0 > 0. The new determinant is −1, and Lemma 3.2 makes the form hyperbolic. Clearing
denominators scales the form by a positive rational number; in rank six this changes the determinant
by a norm and preserves the required discriminant. The first part therefore supplies the determinant
of this actual product.

Put Lj = H1(Cj , k)σ. The σ-space of X is

H1(A, k)σ ⊕ L1 ⊕ · · · ⊕ L6−n.

Project its determinant to successive blocks of slots belonging to these summands. The alternation
of a concatenated basis maps to a nonzero multiple of

D
(
H1(A, k)σ

)
⊗ L1 ⊗ · · · ⊗ L6−n.

These block projections are induced by the product inclusions and projections, so are algebraic.
Each opposite line L̄j is supplied by the identity on the CM curve Cj . Tensoring with these lines and
contracting the perfect elliptic polarization pairings removes all Lj . The contractions are nonzero
and algebraic by Lemma 2.2. Lemma 2.1 now supplies the required determinant. Scalar conjugation
supplies its opposite. The construction began with the fixed A, so no period-generality condition
was used.

3.3 Columns and their pairings at the given period

We first decompose first cohomology into admissible irreducible summands and determine their
pairings. The endomorphism algebra in this calculation is the actual full algebra at the given period.
We will then determine the derived image on each summand and prove that the resulting images
act independently, as required by Theorem 2.5.

Let B be a simple non-CM abelian variety, g = dimB, and set

HB = H1(B,Q), JB = Hdg(HB), RB = Jder
B , D = EndHdg(HB).

The degree-one realization in Lemma 2.2 identifies D with the opposite of End0(B), a division
algebra. It is also the commutant of JB: the rational centralizer of an endomorphism commuting
with the circle contains JB by minimality. The group JB is connected reductive as in Section 2. If
Z = Z(D) and [D : Z] = s2, base change of the commutant and complete reducibility give

Dk =
∏

τ :Z↪→k

Ms(k), HB,k =
⊕

τ :Z↪→k

Wτ ⊗ Uτ , dimUτ = s. (3.3)

Here JB acts irreducibly on Wτ and trivially on Uτ ; distinct τ give nonisomorphic full-JB modules.
Choose one primitive matrix idempotent in each central block and identify Wτ with its image in
HB,k. We call this actual summand a column. The other primitive idempotents select its matrix
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copies, and matrix units identify them with the chosen column. These idempotents and maps belong
to Dk, so the spaces and identifications are admissible. The pairings below will be transported to
these chosen copies; the restriction of the original polarization to an arbitrary copy need not be
nondegenerate.

A column remains irreducible on RB: the connected center acts by scalars, and the product of
that center with RB surjects onto JB. A column is mixed if it has both circle weights 1,−1, and
pure if it has only one. These terms refer to the chosen embedding: scalar conjugation can take a
pure column to a mixed one. A self-pair means a pair tensor on the same column.

Lemma 3.4 (Albert columns and their pairings). In Types I–III let F = Z(D) be totally real of
degree f . In Type IV let the CM center K = Z(D) have degree 2f , and write [D : K] = b2. The
columns in (3.3) have the following data:

Albert type necessary divisibility dimk W pair tensor
I f | g 2g/f alternating on W
II 2f | g g/f alternating on W
III 2f | g g/f symmetric on W
IV fb2 | g g/(fb) between opposite columns.

The listed tensors are pair tensors in the sense of Section 2, and all copy identifications are admissible.
In Type IV the opposite column is the dual RB-module.

Proof. We use the structural Albert classification with its positive Rosati involution [10, Sec-
tions 10.13–10.14]. In Types II and III, D is quaternionic over F , so its rational dimension is 4f .
Since HB is a vector space over D, 2f | g. In Type IV the rational dimension of D is 2fb2, giving
fb2 | g. Dividing a central block by its split matrix multiplicity gives the displayed dimensions. In
Type I the initial column dimension 2g/f must be even by the alternating form proved next, giving
f | g.

Choose a rational polarization pairing ψ on HB. On a first-kind block W ⊗ U , the Rosati
involution on End(U) is adjoint to a nondegenerate form bU . The real-center idempotents are
selfadjoint, so these central blocks are orthogonal and the restriction of ψ to each is perfect. Fixing
two W -arguments in ψ gives a form c on U satisfying

c(Tu, v) = c(u, T †v) (T ∈ End(U)).

Writing c(u, v) = bU (Su, v) shows that S commutes with every matrix, hence is scalar. Consequently

ψ|W ⊗U = βW ⊗ bU

for a nondegenerate JB-invariant form βW . Since ψ is alternating, the symmetry signs of the two
factors are opposite.

In Type I, U is one-dimensional and bU is symmetric. In Type II the positive first-kind involution
on the split real quaternion algebra is orthogonal, so bU is symmetric after splitting. One can see
the sign from positivity: for a symplectic-adjoint involution on M2(R), a rank-one idempotent e
would satisfy e† = 1 − e, giving Tr(ee†) = 0. In Type III the positive involution on the Hamilton
quaternions is canonical conjugation, which becomes symplectic-adjoint on M2(k). The alternative
first-kind involution fixes a nonzero pure quaternion v and would give Trd(vv†) = Trd(v2) < 0.
Thus bU is alternating in Type III and βW is symmetric.

These factorizations yield the required pair tensors on the chosen columns. For Types I and
II first choose a multiplicity line nonisotropic for bU . Restriction of ψ to its column copy is then
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nondegenerate. Transport its inverse tensor to the chosen copy of W by an admissible matrix-unit
isomorphism. For Type III choose two multiplicity lines with nonzero bU -pairing, restrict ψ between
their column copies, and identify those copies by a matrix unit. This gives a nonzero scalar multiple
of the symmetric βW ; restricting twice to one multiplicity line would instead give zero. Again
transport the inverse tensor to the chosen column by a matrix-unit isomorphism. The projectors
and matrix units are admissible, and the rational pairing ψ pairs complementary Hodge bidegrees.
Its factored inverse tensors therefore have type (1, 1) in every scalar conjugate. The chosen nonzero
multiplicity pairing remains nonzero under those conjugations.

In Type IV positivity makes the involution on K complex conjugation. Thus ψ pairs only
opposite central embeddings. Factoring the split matrix pairing gives a perfect pairing of their
columns. For the chosen copy W , use the perfect W -to-W̄ pair of Lemma 2.2, and identify W̄ with
the chosen copy at the opposite embedding by an admissible matrix-unit isomorphism. This supplies
the pair on the chosen columns and identifies the opposite column with the derived dual.

3.4 The possible derived projections

The two Hodge-circle weights impose the standard minuscule restriction on the derived representa-
tions; compare [38, Section 3.2, Lemmas 4–5]. We give the argument in the circle normalization
with weights 1,−1, retaining the scalar-conjugate columns needed at special periods.

Lemma 3.5 (Two circle weights). In the irreducible tensor decomposition of a column Wτ for the
simple ideals of Lie(RB)k, every nontrivial simple factor representation is minuscule.

Proof. The sum of a Galois orbit of simple ideals descends to a rational ideal. In each such orbit
the complexified circle differential has a nonzero projection to at least one ideal. Otherwise the
kernel of the rational adjoint action on that ideal would be a proper rational algebraic subgroup
containing the circle, contrary to minimality of JB.

Given an acting ideal, pass to a simultaneous scalar conjugate of it and Wτ for which this
projection x is nonzero. The conjugated column is still admissible, so it has only circle weights
1,−1. Fix eigenvectors in all other tensor factors. The semisimple traceless operator x then has at
most two eigenvalues on its factor. It has at least two because a nonzero representation of a simple
Lie algebra is faithful and a scalar traceless semisimple operator is zero.

Choose a Cartan subalgebra containing x. For any root α, a Weyl conjugate x′ has α(x′) ̸= 0:
the Weyl orbit of a root spans the dual Cartan space. If a highest weight λ satisfied ⟨λ, α∨⟩ ≥ 2 for
a positive root, the root string λ, λ− α, λ− 2α would yield three different eigenvalues on x′. Weyl
conjugation does not change the spectrum, so this is impossible. Hence ⟨λ, α∨⟩ ≤ 1 for every positive
root, the minuscule condition. Scalar conjugation transports it back to the original factor.

The part of the minuscule classification needed here is particularly small [14, Sections 27.2, 30.4,
and 32.1]:

dimension simple nontrivial minuscule modules
2 A1 standard, alternating;
3 A2 standard and dual;
4 A3 standard and dual; C2 = B2 standard/spin, alternating;
5 A4 standard and dual;
6 A5 standard and dual; C3 standard, alternating; A3 on

∧2 k4, symmetric.

The unmarked standard and dual modules are nonselfdual. The low-rank identifications D3 = A3
and B2 = C2 are included. Every selfdual module in this table has even dimension.
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Lemma 3.6 (Small derived projections). An alternating self-paired column of dimension 2, 4, or 6
has the full symplectic derived image. A symmetric self-paired column cannot have dimension two;
in dimensions four and six its derived image is, respectively, the full SO4 and SO6.

If D = K is an imaginary quadratic field, B is non-CM, and dimK HB ≤ 6, then the derived
image on either embedding column is the full special linear group, with dual action on the opposite
column.

Proof. A self-paired column is a selfdual derived module. Every factor in its irreducible tensor
decomposition is then selfdual, by restricting an isomorphism with the dual to each simple ideal. In
dimensions at most six the only nontrivial tensor decompositions are 2 · 2 and 2 · 3. The latter is
not selfdual. The former is a tensor product of two alternating A1 standards and has a symmetric
form. The displayed table and Lemma 3.5 now give exactly the asserted alternating images, the
symmetric 2 ⊗ 2 image in dimension four, and the symmetric

∧2 k4 image in dimension six. These
last two are SO4 and SO6. A connected subgroup of SO2 is a torus and cannot act irreducibly on a
two-dimensional space over k, excluding that dimension. Connectedness promotes the Lie-algebra
images to the stated groups.

For the quadratic assertion write W, W̄ for the two columns. Both are mixed: if one were pure,
the circle on W ⊕ W̄ would lie in the rational K-scalar torus, making B CM. They are derived
duals by Lemma 3.4. If W were derived-selfdual, HomRB

(W, W̄ ) would be one-dimensional and
stable under JB, since RB is normal. Choose a nonzero element of this line; it is an isomorphism by
Schur’s lemma. This intertwiner shifts the entire circle weight spectrum by a scalar character. Both
spectra are {−1, 1}, so the shift is zero. This remains true for its scalar conjugates, since there
are only the two mixed embedding columns. Extending by the source projector and applying (2.1)
gives a full-Hodge-group endomorphism joining the two distinct central embeddings, contrary to the
commutant Kk. Thus W is not derived-selfdual.

Every simple ideal of Lie(RB)k acts on W : the action on W ⊕ W̄ = HB,k is faithful, and the two
actions are dual. Each Galois orbit has an ideal with nonzero circle differential, as in Lemma 3.5.
There cannot be two such active ideals, since two nonconstant factor spectra have a sumset of at
least three elements, whereas W has only two weights. Hence all acting ideals form one Galois orbit
and have the same Lie type. The only nonselfdual tensor candidate in dimensions at most six is
2 ⊗ 3, with types A1 and A2, so it cannot occur. The remaining nonselfdual modules in the table
are exactly the standard and dual standard special linear modules. This proves the assertion.

Lemmas 3.4–3.6 give the permitted representations once the column dimensions are known. The
quadratic action and the total dimension now restrict which columns can actually occur.

Lemma 3.7 (The small column list). Let A have an imaginary-quadratic E-action and dimA ≤ 6.
Write A ∼

∏
B B

rB with pairwise nonisogenous simple factors, and discard the CM factors. Put
g = dimB. After identifying matrix copies, the remaining columns have the following possibilities.

1. In Types I and II they have full symplectic derived images and dimensions 2, 4, 6.

2. In Type III, g = 4 or 6, the center is Q, and rB = 1. The unique column has full SOg

image. Each eigenspace of the given E-action is one copy of this column and has equal Hodge
multiplicities g/2, g/2.

3. In Type IV, D = K is a CM field. If E admits no Q-embedding into K, then K is imaginary
quadratic, g = 3, and rB = 2; the K-columns have the full SL3 and dual images.
If E admits a Q-embedding into K, put [K : Q] = 2f and a = g/f . The possibilities are

f = 1, 3 ≤ a = g ≤ 6; (f, a, g) = (2, 2, 4), (2, 3, 6), (3, 2, 6).
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Every column has the full SLa image, paired with the dual at the opposite embedding. In the
cases with a = 2, some embedding pairs are mixed and some are pure.

All these are projections of the actual derived Hodge group of A.

Proof. The action restricts to each isotypic factor: the central isotypic projectors commute with it,
and a unital homomorphism from a field to each matrix factor is injective.

In Type I it extends to an action of the quadratic field F ⊗Q E on F rB , since F is totally real.
Thus rB is even and g ≤ 3. The table in Lemma 3.4 gives alternating column dimensions 2, 4, 6. In
Type II the same dimensions follow from 2f | g ≤ 6. Lemma 3.6 gives the full symplectic images.

In Type III the initial symmetric dimensions are also 2, 4, 6. Lemma 3.6 excludes two and
gives the orthogonal images for four and six. Since the column dimension is g/f and grB ≤ 6,
either remaining dimension forces f = rB = 1. The injection E ↪→ D becomes k × k ↪→ M2(k);
its two nonzero complementary idempotents each have rank one. Its eigenspaces are therefore the
two separate matrix copies of the column. The self-pair matches the two Hodge weights perfectly,
proving the asserted equal multiplicities.

For Type IV first eliminate noncommutative D. If b > 1, the divisibility fb2 | g ≤ 6 leaves only

(g, f, b, dimW ) = (4, 1, 2, 2).

More generally, a two-dimensional column cannot have every scalar conjugate mixed. If it did, any
nonzero tensor in D(W ) would be a nondegenerate alternating pair tensor of type (1, 1) in every
conjugate. If its isomorphism is tW : W ∗ → W and the polarization isomorphism is topp : W ∗ → W̄ ,
then toppt

−1
W : W → W̄ is an admissible Hodge isomorphism, since the two Hodge shifts cancel.

By (2.1) it belongs, after extending by the source projector, to Dk. This is impossible because Dk

preserves the distinct center embeddings.
If every Type IV column is pure, the circle acts by a scalar on each Wτ ⊗Uτ , with opposite scalars

at opposite embeddings. It therefore lies in the rational torus of center scalars. Minimality makes
the Hodge group toric, so B is CM by Section 2. A non-CM rank-two factor must consequently have
both pure and mixed embedding pairs. For f = 1 there is only one pair, excluding the tuple above
and also the field case f = 1, a = 2. A one-dimensional column is likewise pure at every embedding
and gives CM.

We now have D = K. The K-algebra K ⊗QE is a quadratic field L/K exactly when E does not
admit a Q-embedding into K; otherwise it is K ×K. The given action on MatrB (K) extends to a
unital map from this K-algebra. In the field case KrB is a vector space over L, so rB is even. Hence
g ≤ 3; the exclusions just proved leave only f = 1, g = 3, rB = 2, with quadratic K distinct from
E. In the split case its two idempotents have ranks r+, r− ≥ 0 summing to rB. Thus the action
may be noncentral, as in a 7→ diag(a, ā) on K2 when K = E. Diagonalizing the idempotents by a
K-matrix only changes how the matrix copies in each opposite pair of K-columns are assigned to
the two E-eigenspaces; these matrix identifications are admissible.

In the split case fa = g ≤ 6, a ≥ 2, and the exclusion of f = 1, a = 2 give exactly the displayed
list. When f = 1 the column is mixed and Lemma 3.6 applies. When f > 1 its dimension is two or
three. Its restriction to RB is irreducible by the observation following (3.3); since its dimension is
greater than one, that action is nontrivial. Lemma 3.5 and the displayed small table force SL2 or
SL3, since two nontrivial factors already have dimension at least four. This holds also at a pure
column: the active circle differential may be at another scalar-conjugate column. The rank-two
pure/mixed assertion was proved above.

Finally, let ρB be the restriction of Hdg(H1(A)) to HB. Its rational algebraic image contains the
circle of B, hence contains JB by minimality. Conversely, ρ−1

B (JB) is a rational algebraic subgroup
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of Hdg(H1(A)) containing the circle of A. Minimality of Hdg(H1(A)) forces this inverse image to
be the whole group. Thus the image is JB , and the derived projection is also surjective. The images
just computed are therefore the projections of the actual group of A.

3.5 Independence of the derived images

Lemma 3.7 gives the individual projections, whereas assumption (c) of Theorem 2.5 requires their
simultaneous product. A proper subdirect image would identify two projected simple ideals, so that
the same derived factor acts on different column blocks. We exclude these graph links using the
actual endomorphism algebra and the circle weights. This method is closely related to the product
and intertwiner arguments of Moonen and Zarhin [28, (3.1) and Lemmas 3.3–3.4]; the proof below
treats the column representations and partially pure cases in the present dimension range.

Lemma 3.8 (Independence of the small columns). In Lemma 3.7, the listed symplectic, orthogonal,
and special linear derived images are independent, after identifying matrix copies and pairing opposite
CM embeddings. In other words, they satisfy assumption (c) of Theorem 2.5.

Proof. Split each so4 target into its two simple ideals. The Lie image of the derived group of A is a
semisimple subdirect algebra of the resulting product of simple target algebras. A projection of a
simple source ideal onto a simple target is either zero or an isomorphism; exactly one source ideal
maps nontrivially to each target. Indeed its image is an ideal, and the images of different source
ideals commute. Thus failure of independence is exactly a graph link identifying two isomorphic
target ideals. The link relation is invariant under scalar Galois transport.

First consider columns mixed after every scalar conjugation, apart from the two factors of an
SO4 target and the so6 ≃ sl4 case treated next. An isomorphism of the target Lie algebras in our
list identifies their standard modules up to duality in the special linear case. Replace one column by
its opposite in the dual case. The intertwiner equations are defined over k; choose a nonzero derived
intertwiner t over k. Its space is a line by irreducibility, and normality of the derived group makes
this line stable under the full Hodge group. Writing h(z) for the Hodge-circle action, we have

h(z)th(z)−1 = zmt

for an integer m. Because t is an isomorphism, the target weight spectrum is the source spectrum
translated by m. Both sets are {−1, 1}, so m = 0. The same argument applies to every scalar
conjugate of t. Extending it by its source projector and using (2.1) puts it in EndHdg(H1(A,Q)) ⊗ k.
This commutant may mix only matrix copies within one central embedding and one simple isogeny
type. The putative link contradicts the choice of different columns. Self-pairs force mixedness in
every conjugate, and a non-CM quadratic-center column is mixed in both conjugates. Thus this
argument covers all ordinary links outside the partially pure cases.

The only unequal standard representations of isomorphic simple targets in this range, outside
SO4, arise from so6 ≃ sl4. A Type III SO6 factor has dimension six and exhausts A, so no other
non-CM factor can provide such a link.

Consider next a Type IV factor with both pure and mixed columns. We first exclude links
among its own columns. Here rB = 1, and the columns over one embedding of E are the f = 2
or 3 embeddings of K/E. The action of Gal(k/E) on them is transitive. An invariant equivalence
relation on a prime-sized transitive set is either discrete or universal, since its equivalence classes
have equal size. On a column the derived part of the circle differential is its traceless part: the
connected center acts by scalars. It vanishes on a pure column and is nonzero on a mixed column.
A graph link identifies the two projections of the same circle differential, so it preserves whether
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that differential is zero. The universal relation would link a pure column to a mixed one and is
impossible. Thus all ideals within this factor are independent.

We must also exclude links to another isogeny factor. Only the quartic-center fourfold can have
an external non-CM partner; the other partially pure cases have dimension six. Its two A1 ideals are
interchanged by Galois. The remainder has dimension at most two and inherits E. By Lemma 3.7,
a non-CM A1 target there can only come from a non-CM elliptic curve repeated twice or from a
Type II surface. In either case there is only one absolute A1 target and it is Galois-stable. Linking
it to one member of the interchanged pair would link it to the other as well, contradicting their
independence.

It remains to treat SO4. Its column is k2 ⊗ k2 for its two A1 ideals. A nonzero semisimple
traceless differential on k2 has spectrum {a,−a}, a ≠ 0. If both factor differentials were nonzero,
the tensor spectrum {±a± b} would have at least three values. Hence at most one factor differential
is nonzero. The self-pair makes the column mixed, so at least one is nonzero. These are the two
absolute ideals of this rational factor, since its action on its sole column, repeated twice, is faithful.
If both ideals were separately Galois-stable, the one with zero differential would descend to a rational
adjoint quotient on which the circle acts trivially, contrary to minimality. Hence Galois interchanges
them. The same remainder argument as in the preceding paragraph excludes an external link to
either one.

All graph links have been excluded. The Lie image is therefore the full product. A connected
closed subgroup of the product of the connected classical groups with this full Lie algebra is the
product itself. This proves the required independent derived image; no independence of central
characters has been asserted.

3.6 The balanced determinant products

We now verify assumption (d) of Theorem 2.5. Choose an isogeny f : A′ =
∏

B B
rB → A as in

Lemma 3.7. Transport E to End0(A′) by conjugation with the rational inverse of f . Pulling a
compatible Riemann form back by f∗ : H1(A′,Q) → H1(A,Q) identifies the rational E-Hermitian
spaces isometrically, so their signatures and hyperbolicity agree. Isogenies and factor projections
are algebraic correspondences, and pullback and pushforward along an isogeny transfer the Hodge
conjecture in both directions. We may therefore work with this product.

Take H0 to be the sum of its CM isotypic factors. Once a decomposition into CM embedding
lines is chosen, this choice and Lemmas 3.4, 3.7, and 3.8 give assumptions (a)–(c). In each application
below the decomposition is chosen from the geometry of A, before any determinant or CM list is
tested.

The determinant requirements in the two theorems below have three forms. Symplectic blocks
contribute only algebraic pair tensors, and an orthogonal column is admissibly isomorphic to an
E-eigenspace whose determinant is supplied by Lemma 3.3. For a linear block with quadratic center,
the same lemma supplies the individual determinants when both signature entries are at most three;
in the remaining odd-rank cases the factor exhausts A, and balance forces cancellation of opposite
determinants. For higher centers, balance will force equal net exponents on the columns above one
E-embedding. Their product is the full E-determinant, to which the supply lemma applies.

For any such fixed decomposition, consider any determinant list and one CM list satisfying
(2.3). An orthogonal column has imbalance zero because of its self-pair. For each special linear
representative Wj , let nj ∈ Z be the number of its determinant entries minus the number of opposite
entries. Equation (2.2) rewrites balance as∑

j

njϵγ(Wj) + cγ = 0 for every γ ∈ Gal(k/Q), (3.4)
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where cγ is the sum of the imbalances of the actual CM lines in the fixed list. Opposite determinant
pairs are algebraically supplied by the determinant of their pair tensor, as explained after Lemma 2.2.
Thus only the net exponents require further supply. We write dj = ϵ1(Wj) = 2 dimW 1,0

j − dimWj ,
where 1 denotes the identity scalar conjugation and W 1,0

j = (Wj)C ∩ H1,0. When considering
columns above one E-embedding, we identify its image with E ⊂ k; then Gal(k/E) preserves that
set of columns. More precisely, γ ∈ Gal(k/E) sends the central embedding indexing Wj to another
one, which we denote by γj. The image of its primitive idempotent may select a different matrix
copy, but the admissible copy identifications preserve Hodge dimensions. Consequently

ϵγ(Wj) = dγj .

The balance equations below therefore use permutations of this fixed imbalance vector, together
with the conjugates of the same fixed CM list.

Proof of Theorem 1.2. In dimension at most five, Types I and II require only their algebraic pair
tensors. A Type III factor has dimension four; its orthogonal column is admissibly isomorphic to
an E-eigenspace of signature (2, 2). Lemma 3.3 supplies the determinant of that eigenspace for
every compatible rational form. The matrix-unit identification transports this supply to the chosen
column’s volume.

In Type IV the case where E does not embed in K is absent, since it requires a threefold with
multiplicity two. In the split f = 1 case identify K with E. The mixed signatures in dimensions
three and four have both entries at most three, so their determinants are supplied individually by
Lemma 3.3. A five-dimensional factor exhausts A. Its single determinant imbalance is 2p− 5 ̸= 0.
There is no CM remainder, so (3.4) gives zero net exponent. No determinant of signature (1, 4) or
(4, 1) is required.

The only remaining possibility is (f, a, g) = (2, 2, 4). Of the two columns W1,W2 above a chosen
E-embedding, one is mixed and one pure. Their imbalance vector is therefore (0, 2) or (0,−2), up to
order. A possible remainder has dimension one and inherits a unital E-action. Its first cohomology
is rank one over E, so the circle acts through the E-scalar torus; it is an E-CM elliptic curve.
Choose its two E-embedding lines as the fixed decomposition of this part of H0, before testing any
list. Every scalar automorphism fixing E fixes these lines and their contribution cγ .

Such an automorphism exchanges the two embeddings of K/E. Subtracting its equation (3.4)
from the identity equation gives

(n1 − n2)(d1 − d2) = 0.

Since d1 ̸= d2, n1 = n2. After supplying opposite pairs, the remaining line is a power of D(W1) ⊗
D(W2), or of its opposite. The direct-sum determinant maps of Section 2 identify the basic product
D(W1) ⊗D(W2), by nonzero algebraic operations, with the determinant of the full E-embedding
space of B. Its signature is (1, 3) or (3, 1), so Lemma 3.3 supplies it.

Every determinant list satisfying balance is now CM-supplied. Theorem 2.5 gives the conclusion.

Proof of Theorem 1.1. The central isotypic projectors are selfadjoint for the compatible polarization.
Indeed a polarization identifies each simple isogeny type with its own dual type, and there are no
homomorphisms between distinct types. The isotypic summands are therefore orthogonal for e, and
also for hE because their projectors commute with E. Their signatures add to (3, 3). We do not
assert that a proper summand of the hyperbolic form is itself hyperbolic.

Types I and II again require only pairs. In Type III, a four-dimensional column is admissibly
isomorphic to an E-eigenspace of signature (2, 2), whose determinant is supplied for its arbitrary
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restricted form. A six-dimensional Type III factor exhausts A, so the determinant of either E-
eigenspace is supplied for the given hyperbolic form. Both statements follow from Lemma 3.3; the
admissible matrix-unit identifications transport the supply to the chosen column’s volume.

Suppose first that a Type IV factor has E not embedding into K. It is a quadratic-center
threefold with multiplicity two and exhausts A. Its K-column is mixed of rank three, so its imbalance
is nonzero. There is no CM remainder, and (3.4) forces its net determinant exponent to vanish.

Now consider the split f = 1 case and identify K with E. For multiplicity one in dimensions
three, four, and five, orthogonal addition of signatures to (3, 3) puts each signature entry at most
three. The only repeated non-CM case is g = 3, rB = 2. For it use the central K = E action on B,
of mixed signature (1, 2) or (2, 1), and any compatible polarization on B. The possibly noncentral
given action on B2 changes only the multiplicities of its two column types, as proved in Lemma 3.7.
Thus Lemma 3.3 supplies the required determinants in all these ranks. If g = 6, B exhausts A, and
the given hyperbolic determinant supplies both orientations.

For the quartic-center fourfold (f, a, g) = (2, 2, 4), replace u by −u if necessary and retain the
convention σ(u) = i

√
d, so that its restricted Hermitian form has signature (1, 3). This replacement

negates hE , preserving hyperbolicity and the total signature (3, 3) while interchanging the two
possible restricted signatures. The complementary two-dimensional isotypic sum T has signature
(2, 0). In H1(T,Q), of rank two over E, the complex structure is the same E-scalar on the whole
space. Every E-line in an E-basis is therefore a rational Hodge substructure of the same rank-one
CM type. The degree-one realization makes T isogenous to a square of an E-CM elliptic curve.
Choose the resulting E-embedding lines as the fixed decomposition of its contribution to H0, before
testing any list. Their imbalance contribution is fixed by automorphisms fixing E.

The two column imbalances are (0,−2), up to order. Exchanging the two embeddings of K/E
and subtracting (3.4) gives n1 = n2. The remaining product is a power of D(W1) ⊗D(W2), or its
opposite. Algebraic direct-sum determinant maps identify the basic product D(W1) ⊗D(W2) with
the full E-determinant of B, of signature (1, 3), which is supplied by Lemma 3.3.

It remains to consider the six-dimensional higher centers. Here B = A, so cγ = 0. For
(f, a) = (2, 3), the two holomorphic multiplicities above one E-embedding sum to three. The
alternatives (0, 3) and (3, 0) make every column pure and the factor CM. Otherwise the vector is
(1, 2), up to order, with imbalance (−1, 1). Equation (3.4) gives n1 = n2.

For (f, a) = (3, 2), the three multiplicities belong to {0, 1, 2} and sum to three. The vector
(1, 1, 1) is excluded by the rank-two argument in Lemma 3.7. The remaining vector is a permutation
of (0, 1, 2), with imbalance a permutation of (−2, 0, 2). The Galois action over E on the three
embeddings of K/E is transitive and therefore contains a three-cycle. Order the columns so that
the imbalance is (−2, 0, 2). Applying (3.4) to the three cyclic conjugates gives, up to reversing their
order,

−n1 + n3 = 0, −n2 + n1 = 0, −n3 + n2 = 0.

Thus n1 = n2 = n3.
In either case, after opposite pairs have been supplied, only a power of

⊗f
j=1D(Wj), or its

opposite, remains. The center projectors are admissible algebraic degree-one maps. Alternation and
those projectors identify the basic product

⊗f
j=1D(Wj) nontrivially with the determinant of the

full E-embedding space of A. The given hyperbolic form supplies this determinant by Lemma 3.3.
These cases exhaust Lemma 3.7. The equalities above concern arbitrary integer net exponents, so

they verify determinant supply in every tensor degree. Products, opposite pairs, and the direct-sum
maps preserve CM supply. Assumption (d) of Theorem 2.5 is therefore satisfied, and that theorem
proves the result on every self-power.
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4 The geometric seed for the Weil-plane theorem
We begin the proof of Theorem 3.1, the algebraicity input used in Lemma 3.3. We follow Markman’s
secant-sheaf and spin construction [25, 26]. The argument will retain the actual polarized Hermitian
space and the full derived obstruction group throughout descent and deformation.

We first construct a coherent perfect sheaf on the product of a genus-three Jacobian and its
dual, with a coherent action of a finite group of translations combined with line tensors. An exact
Hochschild–Atiyah trace identity and a dimension calculation then show that the semiregularity
map is injective on the entire invariant derived Ext2 group. A separate finite Clifford calculation
identifies the normalized rational Betti character of the same sheaf: it has a nonzero Weil component,
and all its components remain Hodge on the full compatible marked domain.

We next descend the sheaf to a twisted sheaf on the finite quotient. A projective-bundle
construction turns it into an ordinary coherent sheaf while retaining the full obstruction group.
We prove the restricted smooth-projective-germ semiregularity theorem needed to deform that
ordinary sheaf, and recover the normalized character by algebraic projective-bundle operations.
Finally, proper Hilbert parameter spaces and the Baire theorem extend the local algebraicity to
every marked period; rational isogenies pass from the seed lattice to every hyperbolic quadratic
lattice. The proof of Theorem 3.1 is completed in Subsection 8.4.

The geometric input is a pair of finite orbits of Abel curves on a genus-three Jacobian. We
choose the orbits so that their ideals have no sections after any degree-zero twist of twice the
principal polarization. This vanishing will control the fiber cohomology of a fixed Fourier–Mukai
transform and allow its shifted derived dual to be an ordinary coherent sheaf. We construct that
sheaf, its coherent line-twisted translation action, and the finite quotient used in the deformation
argument. The source ideal and transform are those of Markman [25, (6.2.1), (6.2.3), and (9.2.1)];
the compact-type degeneration below supplies the required orbits.

All varieties in this section are over C. If V is a group variety, tv(z) = z + v, and tvD denotes
the image translate of a divisor D. Thus t∗vO(D) = O(t−vD).

4.1 The Jacobian and the required Abel orbits

Let C be a smooth nonhyperelliptic curve of genus three and choose p ∈ C. Give

X = Pic2(C)

the group law with origin OC(2p); equivalently, tensoring with OC(2p) identifies Pic0(C) with X.
Put

Θ = W2(C), H = OX(Θ), X̂ = Pic0(X).

For v ∈ X define

λ(v) = t∗vH ⊗H−1, a(v) = OX(tvΘ − Θ) = t∗−vH ⊗H−1 = λ(−v). (4.1)

The theorem of the square makes these homomorphisms, and the canonical principal polarization
makes both isomorphisms. We use a(v) both for a point of X̂ and for its represented line bundle.
More generally, for a line bundle D on an abelian variety or scheme, ϕD(v) = t∗vD ⊗D−1.

In cohomology, Θ will also denote the normalized integral Betti class c1,B(H), so that
∫

X Θ3/3! =
1. It does not denote a raw first-jet or Hodge class. Here is the sign convention that will be used for
this polarization. Set

L = H1(X,Q), U = L∨ = H1(X,Q) = H1(X̂,Q), ϑ : U −→ L, y 7−→ ιyΘ. (4.2)
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The last identification is the one defined by the normalized Poincaré bundle P on X × X̂, whose
restriction to X × {N} is N . If ei and fi are dual bases of L and U , then c1,B(P) =

∑
i ei ∧ fi. The

normalized biextension identity is

(1 × λ)∗P ≃ m∗
XH ⊗ pr∗

1H
−1 ⊗ pr∗

2H
−1 ⊗H0, (4.3)

where mX is addition and the constant line H0 rigidifies the two zero axes. Comparing the mixed
Künneth terms in (4.3) gives

λ∗ = ϑ, a∗ = −ϑ, λ∗ = −ϑ, a∗ = ϑ. (4.4)

Indeed, if Θ = 1
2
∑

i,j cijei ∧ ej , its mixed term after addition is
∑

i,j cije
(1)
i ∧ e

(2)
j . Consequently

λ∗fi =
∑

j cijej = ιfi
Θ. The two homology maps are the ordinary transposes of the cohomology

maps, and ϑt = −ϑ, proving the last two signs.
Define the two Abel curves

Cp = {OC(p+ q) : q ∈ C}, Σp = {ωC(−p− q) : q ∈ C}. (4.5)

They have the normalized Betti class and degree

[Cp] = [Σp] = Θ2

2 , Θ · Cp = Θ · Σp = 3. (4.6)

For clarity, these normalizations follow directly from the Jacobian lattice. In the analytic description
J(C) = H0(C,ωC)∗/H1(C,Z), the Abel map induces the identity on the displayed lattice. Take
a symplectic basis ei, fi of H1(C,Z), identified with H1(X,Z) by Abel pullback. The canonical
principal class is

∑3
i=1 ei ∧ fi. Pairing Θ2/2 with each basis element of Λ2H1(X,Z) gives the same

value as integration of its Abel pullback on C. Poincaré duality proves the first formula for Cp. The
negative Abel map has the same action on degree-two cohomology, giving the formula for Σp. The
degree in (4.6) is then

∫
X Θ3/2 = 3. This lattice description also shows that restriction

Pic0(X) −→ Pic0(Cp) (4.7)

is an isomorphism: its integral lattice map and its map on H0,1 are the Abel pullback isomorphisms.
For a translate of Σp the analogous map is the negative of this isomorphism.

We will repeatedly use curve Riemann–Roch and duality in the following form. For a proper
Gorenstein curve D and an invertible sheaf N ,

χ(D,N) = degN + χ(D,OD), H1(D,N)∨ = H0(D,ωD ⊗N−1). (4.8)

The numerical Riemann–Roch formula is the rank-one case of [39, Lemma 53.5.2, Tag 0BS6]; the
canonical duality isomorphism is stated in [39, Remark 53.4.3, Tag 0BS4]. We will apply them to
smooth curves.

The temporary restriction d ≥ 3 loses no imaginary quadratic field: the final proof of Theorem 3.1
replaces a purely imaginary generator u0 by u = 2u0, scaling the associated Hermitian form without
changing its isotropic subspaces.

Proposition 4.1 (Simultaneous equivariant seeds). For every integer d ≥ 3, put n = d+ 1. There
exist a smooth nonhyperelliptic genus-three curve C, a point p ∈ C, and cyclic subgroups G1, G2 ⊂
X = Pic2(C) of order n, with G1 ∩G2 = 0, as follows. There are cosets {s1, . . . , sn} = s0 +G2 and
{t1, . . . , tn} = t0 +G1 such that

Ci = tsiCp, Σj = ttj Σp, A =
n∐

i=1
Ci, Σ =

n∐
j=1

Σj (4.9)
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are disjoint within each of the two indicated unions, and

H0(X, IA ⊗H⊗2 ⊗N) = H0(X, IΣ ⊗H⊗2 ⊗N) = 0 for every N ∈ X̂. (4.10)

The uniform vanishing in the proposition has a specific role in the sheaf construction. For every
x ∈ X, the product ideal IAIt−xΣ is contained in IA, so every degree-zero twist of this ideal by H⊗2

has zero H0. Its quotient in OX has one-dimensional support; the ideal sequence and ample-line
vanishing will then give zero H3. For general x, the two orbit unions are disjoint. The restriction of
H⊗2 to each component has degree six, greater than 2g(C) − 2 = 4, which also gives zero H2 for
these parameters.

We will prove that these cohomology groups are the derived fibers of the fixed transform. The
first two vanishings give a local model K1 → K2, and the generic H2-vanishing makes its dual
differential generically injective. Integrality of the parameter space then makes that dual differential
injective everywhere. Its cokernel is the coherent sheaf we seek. We first construct the orbits
required by the proposition.

4.2 Constructing the seed by a compact-type degeneration

On a product of three elliptic curves, the central support of the limiting Abel curve will be the
union of the three coordinate axes. The next two lemmas show that four suitably translated copies
of this star impose more vanishing conditions than a nonzero section of a product of degree-two
lines can satisfy. We will carry this vanishing to a smooth Jacobian through a polarized family and
the proper relative Picard scheme.

4.2.1 Vanishing on the elliptic star

Lemma 4.2 (Singular marked points of a trilinear form). Let V1, V2, V3 be two-dimensional vector
spaces and let 0 ̸= T ∈ V1 ⊗ V2 ⊗ V3. Suppose a finite indexed collection

(xh, yh, zh) ∈ P(V ∗
1 ) × P(V ∗

2 ) × P(V ∗
3 )

has at most two indices in every fiber of each coordinate projection. At most three indices satisfy all
three equations

T (−, yh, zh) = T (xh,−, zh) = T (xh, yh,−) = 0. (4.11)

Indices, rather than distinct triples, are counted.

Proof. Choose bases and write T (x, y, z) = ytM(x)z, where M(x) = x0A + x1B is a pencil of
two-by-two matrices. Put D(x) = detM(x). Equations (4.11) imply

M(x)z = 0, ytM(x) = 0, ytAz = ytBz = 0. (4.12)

Rank two for M(x) is impossible. If its rank is one, its adjugate is a nonzero multiple of zyt, so the
determinant derivative formula and (4.12) give ∂x0D(x) = ∂x1D(x) = 0. If M(x) = 0, its adjugate
is zero and the same conclusion holds. For a nonzero binary quadratic D, the gradient is a nonzero
linear map in characteristic zero and has at most one projective zero. All qualifying indices then
have the same x, and there are at most two.

It remains to consider D ≡ 0. Every nonzero matrix in the pencil has rank one. A one-
dimensional pencil makes T a product of three linear forms. For a two-dimensional pencil write
A = uvt and B = u′v′t. The equality

0 = det(A+B) = det[u, u′] det[v, v′]
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shows that the pencil has a common left or right factor. After permuting the variables, both cases
have the form T = l(x)q(y, z). If the bilinear form q has rank two, the last two partial contractions
force l(x) = 0, again allowing at most two indices. If q has rank one, write T = l(x)m(y)k(z).
Equations (4.11) then hold precisely when at least two of l(x),m(y), k(z) vanish. Each of the three
distinguished projective coordinate values occurs at most twice. If N indices qualify, counting these
incidences gives 2N ≤ 6, hence N ≤ 3.

Lemma 4.3 (The elliptic star). Let J0 = E1 ×E2 ×E3 be a product of elliptic curves with origins,
and let Z0 be the reduced union of the three coordinate elliptic axes through zero. Let K ⊂ J0 be
a finite subgroup of order at least four whose projection to every Ei is injective. The translates
Z(g) = g + Z0, g ∈ K, are pairwise disjoint. For line bundles Di of degree two on Ei,

H0
(
J0, I⋃

g∈K
Z(g) ⊗ (D1 ⊠D2 ⊠D3)

)
= 0. (4.13)

The same vanishing holds for any closed subscheme with that support.

Proof. If axis i at g met axis j at h ̸= g, the coordinates of g and h outside {i, j} would agree.
There is at least one such coordinate, contradicting injectivity there. This proves disjointness.

Put Vi = H0(Ei, Di). Formula (4.8) gives dimVi = 2 and h0(Di(−q)) = 1 for every q ∈ Ei.
Evaluation is therefore basepoint-free and defines a degree-two map φi : Ei → P(V ∗

i ), each of whose
fibers has at most two distinct points. The marks(

φ1(g1), φ2(g2), φ3(g3)
)
, g = (g1, g2, g3) ∈ K,

have at most two indices in each coordinate fiber, since K → Ei is injective. The product formula
for sections identifies a section of D1 ⊠D2 ⊠D3 with a tensor in V1 ⊗ V2 ⊗ V3. Its restriction to
axis i at g is contraction by evaluation at the other two coordinates. Vanishing on Z(g) is exactly
(4.11). Lemma 4.2 forbids this for four or more indices for a nonzero section. Finally, the ideal of a
closed subscheme with this support is contained in the radical ideal of the reduced union, which
proves the last assertion.

4.2.2 Finite cohomology models and base change

We need to pass from vanishing on the limiting product to vanishing on nearby Jacobians, uniformly
over their Picard twists. Later we will identify every derived fiber of the fixed Fourier–Mukai
kernel. The following finite-model statement supplies both semicontinuity for the first step and
arbitrary base change for the second. It also defines the determinant line that identifies the limiting
polarization.

Lemma 4.4 (Finite models and arbitrary base change). Let B be a regular Noetherian scheme
of finite dimension, let f : V → B be projective, and let F be a coherent sheaf flat over B. Then
Rf∗F is locally represented by a bounded complex K• of finite-rank locally free sheaves. For every
morphism h : T → B there is a derived base-change isomorphism

Lh∗Rf∗F ≃ RfT,∗(F|V ×BT ), (4.14)

where the restriction on the right is ordinary, and the left side is represented locally by K• ⊗OT . The
functions b 7→ dimκ(b)H

i(Vb,Fb) are upper semicontinuous. If all derived fibers have cohomology in
degrees [c, e], the local model can be chosen in precisely those degrees.
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Proof. Over an affine U = SpecR ⊂ B, choose a finite affine cover Vi of VU . All finite intersections
are affine because VU is separated. Its Čech complex has terms

Cq
R =

∏
i0<···<iq

Γ(Vi0 ∩ · · · ∩ Viq ,F). (4.15)

It is bounded. Each term is R-flat: for a module on an affine scheme, flatness over R is checked at
the total-space stalks, where it is the assumed relative flatness. For any R-algebra R′, C•

R ⊗R R
′ is

exactly the affine Čech complex of the ordinary pullback of F to VU ×R R
′. A bounded complex

of flat modules is K-flat, so this tensor product also computes the derived tensor product. Affine
Čech cohomology therefore proves (4.14) for affine base changes, and those isomorphisms glue for
an arbitrary T .

The cohomology modules of C•
R are finite over R, by proper coherence for a projective scheme

over a Noetherian affine base [39, Lemma 30.16.1(3), Tag 0B5T]. A finite module over the regular
Noetherian finite-dimensional ring R has a finite resolution by finite projective modules [39, Section
10.110, Tag 065U]. The truncation triangles, applied to the finitely many cohomology modules of C•

R,
consequently make its derived object perfect. After localizing, it has the stated finite free model.

For such a model the dimension of the i-th fiber cohomology is

rankKi − rank(di ⊗ κ(b)) − rank(di−1 ⊗ κ(b)). (4.16)

Ranks of matrices are lower semicontinuous by their minors; (4.16) proves upper semicontinuity.
Finally, at a term below c, the first remaining differential is injective on the fiber. Invert a maximal
minor, split off this term, and replace the next term by its locally free cokernel. At a term above e,
do the dual operation using a fiberwise surjective last differential. Repeating at a chosen point and
shrinking its neighborhood gives a model in [c, e].

We also use the perfect determinant in a concrete form. For a finite locally free complex put
detK• =

⊗
i(detKi)(−1)i . The determinant of an acyclic complex is canonically trivialized by

the exact sequences of its cycles. Applying these trivializations to cones makes the determinants
independent of the finite model, so they glue and commute with base change. In particular, a model
K0 → K1 of equal ranks has a regular determinant section of (detK•)−1; its zero set is where the
fiber complex is not acyclic.

4.2.3 From the polarized star to a smooth seed

Proof of Proposition 4.1. The polarized elliptic limit. We first realize the elliptic product with its
product principal polarization as the central Jacobian of a smoothing. This identifies the central
twice-theta line with the degree-two product lines tested in Lemma 4.3.

Start with the stable compact-type curve

C0 = R ∪ E1 ∪ E2 ∪ E3, R ≃ P1, (4.17)

where the elliptic tails Ei meet R at three distinct nodes ei and have no other intersections. We
choose a projective one-parameter smoothing C → S over a smooth pointed complex algebraic curve
(S, 0) with regular total surface and with smooth nonhyperelliptic noncentral fibers.

Here is the existence check, for the unmarked stable curve. The local presentation of ΩC0 at a
node has length one, its local Ext1 is supported at the nodes, and the local-to-global sequence gives
Ext2(ΩC0 ,OC0) = 0. The global tangent contribution is the sum of the H1 of the tangent lines on the
normalized components, with their node points removed. It is zero for TR(−e1 − e2 − e3) = OP1(−1),
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and has dimension one for each TEi(−ei) = OEi(−ei). The three node-smoothing parameters add
three more dimensions. Thus the unmarked versal germ is smooth of dimension six. The algebraic
input is the smooth Deligne–Mumford stable-curve stack and density of its smooth-curve locus
[39, Theorem 109.25.3, Tag 0E99]; it gives an algebraic versal chart here. Smooth hyperelliptic
genus-three curves have a five-dimensional locus, as seen from eight branch points on P1 modulo
PGL2. Its closure is proper in that chart. A general algebraic curve through the chosen point
is not contained in this closure and has nonzero first derivative in each node parameter. The
local total-space equation at each node is then uv = t times a unit, so the total surface is regular.
Shrinking S gives the asserted noncentral fibers. Choose a smooth point on R only now. Smoothness
near it lifts it, after an étale localization of S, to a section σ. This point was not included in the
six-dimensional unmarked germ.

Let J be the componentwise degree-zero relative Picard space of C/S. The exact Picard input
used here is [13, Section 2, p. 136]: for a stable family this open group space is separated, smooth,
and of finite type, and its fibers are semiabelian. The normalization sequence for a connected nodal
curve with dual graph ∆ gives

1 −→ Gb1(∆)
m −→ Pic0(C0) −→

∏
v

Pic0(Cv) −→ 1. (4.18)

Indeed, its kernel is the set of gluing scalars at the nodes modulo rescaling on each component;
one scalar remains per graph cycle. Our graph is a tree and Pic0(R) = 0, so J0 =

∏
i Pic0(Ei).

All noncentral fibers are smooth Jacobians. Thus every geometric fiber is proper and connected.
Deligne’s [13, Section 1.1, pp. 131–132] states both that a separated flat finite-presentation space
with proper connected geometric fibers is proper, and that a generic polarization on an abelian
space over a normal integral base extends uniquely and makes that space projective. Consequently
J is an abelian scheme and the generic canonical polarization extends to λJ : J → Ĵ . Its degree is
locally constant and is one generically, so it is principal. We use only the componentwise degree-zero
Picard space; no separatedness of the unrestricted relative Picard functor is asserted.

The decomposition of the central Jacobian as an abelian variety does not yet identify its
polarization. To obtain the product polarization needed for the vanishing lemma, we compute a
theta line by a determinant of cohomology. After an étale localization, the relative Picard space has
a universal line bundle; this is the precise universal-line input from [11, Section 2.1, last paragraph].
Restrict it to C ×S J and rigidify it along σ; denote it by U . With pC the projection to J , put

T =
(
detRpC,∗

(
U ⊗ OC(2σ)

))−1
. (4.19)

The base J is regular, and this is a flat projective curve family with a line bundle. Lemma 4.4 and
the determinant construction following it define (4.19) and its base changes. Every fiber has Euler
characteristic zero and cohomology in degrees zero and one; locally it has a two-term equal-rank
model, with determinant section. On a smooth nonhyperelliptic fiber the section vanishes exactly
on the effective degree-two locus W2. Its generic multiplicity there is one: at an effective degree-two
line the groups H0 and H1 have dimension one, and the first-order differential is cup product

H1(OC) −→ Hom(H0(N), H1(N)).

Its dual is multiplication H0(N) ⊗H0(ωCN
−1) → H0(ωC), which is nonzero on nonzero sections.

Splitting the invertible blocks of a local two-term model shows that this nonzero first-order differential
is the linear term of its remaining one-by-one determinant. Thus the determinant section has a
simple zero there. It follows that the homomorphism ϕT associated to T is the generic canonical
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polarization. It equals λJ over S, since the two morphisms agree on the schematically dense generic
fiber and the target is separated.

On C0, the rigidification makes U trivial on R× J0; its restrictions to the elliptic components
are the Poincaré lines Pi, normalized at ei. The normalization exact sequence for U ⊗ O(2σ) factors
(4.19), up to constant lines from R and the nodes, as

T0 ≃
3
⊠

i=1

(
detR pr

Êi,∗
(Pi)

)−1
. (4.20)

For an elliptic curve the i-th factor is O
Êi

(0). Its fiber cohomology vanishes off the origin. At
the origin the one-dimensional H0 and H1 have the nonzero first-order cup-product differential
H0(OEi) ⊗ H1(OEi) → H1(OEi); the same determinant argument gives a simple zero. Equation
(4.20) therefore proves

(J0, λJ ,0) =
3∏

i=1
(Pic0(Ei), λi) (4.21)

as principally polarized abelian varieties. In particular, the polarization on this product is the
product polarization.

Let PJ be the normalized relative Poincaré line and set

D = (1, λJ )∗PJ on J . (4.22)

The biextension identity gives ϕD = λJ + λ∨
J = 2λJ . Concretely, translating the graph in (4.22) by

x produces the two variable line factors PJ (−, λJ x) and PJ (x, λJ (−)); the remaining factor is a
constant fiber. These represent λJ x and λ∨

J x. On a smooth fiber it follows that Ds⊗O(−2Θs) ∈ Pic0:
their associated homomorphisms, equivalently their integral Riemann forms, agree. Centrally, (4.21)
and the product Poincaré bundle give D0 = D1 ⊠D2 ⊠D3, up to a constant line, with degDi = 2.
Every line in Pic0(J0) is the external product of three degree-zero lines.

The flat Abel limit and the torsion orbits. We next construct a flat family of Abel images whose
central support is the elliptic star. Support is enough for the vanishing lemma, since the ideal of
any thickening of that star is contained in its reduced ideal.

The pointed Abel map on the smooth fibers, q 7→ O(q − σ), extends to a morphism α : C → J .
We give the extension argument to record the support of its limit. The map is a rational S-map,
defined on the smooth-fiber open. Elimination of indeterminacy for a regular surface and a proper
target [39, Lemma 54.4.3, Tag 0C5H] gives a sequence of blowups at closed points of the central
fiber on which it becomes a morphism. Each reduced fiber of this sequence over an indeterminacy
point is a connected tree of rational curves. Every morphism P1 → J0 is constant: pullback of
the translation-invariant one-forms is zero, and those forms span every cotangent space, so the
differential is zero in characteristic zero. The resolved map is therefore constant on each such tree.
Its schematic graph image in C ×S J is integral, proper and birational over C, with one underlying
point in each fiber. A proper morphism with finite fibers is finite [39, Lemma 37.44.1, Tag 02LS]. A
finite integral birational morphism to the normal surface C is an isomorphism, by integral closedness
in its function field. This descends the resolved map to α. The relative first Abel morphism and its
tail twists are also given by [11, Section 2.2, (7), (9), and Proposition 2.4] for a regular smoothing
of a stable compact-type curve; the principal component in the present star is R.

We compute the specialization directly. For a smooth q0 ∈ Ei, lift it étale-locally to a section q.
The divisor Ei is Cartier on the regular total surface and

OC(Ei)|Ei = OEi(−ei), OC(Ei)|R = OR(ei), OC(Ei)|Ej = OEj (j ̸= i). (4.23)
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Thus OC(q − σ + Ei) has componentwise degree zero and agrees generically with the Abel point.
Separatedness of J identifies its special value with α(q)0. The restriction on Ei is OEi(q0 − ei), all
other elliptic restrictions are trivial, and OR(ei − σ0) is trivial. There is no gluing torus in (4.18). A
section through R maps to zero, and continuity includes the nodes. Identifying Pic0(Ei) with Ei

using ei, we get

α0(R) = 0, α0(q ∈ Ei) = (0, . . . ,OEi(q − ei), . . . , 0), α0(|C0|) = |Z0|. (4.24)

Here Z0 is exactly the three-axis star of Lemma 4.3.
Let A ⊂ J be the scheme-theoretic closure of the generic Abel image. Its ideal is the contraction

of the generic ideal. At a stalk over any base DVR its quotient embeds in its localization obtained
by inverting a uniformizer, and is therefore torsion-free over that DVR, hence flat. The ideal is
coherent by Noetherianity. The morphism α is proper, and Cη is dense in C. Its closed topological
image is therefore the closure of its generic image, so (4.24) gives

|A0| = |Z0|. (4.25)

No reducedness of A0 is claimed. On the punctured base the relative Abel map is a closed immersion.
Indeed, it is proper with finite fibers, since every smooth-fiber Abel map is an embedding, so it
is finite by the cited finite-fiber criterion. Finite pushforward commutes with base change by its
affine description, and the fiber maps OJs → αs,∗OCs are surjective. Nakayama’s lemma makes the
total map surjective. Its image is flat there and thus has a saturated ideal, so it agrees with the
restriction of the generic closure. Hence the noncentral As are the actual Abel curves schemewise.

Put Hn = (Z/n)2. Choose isomorphisms Hn ≃ Ei[n] and embed Hn diagonally in J0[n] =∏
iEi[n]. Denote its two cyclic direct factors by G1, G2. Multiplication by n on the abelian scheme

is proper, has invertible differential in characteristic zero and finite geometric fibers, so its kernel
is finite étale. After an étale localization, the chosen torsion points extend to sections with their
group relations. They remain distinct, since equality of two sections of a finite étale scheme is open
and closed. Thus the two cyclic factors retain order n and trivial intersection. The entire central
Hn projects injectively into each Ei.

For one cyclic factor, the translates tgA are flat over S, and their central supports are the
disjoint stars of Lemma 4.3. A pairwise intersection is closed in the proper scheme J /S, so its
image in S is closed and misses 0. Removing finitely many such images makes all these translates
disjoint. Their disjoint union Z is then a closed flat subscheme of J , with actual Abel orbits on
noncentral fibers and

|Z0| =
∣∣∣∣∣⋃

g

Z(g)
∣∣∣∣∣ . (4.26)

Apply the same argument to the negative closure −A for the other factor; its central support is still
Z0. This reasoning uses the closure and its support, and does not assume that scheme-theoretic
image or union formation commutes with the closed-fiber base change.

Vanishing for every Picard twist. We now have flat orbit closures and a line D representing
twice the principal polarization on every fiber. It remains to make the central vanishing uniform on
a neighborhood of the smoothing parameter. The ideal sequence for Z is exact after every base
change to a fiber: both OJ and OZ are S-flat. It also makes IZ S-flat. On J ×S Ĵ the coherent
sheaf

pr∗
J (IZ ⊗ D) ⊗ PJ (4.27)

is flat over Ĵ : locally it is the base change of an S-flat module, followed by tensoring with a line.
The projection to the regular scheme Ĵ is projective. Lemma 4.4 makes the locus

V = {N ∈ Ĵs for some s : H0(Js, IZs ⊗ Ds ⊗N) ̸= 0} (4.28)
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closed. On the central fiber the exact ideal sequence embeds IZ0 in OJ0 , and (4.26) gives IZ0 ⊂
I⋃

g
Z(g). Lemma 4.3, applied to every external degree-two triple, therefore makes V ∩ Ĵ0 empty.

Properness of Ĵ /S makes the image of V closed. Removing it leaves a neighborhood of 0 on which
the vanishing holds for every Picard twist on every fiber. Repeat for the negative orbit.

Choose a noncentral complex point of this neighborhood and put C = Cs, p = σs. Under the
group identification Pic0(C) ≃ X, the positive Abel curve is Cp. The negative Abel point OC(3p−q)
differs from ωC(−p− q) by the fixed degree-zero line OC(4p) ⊗ ω−1

C ; hence the negative curve is a
translate of Σp. The difference between Ds and H⊗2 is absorbed by the arbitrary Picard twist. The
two factors thus give exactly (4.9)–(4.10).

Only the two within-part disjointness assertions are required; curves from the two different parts
may meet. They never coincide. In fact, if tsCp = ttΣp, then the fixed degree-two line ωC(−2p−s+t)
has an effective divisor containing every varying q ∈ C. It must have at least two independent
sections, contrary to nonhyperellipticity. Hence every Ci and every t−xΣj have zero-dimensional
intersection or are disjoint, for every x ∈ X.

4.3 The relative Fourier–Mukai kernel and its coherent dual

Fix a seed supplied by Proposition 4.1. We now realize the cohomological argument following
that proposition: first identify the fixed kernel as a flat family of product ideals, then use its fiber
amplitude to construct the coherent dual.

4.3.1 The fixed transform and its kernel

Put M = X × X̂. A point (x,N) of this product will parameterize a translation and a Picard
twist in one fixed kernel on the chosen Jacobian X. The flatness proved below concerns this family
over M ; deformation of the sixfold itself is treated later. We use the derived category of bounded
coherent complexes and the following fixed equivalence:

Ψ(F ) = R pr
X̂,∗(pr∗

X F ⊗ P−1)[3],

µ : X ×X −→ X ×X, µ(x, y) = (x+ y, y),
Φ = (1 × Ψ) ◦ µ∗, Φ̃ = Φ ◦

(
(H ⊠H) ⊗ −

)
.

(4.29)

Here 1 × Ψ is the relative transform on the second factor. Mukai’s inversion theorem [29, Theorem
2.2] gives the equivalence for the normalized Poincaré kernel. Pulling that kernel by inversion on
one factor and shifting by [3] are autoequivalences, so it also gives the stated equivalence for Ψ.
The shear and tensor factors in (4.29) are equivalences as well. Thus (4.29) specifies the transform
completely; no postcomposition shear is implicit.

Use the source and its transform

I = IΣ ⊠ IA, G = Φ̃(I)[−3]. (4.30)

On X ×M use coordinates (y, x,N), and let

π(y, x,N) = (x,N), αX(y, x,N) = y + x.

Define

I = pr∗
y IA, J = α∗

XIΣ,

H = pr∗
y H ⊗ α∗

XH ⊗ pr∗
y,N P−1, F = H ⊗ (I ⊗L J ).

(4.31)
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At first the last tensor product is derived. Expanding the shear in (4.29) changes IΣH ⊠ IAH into
α∗

X(IΣH) ⊗L pr∗
y(IAH); the second Fourier–Mukai kernel then contributes P−1[3]. The shift in

(4.30) cancels this [3]. Consequently, as globally defined derived objects,

G = Rπ∗F . (4.32)

This is the fixed-kernel form of [25, (6.2.3) and (9.2.1)].

Lemma 4.5 (Local Tor and product ideals). Let V be a smooth threefold and let D1, D2 ⊂ V be
smooth curves with finite, possibly empty, intersection. Then

TorOV
k (ID1 , ID2) = 0 (k > 0), ID1 ⊗ ID2 ↪−→ OV (4.33)

by multiplication, with image ID1ID2. The quotient from OV /ID1ID2 to the structure sheaf of the
reduced union has zero-dimensional kernel. The same statements hold when each Di is a disjoint
union of smooth curves.

Proof. At an intersection point choose a regular sequence f1, f2 for D1. Its Koszul resolution
restricted to the regular one-dimensional local ring of D2 has injective left arrow: at least one
f̄i is nonzero because the intersection is zero-dimensional, and that local ring is a domain. Thus
Tork(OD1 ,OD2) = 0 for k ≥ 2. The two ideal sequences give

Tork(ID1 , ID2) = Tork+2(OD1 ,OD2) = 0 (k > 0)

and Tor1(OD1 , ID2) = 0. Tensoring the first ideal sequence with ID2 proves the injection and
product image in (4.33). Away from the intersection the product ideal equals the reduced-union
ideal, proving the assertion about its kernel. For disjoint unions, at any point at most one component
from each part is present, so the same local calculation applies. This is the local fact behind [25,
Appendix 11, pp. 91–93], in the form needed here.

Proposition 4.6 (The relative kernel and all its base changes). For the seed of Proposition 4.1,
the derived tensor in (4.31) is the ordinary coherent sheaf I J ⊂ OX×M . Both this ideal and its
quotient in OX×M are flat over M . Ideal multiplication and both ideal sequences commute with
every base change T → M . In particular, F is M -flat, and at m = (x,N) it has the ordinary fiber

Fm = IZx ⊗ Mx,N ,

IZx = IAIΣx , Σx =
∐
j

t−xΣj , Mx,N = H⊗2 ⊗ a(−x) ⊗N−1. (4.34)

Moreover G = Rπ∗F has a local finite locally free model, and for every h : T → M ,

Lh∗G ≃ RπT,∗(F |X×T ). (4.35)

Proof. The subscheme A×M is M -flat, and the subscheme defined by J is isomorphic to Σ ×M
under (y, x,N) 7→ (y+x, x,N). Their ideal sequences make I and J M -flat. Locally along A×M ,
its regular codimension-two embedding gives the ideal resolution

0 −→ O −→ O⊕2 −→ I −→ 0, (4.36)

whose restriction to each fiber is the corresponding curve-ideal resolution. Tensor (4.36) with J .
On every fiber the left arrow is injective by Lemma 4.5.
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We use the following precise local flatness criterion. For a local map R → S′ with S′ Noetherian,
a finite S′-module Q, an R-flat module P , and an R-linear map u : Q → P , injectivity modulo
the maximal ideal of R implies injectivity of u and R-flatness of its cokernel [39, Lemma 10.99.1,
Tag 00MD]. Its mechanism is useful here: flatness compares the maximal-ideal filtrations and gives
injectivity modulo every power; Krull intersection gives injectivity. Repeating modulo every ideal
of R and using the Tor criterion gives flatness of the cokernel. Apply it at a total-space stalk to
J → J ⊕2, with R = OM,m. It proves that the tensor of (4.36) is exact on the left and has M -flat
cokernel. Where I = O the conclusion is immediate. Thus the derived tensor is the ordinary
M -flat tensor.

Its multiplication map to OX×M is injective on every fiber by Lemma 4.5. The same criterion,
now with the M -flat target OX×M , gives an injection with M -flat quotient. Tensoring either exact
sequence with any OT stays exact because its quotient is M -flat. This proves multiplication and
arbitrary base change before pushforward. The fiber formula follows from t∗xH = H ⊗ a(−x) and
P|X×{N} = N . Finally M is smooth and regular and π is projective. Lemma 4.4, applied to the
actual flat F , gives the local finite model and (4.35).

The scheme Zx may have embedded points at intersections. Lemma 4.5 says that its reduction
is A ∪ Σx and that the difference has zero-dimensional support. In particular Zx always has
one-dimensional support.

4.3.2 The shifted dual is an ordinary sheaf

Proposition 4.7 (The actual coherent dual sheaf). Let DM (−) = RHomM (−,OM ). Every derived
fiber of G has cohomology only in degrees one and two, and its degree-two cohomology vanishes on a
nonempty open set. Consequently

E = DM (G)[−1] (4.37)
is an actual coherent perfect sheaf on M , locally with a length-one locally free resolution, of rank

r = 8d > 0. (4.38)

No reflexivity or codimension assertion is required for this claim.

Proof. For m = (x,N), Proposition 4.6 gives

0 −→ Fm −→ Mx,N −→ OZx ⊗ Mx,N −→ 0. (4.39)

The line Mx,N is ample: it is H⊗2 tensored by a topologically trivial line. Kodaira vanishing
applies on the smooth projective abelian threefold, whose canonical bundle is trivial, and gives
Hk(X,Mx,N ) = 0 for k > 0 [22, Theorem 3, p. 1272]. Hirzebruch–Riemann–Roch for a line bundle
on a smooth projective variety [20, Main Theorem (M), p. 111], with the trivial tangent bundle of
X, gives

h0(X,Mx,N ) = χ(X,Mx,N ) =
∫

X

(2Θ)3

3! = 8. (4.40)

Since IZx ⊂ IA, (4.10) gives H0(Fm) = 0. Since Zx has one-dimensional support, (4.39) gives

H3(Fm) = 0, H2(Fm) = H1(Zx,Mx,N |Zx). (4.41)

Each difference image Σj −Ci is the closed image of the proper surface Σj ×Ci, and has dimension
at most two. Hence

M◦ =

X \
⋃
i,j

(Σj − Ci)

× X̂ (4.42)
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is nonempty and open. For m ∈ M◦, Zx is the disjoint union of 2n smooth genus-three curves. By
(4.6), Mx,N has degree six on each. Formula (4.8) gives zero H1 on each component since 6 > 2 ·3−2.
Thus (4.41) vanishes on M◦, for every N . Equation (4.35) identifies all these cohomology groups
with the cohomology of the derived fibers of G.

The last assertion of Lemma 4.4 now gives a local model

K1 u−→ K2 (4.43)

for G. On M◦ its fiber map is surjective. Thus u∗ : (K2)∗ → (K1)∗ is generically injective. The
variety M is integral, and the source of u∗ is locally free; its generically zero kernel must therefore
be zero. Dualizing (4.43) and shifting as in (4.37) leaves its sole cohomology in degree zero, with
resolution

0 −→ (K2)∗ u∗
−→ (K1)∗ −→ E −→ 0. (4.44)

These local sheaves are the sole cohomology sheaf of the globally defined object DM (G)[−1], so they
glue. This constructs the actual sheaf, rather than assuming E = (H1G)∗.

Finally, on M◦, each curve restriction in (4.39) has Euler characteristic 6 + 1 − 3 = 4. Equations
(4.39)–(4.40) give

χ(Fm) = 8 − 2n · 4 = −8d. (4.45)

The Euler characteristic of the finite model is − rankK1 + rankK2. The rank of (4.44) is therefore
8d.

4.4 The coherent translation action and the quotient

For the group action, enumerate the source cosets in (4.9) by G2 and G1, respectively. Translation
on a closed invariant subscheme gives its ideal the canonical translation linearization, so I = IΣ ⊠ IA

has a genuine G1 ×G2-linearization for the source translations. The word “coherent” in the next
statement includes the composition isomorphisms, not only one isomorphism for each group element.

Proposition 4.8 (Coherent conjugation and the graph quotient). For g = (g1, g2) ∈ G1 ×G2, put

bg = (g1 − g2, a(−g1 − g2)) ∈ M,

Ng = pr∗
X a(−g1) ⊗ pr∗

X̂
P−g2 , Pv = P|{v}×X̂

.
(4.46)

The conjugation of the source translations by Φ̃ has explicit functors

Tg(−) = Ng ⊗ tbg ,∗(−). (4.47)

There are unital associative line isomorphisms

Ng ⊗ tbg ,∗Nh ≃ Ng+h (4.48)

and compatible isomorphisms TgG ≃ G. Perfect duality gives actual sheaf isomorphisms

N−1
g ⊗ tbg ,∗E ≃ E (4.49)

with the corresponding unital associative line compositors. The homomorphism g 7→ bg is injective.
Its image Ḡ has order n2, acts freely by translations, and

q : M −→ Y0 = M/Ḡ (4.50)

is a finite étale isogeny of abelian sixfolds.
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Proof. We verify the conjugation at kernels, which also accounts for its compositors. For ℓ ∈ X̂
write Lℓ = P|X×{ℓ}. The normalized biextension has the kernel identities

(tv × 1)∗P−1 ≃ P−1 ⊗ pr∗
X̂

P−v,

(1 × t−ℓ)∗P−1 ≃ P−1 ⊗ pr∗
X Lℓ.

(4.51)

Projection formula and flat base change for translation, applied to these kernels, give

Ψ ◦ tv,∗ ≃ (P−v ⊗ −) ◦ Ψ, Ψ ◦ (Lℓ ⊗ −) ≃ tℓ,∗ ◦ Ψ. (4.52)

These are the inverse-Poincaré versions of the translation–tensor exchange in [29, Section 3, (3.1)].
Tensor conjugation on the source is

(H ⊗ −) ◦ tv,∗ ◦ (H−1 ⊗ −) ≃ (a(−v) ⊗ −) ◦ tv,∗. (4.53)

For the shear,

µ∗(a(u) ⊠ a(v)) ≃ a(u) ⊠ a(u+ v), µ−1t(g1,g2)µ = t(g1−g2,g2). (4.54)

Thus tensor conjugation and shear give the line a(−g1)⊠a(−g1 −g2) and the translation (g1 −g2, g2).
Applying (4.52) on the second factor gives (4.46)–(4.47). Commuting the target translation past
P−g2 introduces only a constant one-dimensional biextension fiber; choosing its trivialization changes
the graph kernel identification by a scalar.

All the displayed identities are identities of integral kernels: they are obtained by pullback,
projection formula, and the normalized biextension multiplication. That multiplication is associative.
Convolution with the fixed kernel of Φ̃ and its inverse therefore transports the genuine source-
translation compositors and their associativity diagrams. The kernel of each functor in (4.47) is
an invertible sheaf on the graph of tbg . The product kernel and the kernel for g + h have the same
graph, since bg+h = bg + bh. A degree-zero derived isomorphism between these line sheaves is an
actual line isomorphism. Any two choices differ by a scalar, since H0(M,OM )× = C×. Transporting
the compositors through the chosen graph identifications consequently gives (4.48) with its unital
associativity, and transports the source linearization to TgG ≃ G. This does not infer a scalar
composition from simplicity of G or E; the scalars come from the line kernels and their compositors.

Duality commutes with translation by an isomorphism and changes a line factor to its inverse.
Dualize the preceding compatible isomorphisms and invert them. With the shift in (4.37) this
gives (4.49) and the inherited associative line compositors. Because (4.37) has only its degree-zero
cohomology sheaf, these are actual sheaf isomorphisms.

Finally, bg = 0 implies g1 = g2 and 2g1 = 0, since a is injective. The intersection G1 ∩G2 = 0
therefore makes the kernel trivial. Nonzero translations have no fixed points. The quotient by
this finite flat closed subgroup exists [13, Section 2, p. 136]; its quotient map is a Ḡ-torsor, hence
finite étale because that holds after the trivializing base change. The quotient is a proper smooth
connected group space. Over C it is a quasi-projective group scheme [13, Section 1.1(a), p. 131],
hence is a projective abelian variety. This proves (4.50).

We have constructed the positive-rank coherent perfect sheaf E, its coherent line-twisted action
(4.49), and the finite étale quotient (4.50). The action is defined on the entire sheaf by the kernel
construction; neither simplicity nor reflexivity was needed. In the subsequent obstruction and
character calculations we write

I = I, G = G, E = E.
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The obstruction calculation applies to G, while the character and deformation arguments use its
coherent shifted dual E . The flat family constructed here belongs to the fixed seed. Subsequent
sections use semiregularity to deform an associated ordinary sheaf locally, and then propagate the
resulting algebraic classes through the period domain.

5 Hochschild evaluation and the invariant obstruction space
The geometric construction has produced a coherent perfect sheaf with a finite line-twisted action.
To use its quotient in a deformation argument, we must control the entire invariant derived
obstruction space. We first prove the exact Atiyah trace identity and its transport through the fixed
Fourier–Mukai equivalence, and then compute the invariant space for the Abel-orbit seed.

5.1 Hochschild evaluation and the Atiyah trace

We will relate the evaluation of a Hochschild class on a perfect complex to contraction against its
Chern character, and then compare these two maps under a fixed Fourier–Mukai equivalence. This is
the compatibility used in the obstruction argument of [25, Diagram (8.3.4) and Lemma 8.3.10]. The
proof below calculates the normalized Hochschild–Kostant–Rosenberg map on the formal diagonal
of an abelian variety. It then obtains the trace identity from the diagonal adjunction. In particular,
the calculation fixes one convention for the bivector sign on both sides.

5.1.1 Grading, contraction, and the first-jet class

Let A be a complex abelian variety of dimension d, let ∆ : A ↪→ A × A be the diagonal, and let
Q ∈ Perf(A). Write O∆ = ∆∗OA. We use cohomological shifts, so a vector bundle shifted by [1] lies
in degree −1. Put

V = H0(A, TA), SA = SymOA
(Ω1

A[1]) =
d⊕

k=0
Ωk

A[k].

The complex on the right has zero differential. Translation gives TA = OA ⊗C V . Our gradings are

HT r(A) =
⊕

a+b=r

Ha(A,
∧b

TA),

HΩm(A) =
⊕

k−h=m

Hh(A,Ωk
A),

Hr(A,SA) = HΩ−r(A).

(5.1)

All exterior degrees in these sums are between 0 and d.
We specify contraction including its order. If ιξ :

∧k V ∗ →
∧k−1 V ∗ is ordinary interior

multiplication, define
ιLξ1∧···∧ξb

= ιξ1 ◦ · · · ◦ ιξb
, sb = (−1)b(b−1)/2. (5.2)

Composition is read right to left. Thus ιLu∧v = ιLu ι
L
v , and

ιLξ1∧···∧ξb
(ϑ1 ∧ · · · ∧ ϑb) = sb det

(
ϑj(ξi)

)
.

The factor sb is the graded dual pairing of Symb(V [−1]) with Symb(V ∗[1]): interleaving their odd
factors requires b(b− 1)/2 crossings. The pairing of one vector and one covector is positive.
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Use invariant Dolbeault representatives, with the antiholomorphic cochain before the holomorphic
form. For η ∈ Ha(A,OA), u ∈

∧b V , ω ∈ Hh(A,OA), and ϑ ∈
∧k V ∗, define

(η ⊗ u) ⌟ (ω ⊗ ϑ) = (−1)bh(η ∧ ω) ⊗ ιLuϑ. (5.3)

The products used with this action are

(η ⊗ u)(η′ ⊗ v) = (−1)ba′(η ∧ η′) ⊗ (u ∧ v), η′ ∈ Ha′(A,OA),
(ω ⊗ ϑ)(ω′ ⊗ ϑ′) = (−1)kh′(ω ∧ ω′) ⊗ (ϑ ∧ ϑ′), ω′ ∈ Hh′(A,OA).

(5.4)

These are the total-complex Koszul rules; in particular (5.3) is a left action for the first product.
They also determine the meaning of powers of a (1, 1)-class. For example, if j(ξ) = ξ ⌟ ϑ for such a
class, then ξ ⌟ ϑ2 = 2j(ξ)ϑ.

Write I∆ for the diagonal ideal. Fix the conormal identification

df = f ⊗ 1 − 1 ⊗ f (mod I2
∆).

Let a∆ be the class of the first infinitesimal diagonal:

0 −→ ∆∗Ω1
A −→ OA×A/I2

∆ −→ O∆ −→ 0. (5.5)

For a kernel M from X to Y , we use ΦM (−) = RpY ∗(Lp∗
X(−) ⊗L M). Evaluation of a∆ by this

operation defines the raw first-jet class

aQ : Q −→ Q⊗ Ω1
A[1].

For a bundle it is the class of its first jet sequence. For a perfect complex it is the same derived
natural transformation. The power ab

Q : Q → Q⊗ Ωb
A[b] means successive applications of this class,

with each new one-form appended on the right, followed by the exterior projection. This fixes both
the Yoneda and exterior orders; a0

Q is the identity.
For a coefficient complex C, the perfect partial trace is

TrQ,C : Hom(Q,Q⊗ C) −→ Hom(OA, C).

Precisely, it is the composite

OA
coev−−−→ Q⊗Q∨ braid−−−→ Q∨ ⊗Q

1⊗f−−→ Q∨ ⊗Q⊗ C
ev⊗1−−−→ C

for f : Q → Q⊗C. These are the duality and symmetry maps of perfect complexes, with their usual
Koszul signs. On a bounded locally free representative this is supertrace. The definition applies
without change to shifted C, and it does not require a cohomology sheaf of Q to be locally free.

5.1.2 The normalized HKR map and the trace identity

Set
HA = L∆∗O∆, HHr(A) = Extr

A×A(O∆,O∆).

We use the derived adjunction L∆∗ ⊣ ∆∗, with unit

η∆ : O∆ −→ ∆∗HA.
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The usual sheafified local bar map has degree-n formula

[f1| · · · |fn] 7−→ df1 ∧ · · · ∧ dfn

n! ,

with the two outer coefficients multiplied. This formula specifies the normalized bar morphism
IA : HA → SA; see [7, Section 4 and Corollary 4.2] for the local bar construction. An element of
HT r(A) is a morphism α : SA → OA[r] by the graded dual pairing in (5.2). Define its adjoint
Hochschild class by

HKRA(α) = ∆∗α ◦ ∆∗IA ◦ η∆ : O∆ −→ O∆[r]. (5.6)

Let χQ : HHr(A) → Extr
A(Q,Q) denote evaluation of a diagonal morphism on Q. For αa,b ∈

Ha(A,
∧b TA), contraction with an Atiyah power means αa,b ⌟ ab

Q = (1Q ⊗ αa,b) ◦ ab
Q, using the

graded-dual morphism αa,b : Ωb
A[b] → OA[a+ b]. Define the raw Hodge Chern components by

chH,j(Q) = Tr
Q,Ωj

A[j]

aj
Q

j!

 ∈ Hj(A,Ωj
A), chH(Q) =

d∑
j=0

chH,j(Q). (5.7)

Proposition 5.1 (Hochschild–Atiyah trace identity). Let A be a complex abelian variety of dimension
d, and let Q ∈ Perf(A). Use the raw first-jet class aQ from (5.5), and the left-interior and HKR
conventions (5.3) and (5.6). Define

obQ = χQ ◦ HKRA : HT 2(A) −→ Ext2
A(Q,Q).

For α =
∑

a+b=2 α
a,b, this evaluation is

obQ(α) =
∑

a+b=2
αa,b ⌟

ab
Q

b! .

On the full group Ext2
A(Q,Q), define

σQ = (σQ,j)0≤j≤d−2 : Ext2
A(Q,Q) −→ HΩ−2(A) =

d−2⊕
j=0

Hj+2(A,Ωj
A),

σQ,j(v) = Tr
Q,Ωj

A[j+2]

aj
Q

j!

 [2] ◦ v

 .
(5.8)

The direct sum is zero if d < 2. Set

cQ(α) = α ⌟ chH(Q) ∈ HΩ−2(A).

Then
σQ ◦ obQ = cQ. (5.9)

More precisely, with chH,k(Q) = 0 for k /∈ [0, d], each component is

σQ,j(obQ(α)) =
∑

a+b=2
αa,b ⌟ chH,j+b(Q) in Hj+2(A,Ωj

A). (5.10)

The proof uses two identities on the diagonal. We first show that the normalized bar map carries
the Hochschild action to the fixed left contraction. We then show that the adjunction unit becomes
the exponential of the first-jet class. Naturality of the unit and of perfect trace will give the stated
triangle.
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5.1.3 The normalized HKR action on the formal diagonal

We next verify globally the normalization and action of these maps on an abelian variety.
The difference isomorphism

A×A −→ A×A, (x, y) 7−→ (y, x− y)

takes ∆ to A×{0}, and hence identifies the formal completion along ∆ with A×Â0. In characteristic
zero a commutative formal group has logarithm coordinates. In this case they can be obtained
by integrating the closed invariant formal one-forms term by term, with constant term zero. The
differential of the difference between the logarithm of the formal sum and the sum of the two
logarithms is zero, and its constant term is zero; thus the logarithm carries the formal group law to
addition. Its linear term is invertible. Choose coordinates z1, . . . , zd whose linear terms are a basis
of invariant one-forms. The completed structure sheaf is then

R = OA⊗̂CC[[z1, . . . , zd]].

These are formal normal coordinates. No global nonconstant regular or holomorphic functions on
A×A cutting out ∆ are asserted.

We explain why this completion computes the derived operations that will be used. Noetherian
completion is flat. If R is a Noetherian local ring along the diagonal, J is its diagonal ideal, and
F → R/J is a finite free resolution, then R̂⊗R F remains a resolution and

Hom
R̂

(R̂⊗R F,R/J) = HomR(F,R/J). (5.11)

The same equality holds with a locally free R/J-module as target. Such finite resolutions exist
locally because the diagonal of the smooth variety A is a regular immersion. The identifications in
(5.11) commute with composition and with tensoring by R/J . They therefore identify the derived
sheaf Hom complexes on the diagonal, their Yoneda pairings, and the action on L∆∗O∆. After sheaf
cohomology they identify the corresponding global operations. In particular, the diagonal-supported
morphisms with locally free diagonal coefficients below can be compared after completion and then
descended by these identifications.

Let ei have cohomological degree −1 and correspond to dzi, and let ξi be the dual invariant
vector. A global finite free resolution on the formal completion is

K =
(

R ⊗
∧•

V ∗, dK =
∑

i

ziCi

)
, Ci = ιξi

, ε : K −→ OA. (5.12)

Here K−n = R ⊗
∧n V ∗. The formal variables form a regular sequence, so K resolves the diagonal.

Its pullback and derived Hom are represented by

OA ⊗R K = OA ⊗
∧•

V ∗ = SA,

HomR(K,OA) = OA ⊗
∧•

V,
(5.13)

with zero internal differentials and with the graded dual identification just specified.
It remains to identify this splitting with the normalized bar map, rather than merely with some

splitting of cohomology. Complete the sheafified local bar resolution on the small diagonal in An+2.
Taking the last point as base, use the formal logarithm to write z(0), . . . , z(n) for the logarithms of
the other points minus the last point. The outer R-action uses z(0). Each completed bar term is a
formal power series extension of the Noetherian sheaf R, hence is flat over R. The ordinary bar
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contracting homotopy after forgetting one outer action inserts a unit. It is continuous for these
formal-adic topologies, so its identities extend to the completion. Thus the augmented completed
bar complex is a flat resolution of the diagonal.

There is a global map from K to this resolution whose term in degree −n is

Fn(ei1 ∧ · · · ∧ ein) =
∑

τ∈Sn

sgn(τ)z(1)
iτ(1)

· · · z(n)
iτ(n)

. (5.14)

An interior bar face identifies two successive middle points, so the alternating determinant on the
right becomes zero. The last face sets z(n) = 0, again giving zero. The first face sets z(1) = z(0).
Expansion along that column gives, for I = (i1, . . . , in),

bFn(eI) =
n∑

ℓ=1
(−1)ℓ−1z

(0)
iℓ
Fn−1(eI\iℓ

) = Fn−1(dKeI).

In degree zero the map is the identity on the augmentation. It is therefore a comparison of resolutions.
It is global on the formal neighborhood: the logarithm makes every face substitution just used
compatible on that neighborhood.

The normalized local bar formula defining IA restricts to this completed resolution. Indeed, it
uses only the first jet in each middle variable along the small diagonal, so is continuous for the
completion; naturality of differentials identifies the formulas on overlaps. After pullback to the
diagonal, each term of (5.14) maps to dzi1 ∧ · · · ∧ dzin/n!: the permutation sign and the exterior
sign cancel. The n! terms sum to dzI . Consequently IA is the identity eI 7→ dzI on the first complex
in (5.13). In particular it is a quasi-isomorphism. Because the comparison (5.14) is global, this
conclusion has no additional off-diagonal or higher-cohomology component. This is the restriction
of the usual sheafified bar HKR morphism, not a newly chosen splitting.

We now compute its cap action. The Ci have degree 1, satisfy

CiCj = −CjCi, dKCi + CidK = 0,

and, for u = ξ1 ∧ · · · ∧ ξb, give a closed lift CL
u = Cξ1 · · ·Cξb

. Its augmentation on K−b is sb times
determinant evaluation. More explicitly, the map

OA ⊗
∧•

V −→ EndR(K), u 7−→ CL
u

is a morphism of differential graded algebras and is a quasi-isomorphism. To see the last assertion,
postcompose with ε. The resulting map to HomR(K,OA) is the basis isomorphism given by the
graded dual pairing. The map EndR(K) → HomR(K,OA) is itself a quasi-isomorphism, because
K is bounded free and ε is a quasi-isomorphism. This gives global closed lifts for the sheaf-level
Yoneda and cap pairings.

For clarity about global cohomology, first perform the derived Hom and derived pullback
with the finite free complex K. The two resulting complexes in (5.13) are finite complexes of
trivial OA-bundles. The closed lifts CL

u compute their sheaf-level pairings. Resolve only these
OA-coefficients by the ordinary Dolbeault resolution A0,•

A , and totalize the pairings with Dolbeault
wedge. The Dolbeault Poincaré lemma computes their sheaf cohomology. Projective GAGA for
coherent cohomology and Ext identifies these cohomology groups and pairings with their algebraic
counterparts. Neither a Dolbeault resolution of the infinite formal sheaf nor GAGA for such a sheaf
is used.

Every class in Ha(A,OA) has an invariant Dolbeault representative; these representatives form∧aH1(A,OA). This standard computation for a complex torus, together with the triviality of TA,
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shows that decomposable classes η ⊗ u span HT r(A). For such a class the totalized operator on a
normal Koszul term k and a Dolbeault cochain ω is

Lη,u(ω ⊗ k) = (−1)b|ω|(η ∧ ω) ⊗ CL
u (k). (5.15)

This formula denotes the induced pairing on the finite diagonal complexes above. The normal lift is
closed by its anticommutation with dK ; totalization is closed because η is closed. Its augmentation
is the cochain for the graded dual pairing. The sign moves the degree-b normal operator past the
Dolbeault cochain.

Take the Yoneda convention β ⌣ γ = β[|γ|] ◦ γ. Composing (5.15) gives the first product in
(5.4), because CL

uC
L
v = CL

u∧v. Tensoring the same lift with the diagonal gives precisely (5.3). The
roof for η∆ on K has denominator ε : K → OA and numerator the projection K → OA ⊗R K.
The augmentation just calculated is therefore the adjoint class (5.6). Derived adjunction and the
quasi-isomorphism IA show that HKRA : HT r(A) → HHr(A) is an isomorphism. The calculation
proves, in particular,

IA

(
(L∆∗ HKRA(α))h

)
= α ⌟ IA(h), α ∈ HT 2(A), h ∈ H0(A,HA). (5.16)

Here a derived endomorphism acts on hypercohomology by composition. The same calculation of
the pairings accounts for every summand of the target HΩ−2(A), since invariant representatives
span the relevant groups.

The cochain normalization can also be read directly from (5.14). In unshifted differential-operator
notation it is

HKRA(ξ1 ∧ · · · ∧ ξb) = sb

b!
∑

τ∈Sb

sgn(τ)ξτ(1) ⊗ · · · ⊗ ξτ(b) in HHb(A). (5.17)

Indeed, evaluation on Fb gives sb times determinant evaluation, the augmentation of CL
u . This

is the cochain convention in [6, Equation (3.20)]. In particular s2 = −1; replacing left interior
multiplication by determinant-order contraction would precompose both evaluation and contraction
by diag(1, 1,−1) on H2(OA) ⊕H1(TA) ⊕H0(

∧2 TA). We make no such replacement.
The formal coordinates, their comparison, and (5.15) are fixed by diagonal translation. Transla-

tions also fix invariant Dolbeault representatives. Thus translations act trivially on HT r(A), and
HKRA identifies this with their action on HHr(A). Finally, TA is holomorphically trivial, so its
positive Chern classes and its Atiyah class vanish and td(A) =

√
td(A) = 1. The explicit identity

(5.16) is the abelian specialization of the compatibility in [6, Theorem 1.4]; it was proved here
without using the general formality theorem or a separate convention for dual chains.

5.1.4 The exponential first-jet class and evaluation

The preceding comparison fixes the homological map. We next compute its adjoint on a perfect
complex; this supplies the factorials in the obstruction and trace maps.

On K−1, the extension (5.5) is represented by ei 7→ dzi. The sign can be checked by mapping
K0 = R to R/(z)2 and K−1 to (z)/(z)2 by ei 7→ zi. The square with the Koszul differential
commutes, and the conormal identification is exactly the one in (5.5). A closed lift is

A(k) =
∑

i

Ci(k) ⊗ dzi : K −→ (K ⊗ V ∗)[1].

Successive application, with the forms appended in the order fixed above, followed by exterior
projection, is the lift

A(b)(k) =
∑

i1,...,ib

Cib
· · ·Ci1(k) ⊗ dzi1 ∧ · · · ∧ dzib

. (5.18)
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It represents the spliced b-fold first-jet class: composing the next closed lift splices the next extension,
while the displayed form order is the appended order. On ej1 ∧ · · · ∧ ejb

, its nonzero augmented
terms are indexed by permutations. The contraction and exterior factors have the same permutation
sign, which cancels. The result is b! dzj1 ∧ · · · ∧ dzjb

. The augmentation is zero on other Koszul
degrees.

On the other hand, the degree-b component of ∆∗IA ◦ η∆ is the projection from K−b followed
by eI 7→ dzI . The preceding calculation and (5.11) therefore prove, on the original diagonal, the
identity of morphisms

∆∗IA ◦ η∆ =
d∑

b=0

ab
∆
b! : O∆ −→

d⊕
b=0

∆∗Ωb
A[b]. (5.19)

This is a direct abelian proof of the universal exponential identity of [7, Proposition 4.4], with its
sign and divided powers specified by the same Koszul comparison.

Let
AHQ = Φη∆(Q) : Q −→ Q⊗HA.

The projection formula for a diagonal kernel identifies its target as written. Applying the derived
integral-kernel operation to (5.19) gives

(1Q ⊗ IA) ◦AHQ =
d∑

b=0

ab
Q

b! : Q −→ Q⊗ SA. (5.20)

For a vector bundle, the first infinitesimal diagonal is finite over the second factor, so its evaluation
is the ordinary first jet sequence. For a perfect complex the same equality is the derived kernel
operation, computed locally on a bounded complex of vector bundles. It commutes with splicing
and exterior projection. Consequently the powers in (5.20) are the raw powers ab

Q already defined,
also when Q is shifted.

Equations (5.6) and (5.20) give

χQ(HKRA(α)) = (1Q ⊗ α) ◦
d∑

b=0

ab
Q

b! . (5.21)

If αa,b ∈ Ha(A,
∧b TA), its morphism from SA is zero on all summands except Ωb

A[b]. Its value in
(5.21) is exactly αa,b ⌟ (ab

Q/b!), of Ext degree a+ b, with the graded dual and total-complex signs
fixed above. This proves the evaluation identity in the present perfect abelian setting; compare [21,
Theorem A].

The components in (5.7) are the unscaled d log Hodge components. To identify them with the
ordinary character, first consider a line bundle. Its first jet extension is the d log transition cocycle;
thus (5.7) is the exponential of that first Hodge Chern class. Perfect trace is additive for a bounded
locally free exact triangle, as is seen from supertrace on its cone. Pullback naturality of the first-jet
class and the projective bundle formula allow a vector bundle to be pulled to its flag bundle, where
its successive line quotients give the line-bundle calculation. Pullback on the Hodge cohomology in
question is injective by that formula. Finally, the resolution property of a smooth projective variety
represents every perfect class by an alternating sum of vector bundles; additivity treats Q. This
gives the character identification of [7, Theorem 4.5] in the present convention.

Let chB,j(Q) ∈ H2j(A,Q) denote the rational Betti Chern component. Under the Dolbeault–de
Rham identification Hj(A,Ωj

A) = Hj,j(A) ⊂ H2j(A,C), the raw comparison is

chH,j(Q) 7−→ (2πi)j chB,j(Q). (5.22)
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Indeed, the exponential sequence with kernel 2πiZ sends the d log cocycle to 2πi cB
1 , and the line

splitting and additivity just used give the formula in every weight. Dividing by (2πi)j is the
Tate-normalized comparison. The trace identity (5.9) uses chH throughout.

5.1.5 Proof of the trace identity

Proof of Proposition 5.1. For β : O∆ → O∆[2], write aA(β) = L∆∗β : HA → HA[2]. Naturality of
the adjunction unit, with its canonical shift isomorphisms, is the equality

∆∗aA(β) ◦ η∆ = η∆[2] ◦ β.

Evaluate this equality of diagonal morphisms on Q. The projection formula gives

(1Q ⊗ aA(β)) ◦AHQ = AHQ[2] ◦ χQ(β). (5.23)

This is an identity of derived morphisms before any trace is taken.
Define

hQ = TrQ,HA
(AHQ) ∈ H0(A,HA), σH

Q (v) = TrQ,HA[2](AHQ[2] ◦ v) ∈ H2(A,HA).

The perfect partial trace commutes with a morphism of coefficients: for f : C → C ′ and w : Q →
Q⊗ C,

TrQ,C′((1Q ⊗ f) ◦ w) = f ◦ TrQ,C(w). (5.24)
This follows directly from its coevaluation–braiding–evaluation definition: f can be placed after
evaluation since it acts only on the coefficient factor. Apply it to (5.23). We obtain

σH
Q (χQ(β)) = aA(β) ◦ hQ.

There is no odd exchange sign, since the degree here is two.
By (5.20) and (5.24),

IA(hQ) = chH(Q), IA(σH
Q (v)) = TrQ

 d∑
j=0

aj
Q

j!

 [2] ◦ v

 .
In the second equality the component with coefficient Ωj

A[j + 2] is σQ,j ; those with j > d− 2 vanish
because their sheaf cohomology degree exceeds d. Take β = HKRA(α) and apply (5.16). This
proves (5.9). For the component statement, contraction of chH,j+b(Q) ∈ Hj+b(A,Ωj+b

A ) removes b
holomorphic forms and adds cochain degree a. Its target is Hj+b+a(A,Ωj

A) = Hj+2(A,Ωj
A). This

gives (5.10). In particular the factors 1/b! in evaluation, 1/j! in σQ,j , and 1/(j + b)! in the Chern
component have already been accounted for; there is no further scalar.

The factorization just proved is the perfect-complex specialization of the character and module
identities in [5, Proposition 6.2.1, Corollary 6.3.2, and Proposition 6.4.4]. Their differential-operator
convention has aQ = − AtBF

Q . Thus their terms (−1)j(AtBF
Q )j/j! are exactly aj

Q/j!. There is no
residual sign in (5.10). The proof above establishes the identity from the diagonal unit and the fixed
bar comparison, rather than importing a compatibility between two unspecified HKR normalizations.

5.2 Fourier–Mukai transport of evaluation and contraction

We now show that a specified Fourier–Mukai equivalence preserves the equality ker obQ = ker cQ.
Evaluation is transported by convolution of kernels. For character contraction we construct a
homological map using perfect Serre pairings; this also records the sign of the shift in the fixed
transform.
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5.2.1 Enhanced convolution and evaluation

Let A and B be smooth projective complex abelian varieties of dimensions dA, dB. Let Φ = ΦK :
Perf(A) → Perf(B) be a Fourier–Mukai equivalence with perfect kernel K, equipped with a fixed
enhanced inverse kernel L, inverse adjunction units and counits, and their triangle identities. Here
enhanced means that convolution, morphisms, and the isomorphisms commuting with cohomological
shifts are those of the derived enhancement, not just chosen identifications of objects in the
triangulated category.

For kernels P from X to Y and R from Y to Z, write

R ⋆ P = RpXZ∗
(
Lp∗

XY P ⊗L Lp∗
Y ZR

)
.

Thus ΦR⋆P = ΦR ◦ ΦP . We use the standard enhanced associativity and projection formula for this
convolution. The products are smooth proper and the projections are proper perfect morphisms, so
these operations send perfect kernels to perfect kernels. The fixed adjunctions give

K ⋆ L ≃ O∆B
, L ⋆ K ≃ O∆A

.

Conjugation
CΦ(M) = K ⋆M ⋆ L : Perf(A×A) −→ Perf(B ×B)

is an exact enhanced equivalence, with the opposite conjugation as inverse. Let t : CΦ(O∆A
) ∼−→ O∆B

be its counit identification. For β ∈ HHr(A), define

ΦHH(β) = t[r] ◦ CΦ(β) ◦ t−1 ∈ HHr(B). (5.25)

It is a graded isomorphism and preserves our Yoneda convention, because every displayed shifted
morphism uses the enhanced shift isomorphism.

For Q ∈ Perf(A), let ΦExt : Ext2
A(Q,Q) ∼−→ Ext2

B(ΦQ,ΦQ) be the induced map with the same
shift structure. Associativity of convolution, evaluated on Q, gives

χΦQ(ΦHHβ) = ΦExt(χQ(β)), β ∈ HH2(A). (5.26)

Indeed, evaluation on ΦQ is the composite K⋆β ⋆L⋆K evaluated on Q. The inverse unit and counit
cancel the adjacent L ⋆ K by the adjunction triangle identities. The outer t then gives exactly the
morphism obtained by applying Φ to the evaluation on Q. This proves the equality on morphisms,
including their shifts, rather than only identifying the dimensions of Ext groups.

Use the fixed HKR maps of Proposition 5.1 to put

ΦHT = (HKRB)−1ΦHH HKRA : HT 2(A) ∼−→ HT 2(B).

The evaluation square is already established. The contraction map has the corresponding compati-
bility, with the homological comparison map constructed below.

Proposition 5.2 (Transport of evaluation and contraction). For the fixed enhanced Fourier–Mukai
equivalence Φ : Perf(A) → Perf(B), there exists an isomorphism

ΦH
HH : HΩ−2(A) ∼−→ HΩ−2(B)

depending only on that enhanced equivalence, not on a choice of perfect complex, such that for every
Q ∈ Perf(A),

ΦExt ◦ obQ = obΦQ ◦ΦHT ,

ΦH
HH ◦ cQ = cΦQ ◦ ΦHT .

(5.27)
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Here ob and c have the conventions of Proposition 5.1, and ΦExt is the induced enhanced map on
degree-two Ext. Consequently

ΦHT (ker obQ) = ker obΦQ,

ΦHT (ker cQ) = ker cΦQ.
(5.28)

In particular ker obQ = ker cQ implies ker obΦQ = ker cΦQ.

We construct ΦH
HH using perfect Serre pairings and then prove the two squares. The construction

will also retain the Chern-character sign of a shift in the equivalence.

5.2.2 Serre pairings and the homological map

We state explicitly the duality used to define homological transport. On a smooth proper variety X,
Serre duality is the perfect natural pairing

Hom(P,R)∗ ≃ Hom(R, SXP ), SXP = P ⊗ ωX [dimX],

for perfect P,R; write TrX,P : Hom(P,SXP ) → C for its trace. We use its standard expression as
the Serre trace on OX after the perfect partial trace. In particular it is supertrace on a shifted
complex.

Put
ΣA = ∆∗(ωA[dA]), Σ−1

A = ∆!OA = ∆∗(ω−1
A [−dA]).

Here ∆! = S−1
A×A∆∗SA is left adjoint to L∆∗. This is the adjunction obtained by applying Serre

duality to L∆∗ ⊣ ∆∗. The displayed formula for ∆!OA follows from ∆∗ωA×A = ω⊗2
A . Define

Hochschild homology by

HHm(A) = HomA×A(Σ−1
A [m],O∆A

) ≃ H−m(A,HA), (5.29)

where the isomorphism is this adjunction. For β ∈ HH2(A) and h : Σ−1
A [m] → O∆A

, set

β ∩ h = (β ◦ h)[−2] ∈ HHm−2(A).

Naturality of the adjunction in (5.29) identifies this with the action of L∆∗β used in (5.16).
For m = 0,−2, let

T m(A) = HomA×A(O∆A
,ΣA[m]).

The Serre functor of A×A takes Σ−1
A [m] to ΣA[m]. Therefore Serre duality gives the perfect pairing

⟨h, δ⟩A,m = TrA×A, Σ−1
A [m](δ ◦ h) : HHm(A) ⊗ T m(A) −→ C. (5.30)

This kernel description and its categorical character are the ones studied in [8, Theorems 6 and 10,
Section 6.2]. We give the required transport and its cap verification in these pairings.

The Grothendieck-duality adjoint formulas for a perfect kernel on smooth proper varieties are

KR = K∨ ⊗ p∗
AωA[dA], KL = K∨ ⊗ p∗

BωB[dB],

viewed after exchange of the two factors as kernels from B to A. We use these formulas with their
adjunction units and counits. They give

KR ≃ ΣA ⋆ K
L ⋆ Σ−1

B .
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For an equivalence the fixed inverse L carries both inverse adjunctions. Taking the mate of the last
isomorphism with these adjunctions gives the kernel Serre isomorphism

θ : K ⋆ ΣA
∼−→ ΣB ⋆ K.

Its evaluation is the trace-preserving Serre isomorphism: for f : P → SAP ,

TrB,ΦP (θP ◦ Φf) = TrA,P (f). (5.31)

To see why the coherence matters, transport the natural Serre duality pairing through the equivalence.
Its uniqueness determines the isomorphism ΦSA → SBΦ making those pairings commute; evaluation
at the identity gives (5.31). The adjoint formulas with the same units and counits realize this
isomorphism by θ. An isomorphism between KR and KL as unstructured objects would not specify it.
Smoothness, properness, and perfection are exactly the hypotheses for these duality and adjunction
statements.

Let u : CΦ(ΣA) ∼−→ ΣB be θ ⋆ L followed by ΣB ⋆ t, and set

Ψm(δ) = u[m] ◦ CΦ(δ) ◦ t−1 : T m(A) ∼−→ T m(B) (m = 0,−2).

For δ ∈ T −2(A) and β ∈ HH2(A), associativity and the middle cancellation t−1t give

Ψ0(δ[2] ◦ β) = (Ψ−2δ)[2] ◦ ΦHH(β). (5.32)

For δ ∈ T 0(A), the same associativity and the inverse adjunction triangle identities give the
evaluation identity

(Ψ0δ)ΦQ = θQ ◦ Φ(δQ). (5.33)

Here δQ : Q → SAQ is evaluation of the Serre-valued diagonal morphism. In this second equality
the triangles cancel the adjacent L ⋆ K in the evaluation on Q. Thus both identities use the same t,
u, and inverse adjunctions.

Define the homological isomorphisms for m = 0,−2 by the perfect pairings:〈
ΦHH

∗ h,Ψmδ
〉

B,m
= ⟨h, δ⟩A,m (h ∈ HHm(A), δ ∈ T m(A)). (5.34)

Existence, uniqueness, and invertibility follow from the nondegeneracy of (5.30) and the invertibility
of Ψm.

The homological comparison map asserted in Proposition 5.2 is now defined by

ΦH
HH = IB ΦHH

∗ I−1
A : HΩ−2(A) ∼−→ HΩ−2(B). (5.35)

The adjunctions (5.29) are understood. This map depends only on the fixed enhanced equivalence
and may mix the individual Hodge bidegrees within the displayed spaces.

Proof of Proposition 5.2. The first equality in (5.27) follows from (5.26), (5.21), and the definition
of ΦHT .

For the second square, we verify compatibility with the cap action and the categorical character.
If β ∈ HH2(A), h ∈ HH0(A), and δ ∈ T −2(A), the definition of cap and the trace of a shifted
perfect object give

⟨β ∩ h, δ⟩A,−2 = ⟨h, δ[2] ◦ β⟩A,0.
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The shift is even, so its supertrace sign is +1. Applying this on A and B, and using (5.32) and
(5.34), gives

⟨ΦHH
∗ (β ∩ h),Ψ−2δ⟩B,−2 = ⟨β ∩ h, δ⟩A,−2

= ⟨h, δ[2] ◦ β⟩A,0

= ⟨ΦHH
∗ h, (Ψ−2δ)[2] ◦ ΦHHβ⟩B,0

= ⟨ΦHHβ ∩ ΦHH
∗ h,Ψ−2δ⟩B,−2.

The tests Ψ−2δ exhaust T −2(B). Nondegeneracy proves the needed transport, and only in this
degree:

ΦHH
∗ (β ∩ h) = ΦHH(β) ∩ ΦHH

∗ (h), β ∈ HH2(A), h ∈ HH0(A). (5.36)

Let hQ ∈ HH0(A) correspond, under (5.29), to hQ = TrQ,HA
(AHQ). We verify its trace

characterization using the same AHQ as in Proposition 5.1. For δ : O∆ → ΣA, let δ′ : HA → ωA[dA]
be its adjoint, so δ = ∆∗δ

′ ◦ η∆. The adjunction ∆! ⊣ L∆∗, defined by Serre duality above, is
trace-compatible. Thus (5.24) and the standard partial-trace expression of the Serre trace give

⟨hQ, δ⟩A,0 = TrA,OA
(δ′ ◦ hQ)

= TrA,OA

(
TrQ((1Q ⊗ δ′) ◦AHQ)

)
= TrA,Q(δQ).

(5.37)

The last equality uses evaluation of ∆∗δ
′ ◦ η∆. It includes the supertrace when Q is shifted. Because

the pairing is perfect, this characterizes hQ uniquely; it is the categorical Chern character in HH0(A).
Its image under IA is chH(Q) by (5.20).

For a test δB = Ψ0δA, equations (5.34), (5.37), (5.33), and (5.31) yield

⟨ΦHH
∗ hQ, δB⟩B,0 = ⟨hQ, δA⟩A,0

= TrA,Q((δA)Q)
= TrB,ΦQ((δB)ΦQ)
= ⟨hΦQ, δB⟩B,0.

The tests exhaust T 0(B), so uniqueness gives

ΦHH
∗ (hQ) = hΦQ. (5.38)

Now take α ∈ HT 2(A). By (5.16), the class cQ(α) is the IA-image of HKRA(α) ∩ hQ. Equations
(5.36) and (5.38) take its homological transport to

ΦHH(HKRA(α)) ∩ hΦQ.

Apply IB and (5.16) on B. The result is cΦQ(ΦHTα), as required. The three comparison maps in
(5.27) are isomorphisms. Taking kernels proves (5.28).

Source identification and shifts. The Serre-pairing definition also makes the source identification
of homological transport explicit. Let θC be the trace-preserving Serre isomorphism of the equivalence
CΦ between the two kernel categories. There is a unique

v : CΦ(Σ−1
A ) ∼−→ Σ−1

B
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such that
u = SB×B(v) ◦ (θC)Σ−1

A
: CΦ(ΣA) −→ ΣB.

Indeed, apply the inverse Serre functor to u ◦ (θC)−1
Σ−1

A

. Preservation of the Serre trace by θC then
shows that (5.34) is exactly

h 7−→ t ◦ CΦ(h) ◦ v[m]−1.

The source identification is obtained from Serre and left–right adjunction coherence, whereas the
target identification is t.

The distinction fixes the sign of a shift. Test it in Perf(C) with K = C[s] and L = C[−s]. The
categorical trace of the identity of C[s] is ev ◦ braid ◦ coev = (−1)s. Thus (5.31) forces θ = (−1)s in
this test. It follows that Ψ0 is multiplication by (−1)s, and (5.34) makes ΦHH

∗ on HH0 multiplication
by (−1)s as well. In agreement with perfect trace,

chH(Q[s]) = (−1)s chH(Q).

In particular a shift [−3] reverses this character. Cancelling K and L on both ends of a homology
morphism without the Serre source identification would lose this sign. Degree-two evaluation has
an even shift, so no additional odd exchange sign occurs there; it still uses the enhanced shift
isomorphisms in (5.26).

The transported maps have source HT 2; no naturality of σQ on arbitrary Ext classes is asserted.
The map ΦH

HH is defined by Hochschild homology and the fixed HKR maps, not identified with an
independently normalized Betti integral transform.

5.3 The invariant obstruction space of the Abel-orbit seed

Retain the seed of Proposition 4.1. Thus C is a smooth nonhyperelliptic curve of genus three,
X = Pic2(C) has the specified group origin and is identified with its Jacobian, and H = OX(Θ) is
its principal theta line. Put

θB = c1,B(H) ∈ H2(X,Q),
∫

X
θ3

B = 6, n = d+ 1 ≥ 4.

The two subschemes supplied there are disjoint unions

A =
n∐

j=1
Cj , Σ =

n∐
j=1

Σj

of translates of an Abel curve and of its inverse, respectively. The cyclic groups G2, G1 ⊂ X, each
of order n, act transitively on the components of A,Σ, respectively. Write

I = IΣ ⊠ IA on X2, Gsrc = G1 ×G2.

Each ideal has its canonical translation linearization as the ideal of an invariant subscheme, and I
has the product linearization. On M = X × X̂, the fixed transform of Proposition 4.8 is

Φ̃ = Φ ◦
(
(H ⊠H) ⊗ −

)
, G = Φ̃(I)[−3].

Write Ḡ ≃ Gsrc for the underlying translation group of its coherent line-translation action.
We will prove that the semiregularity map of Proposition 5.1 is injective on the full invariant

derived group Ext2
M (G,G)Ḡ. The proof has two computations: the invariant group for I has

dimension 48, and contraction with its raw Hodge Chern character has rank 48. The exact
Hochschild–Atiyah identity then identifies the entire invariant group with the evaluation image. This
calculation concerns the Abel-orbit seed in Markman’s secant-sheaf construction [25, Sections 8.3–8.4];
we give the invariant calculation directly, using the independently movable orbit components.
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5.3.1 The Abel class and its normal directions

An Abel curve in X will mean a translate of the image of an Abel embedding C ↪→ X, or a translate
of its image under [−1], with the Jacobian and polarization conventions of Section 4.

Lemma 5.3. Let D ⊂ X be an Abel curve. Its normalized Betti class and Chern character are

[D]B = θ2
B
2 , chB(OD) = θ2

B
2 − θ3

B
3 .

Normal restriction of translation-invariant vector fields is an isomorphism

H0(X,TX) ∼−−→ H0(D,ND/X);

both spaces have dimension three. If Z =
∐n

j=1Dj is a disjoint union of n Abel curves, then its ideal
satisfies the full normalized Betti identity

chB(IZ) = 1 − n

2 θ
2
B + n

3 θ
3
B. (5.39)

Proof. The fundamental-class formula is (4.6), proved there from the Jacobian lattice. Translation
acts trivially on cohomology, and inversion acts by +1 on H4, so it holds for every Abel curve in
the stated sense.

For the inclusion i : D ↪→ X, use Grothendieck–Riemann–Roch in its smooth proper form

ch(i∗F ) td(X) = i∗
(
ch(F ) td(D)

)
for a closed immersion of smooth projective varieties; this is the form of the Riemann–Roch theorem
recorded by Borel and Serre [3]. The tangent bundle of X is trivial, and td(D) = 1 + 1

2c1(TD). Since
deg TD = 2 − 2 · 3 = −4 and [pt]B = θ3

B/6, it follows that

chB(OD) = i∗ td(D) = [D]B − 2[pt]B = θ2
B
2 − θ3

B
3 .

For disjoint Z, one has OZ =
⊕

j ODj . Additivity in 0 → IZ → OX → OZ → 0 gives (5.39).
It remains to calculate the normal sections. For the original Abel embedding the normal sequence

is
0 −→ TC −→ OC ⊗H1(C,OC) −→ NC/X −→ 0. (5.40)

Here the middle bundle is TX |C . The dual of the first arrow is the evaluation map H0(C,KC) ⊗
OC → KC : differentiating the Abel integral sends a tangent vector v to the functional ω 7→ ω(v).
Consequently, under Serre duality on C, the dual of the map

H1(C, TC) −→ H1(C,OC) ⊗H1(C,OC)

in the long exact sequence of (5.40) is the multiplication map

H0(C,KC) ⊗H0(C,KC) −→ H0(C,K2
C).

This is the usual cohomological Serre duality [36], applied to the dual evaluation map.
For completeness, multiplication is onto here by an elementary genus-three argument. For an

effective divisor D2 of length two, curve Riemann–Roch, in the form h0(L) − h0(KC ⊗ L−1) =
degL+ 1 − g, gives

h0(KC −D2) = h0(D2) = 1.
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The last equality uses nonhyperellipticity. Two independent sections of a degree-two effective line,
after removing their common base divisor, would give a map to P1 of degree at most two. Degree
one would make C rational, and degree two would make it hyperelliptic. Thus KC separates
every length-two subscheme. It has three sections and degree four, so it embeds C as an integral
plane quartic. Such a curve is not contained in a conic. Restriction of quadrics therefore makes
Sym2H0(KC) → H0(K2

C) injective. Both spaces have dimension six, the second by curve Riemann–
Roch and degK2

C = 8 > 2g − 2. The multiplication map is consequently onto, and its dual is
injective.

Since H0(C, TC) = 0, the long exact sequence of (5.40) now identifies H0(C,NC/X) with the
middle bundle’s constant sections H1(C,OC) = H0(X,TX). This is exactly normal restriction of
translation-invariant vector fields. Translation and inversion carry the normal sequence and this
isomorphism to every Abel curve.

5.3.2 The full invariant derived Ext group

We next compute the derived deformation space of one orbit ideal. The calculation keeps the
local-to-global contribution of the normal bundle; it does not replace derived Ext by the cohomology
of an endomorphism sheaf.

Lemma 5.4. Let Γ ⊂ X be a finite subgroup of order n, and let Z =
∐n

j=1Dj be a disjoint union of
Abel curves permuted transitively by Γ. Give IZ its canonical linearization. There is an isomorphism
of Γ-representations

Ext1
X(IZ , IZ) ≃ H1(X,OX) ⊕

n⊕
j=1

H0(X,TX). (5.41)

The first summand is trivial, and Γ acts on the second by its regular permutation action on the
components and the identity on each translation space. In particular,

dimC Ext1
X(IZ , IZ)Γ = 6, dimC Ext2

X(IZ , IZ)Γ = 6, HomX(IZ , IZ)Γ = C.

Proof. At a point of Z, write its regular codimension-two ideal in the regular local ring R = OX,x

as I = (f, g), where f, g are part of a regular system of parameters. It has the resolution

0 −→ R
(−g,f)−−−−→ R2 (f,g)−−−→ I −→ 0.

If an endomorphism sends f, g to u, v, its relation is gu = fv. Regularity of f, g gives u = fr,
v = gr for a unique r ∈ R, so HomR(I, I) = R. Applying HomR(−, I) to the resolution shows that
the degree-one cokernel is I/I2. Under a change of generators, the dual of the leftmost generator
acquires the inverse determinant. Consequently the global degree-one sheaf is

(IZ/I
2
Z) ⊗ det(IZ/I

2
Z)−1 ≃ (IZ/I

2
Z)∨ = NZ/X .

The rank-two isomorphism sends v ⊗ ℓ∨ to the functional w 7→ ℓ∨(v ∧ w), so it is compatible with
changes of generators. We view NZ/X here as a sheaf on X supported on Z. Away from Z the ideal
is OX , and the resolution has length one. Thus, globally,

HomX(IZ , IZ) = OX , Ext1X(IZ , IZ) = NZ/X , ExtqX(IZ , IZ) = 0 (q ≥ 2). (5.42)

The standard local-to-global spectral sequence

Ep,q
2 = Hp(X, ExtqX(IZ , IZ)) =⇒ Extp+q

X (IZ , IZ)
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is the hypercohomology spectral sequence of RHomX(IZ , IZ). Its five-term sequence and (5.42) give

0 −→ H1(X,OX) −→ Ext1
X(IZ , IZ) e−→ H0(Z,NZ/X) −→ H2(X,OX). (5.43)

The first arrow is also the map induced by the perfect unit OX → RHom(IZ , IZ): the perfect trace
composed with this unit is multiplication by the rank, which is one.

Translate the n curves independently. The locus in Xn where these translated proper curves
remain disjoint is an open neighborhood of the original tuple. Over it their union is a disjoint union
of flat translated families. Its ideal is flat as well, by the exact sequence from the structure sheaf of
the union. Restriction of this family to first-order tangent vectors gives a linear map

s :
n⊕

j=1
H0(X,TX) −→ Ext1

X(IZ , IZ).

Indeed a flat deformation over C[ϵ]/(ϵ2) gives the extension 0 → IZ → IZ,ϵ → IZ → 0. For a vector
field ξ, the moving generators are f − ϵξ(f) and g − ϵξ(g). Lifting the displayed relation (−g, f)
gives

(−g)
(
f − ϵξ(f)

)
+ f

(
g − ϵξ(g)

)
= ϵ

(
gξ(f) − fξ(g)

)
.

Thus the local Ext cocycle is represented by gξ(f) − fξ(g) ∈ I/I2, up to the single sign in the
chosen Ext boundary convention. Choose ℓ = f̄ ∧ ḡ and ℓ∨(ℓ) = 1. Under the written determinant
identification v ⊗ ℓ∨ 7→ (w 7→ ℓ∨(v ∧ w)), this displayed representative sends f̄ , ḡ to −ξ(f),−ξ(g),
respectively. Reversing the boundary convention reverses both signs. Consequently the edge map
e sends the geometric deformation to its normal restriction up to one fixed sign, independent
of the vector field and the component. By Lemma 5.3, e ◦ s is therefore the direct sum of the
normal-restriction isomorphisms multiplied by that fixed sign. It follows that (5.43) reduces to the
split short exact sequence

0 −→ H1(X,OX) −→ Ext1
X(IZ , IZ) e−→ H0(Z,NZ/X) −→ 0,

with splitting given by s after this signed normal-restriction identification.
This splitting is equivariant. Translation acts trivially on H1(X,OX), as is seen from translation-

invariant Dolbeault representatives, and it acts as the identity on H0(X,TX). It sends the deforma-
tion of Dj to the deformation of its translated component. Since a group of order n acts transitively
on n components, that permutation action is regular. This proves (5.41); its invariant summands
have dimensions three and three.

We also use Serre duality for perfect complexes on a smooth projective threefold:

Exti(F,G)∨ ≃ Ext3−i(G,F ⊗ ωX).

This is the extension of the usual locally free Serre duality [36] by finite locally free resolutions.
Choose a nonzero translation-invariant holomorphic three-form on X. For F = G = IZ , the resulting
perfect pairing is

Ext1(IZ , IZ) ⊗ Ext2(IZ , IZ) −→ H3(X,OX) ≃ C.

It is Γ-invariant: translations preserve the chosen form, composition, and the perfect trace. Thus
these two Ext groups are dual Γ-representations. Averaging over the finite group in characteristic
zero identifies invariants of the dual with the dual of the invariants, so the invariant Ext2 also has
dimension six. Finally (5.42) gives Hom(IZ , IZ) = H0(X,OX) = C, with trivial action.
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Proposition 5.5. For the source object I = IΣ ⊠ IA and its canonical Gsrc = G1 ×G2 linearization,

dimC Ext2
X2(I, I)Gsrc = 6 + 36 + 6 = 48.

This is the invariant subspace of the full derived Ext group.

Proof. The ideal sheaves are perfect by their local length-one resolutions. The perfect Künneth
isomorphism for their derived global Hom complexes is

R HomX2(I, I) ≃ R HomX(IΣ, IΣ) ⊗L
C R HomX(IA, IA).

Taking degree two gives

Ext2
X2(I, I) ≃ Ext2

X(IΣ, IΣ) ⊗ HomX(IA, IA)
⊕ Ext1

X(IΣ, IΣ) ⊗ Ext1
X(IA, IA)

⊕ HomX(IΣ, IΣ) ⊗ Ext2
X(IA, IA). (5.44)

Here the isomorphism follows by taking cohomology of the tensor product over C of the two derived
global Hom complexes; over the field C there are no additional Tor terms. It is equivariant for
the independent actions of G1, G2. Averaging in each factor gives (V1 ⊗ V2)G1×G2 = V G1

1 ⊗ V G2
2 .

Applying Lemma 5.4 to the three summands of (5.44) gives 6, 6 · 6, and 6. Because (5.44) is a
decomposition of derived Ext itself, the count retains every local-to-global contribution.

5.3.3 The rank of contraction with the raw Hodge character

We now compute the map that Proposition 5.1 factors through this 48-dimensional invariant group.
Use the gradings (5.1); in particular, for an abelian variety B,

HΩ−k(B) =
⊕

q−p=k

Hq(B,Ωp
B) (k ∈ Z).

For a perfect object Q on B, extend character contraction to every degree k ≥ 0 by

ck
Q : HT k(B) −→ HΩ−k(B), ck

Q(α) = α ⌟ chH(Q).

Here chH is the raw first-jet character (5.7), and contraction uses the left-interior action (5.3),
including its Dolbeault Koszul sign. Thus c2

Q = cQ in Proposition 5.1.
The normalization of the character matters for that identity. Put θH = aH ∈ H1(X,Ω1

X). Under
the raw de Rham comparison,

θH 7−→ (2πi)θB, chH,k(Q) 7−→ (2πi)k chB,k(Q) in codimension k. (5.45)

This is the weightwise dictionary of Proposition 5.1; the raw first-jet class is the negative of the
Buchweitz–Flenner Atiyah convention. In particular Lemma 5.3 gives for either orbit ideal

fn := chH(IZ) = 1 − n

2 θ
2
H + n

3 θ
3
H. (5.46)

There is no codimension-one component. Each term in (5.46) has the raw weight specified by (5.45).
Use the abelian Hodge-cohomology identifications

U = H1(X,OX), W = H0(X,Ω1
X), T = H0(X,TX) = W∨, Hq(X,Ωp

X) = ∧qU ⊗ ∧pW.
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These follow from the invariant Dolbeault forms on the complex torus. The spaces U,W,T each have
dimension three. The polarization class θH ∈ U ⊗ W is nondegenerate, so in the fixed contraction
convention

j : T −→ U, j(ξ) = ξ ⌟ θH

is an isomorphism.

Lemma 5.6. For either orbit ideal IZ , the map c1
IZ

is injective of rank six, and c2
IZ

is surjective of
rank six.

Proof. An element of HT 1(X) = U ⊕ T is a pair (η, ξ). Using (5.46), its projections under c1
IZ

to
H1(OX) and H2(Ω1

X) are respectively

η, −n j(ξ) ∧ θH. (5.47)

The first uses the rank term of the character; the second uses −nθ2
H/2. There is no contribution

from ξ to the first projection or from η to the second, because the codimension-one character is
zero. The signs in (5.47) are those of the specified left-interior convention.

The map v 7→ v∧ θH on U is injective. If v ≠ 0, choose bases with v = u1 and θH =
∑3

i=1 ui ⊗wi,
absorbing the fixed contraction signs in the dual basis. The terms of v ∧ θH with i = 2, 3 are linearly
independent nonzero tensors. Therefore the two projections in (5.47) determine η and ξ, proving
the first assertion.

The only summands of HΩ−2(X) are

H2(X,OX) = ∧2U, H3(X,Ω1
X) = ∧3U ⊗ W. (5.48)

Each has dimension three. The H2(OX) = ∧2U block of HT 2(X) maps identically to the first
summand, using the rank term fn,0 = 1. The H1(TX) = U ⊗ T block has no contribution there,
since fn,1 = 0, and its projection to the second summand is

η ⊗ ξ 7−→ −n η ∧ j(ξ) ∧ θH. (5.49)

For each k ∈ {1, 2, 3}, take η and j(ξ) to be the two basis elements ui, uj complementary to uk.
Their wedge with θH is a nonzero multiple of (u1 ∧ u2 ∧ u3) ⊗ wk. Hence (5.49) spans the second
summand. These two source blocks already give rank six; the target in (5.48) has dimension six.
This proves surjectivity. The bivector block H0(∧2TX) is not needed for this lower bound.

Lemma 5.7. For I = IΣ ⊠ IA, the map

c2
I : HT 2(X2) −→ HΩ−2(X2)

has rank 48.

Proof. Künneth gives the domain decomposition

HT 2(X2) =
(
HT 2(X) ⊗HT 0(X)

)
⊕
(
HT 1(X) ⊗HT 1(X)

)
⊕
(
HT 0(X) ⊗HT 2(X)

)
.

The product character is fn ⊠ fn, and HT 0(X) = C acts by c0
IZ

(1) = fn ̸= 0. The written
left-action and product formulas (5.3) and (5.4), applied to the Künneth decomposition, give the
external-product contraction rule with its total-complex signs. They therefore send the three blocks
onto

im(c2
IΣ) ⊗ Cfn, im(c1

IΣ) ⊗ im(c1
IA

), Cfn ⊗ im(c2
IA

).
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Their dimensions are 6, 36, 6, by Lemma 5.6. The target has the direct Künneth decomposition

HΩ−2(X2) =
⊕

r+s=2
HΩ−r(X) ⊗HΩ−s(X).

The first image lies in the factorwise Hodge-imbalance summand (2, 0), the second in (1, 1), and
the third in (0, 2). Here the imbalance of Hq(X,Ωp

X) is q − p; the two-factor Hodge Künneth
decomposition is a direct sum for these ordered pairs. Hence the three images cannot cancel,
regardless of their Künneth signs. Their ranks add to 6 + 36 + 6 = 48.

5.3.4 The exact rank comparison and the fixed transform

The two calculations now have the same dimension. We use the exact local Hochschild results to
turn this equality into injectivity on the whole invariant group. Write oQ = obQ for evaluation and
σQ for the perfect-trace map of Proposition 5.1. For a perfect object Q on an abelian variety B,
their domains and targets are

HT 2(B)
oQ−−−→ Ext2

B(Q,Q)
σQ−−−→ HΩ−2(B).

Proposition 5.8. For the source I = IΣ ⊠ IA with its canonical Gsrc = G1 ×G2-linearization,

im(oI) = Ext2
X2(I, I)Gsrc , ker(oI) = ker(c2

I), (5.50)

and σI is injective on this full invariant group.
Let M = X × X̂ and use the fixed enhanced equivalence

Φ̃ = Φ ◦
(
(H ⊠H) ⊗ −

)
, G = Φ̃(I)[−3].

Give G the coherent line-translation action from Proposition 4.8, and denote its underlying translation
group by Ḡ ≃ Gsrc. Then

im(oG) = Ext2
M (G,G)Ḡ, ker(oG) = ker(c2

G), (5.51)

and
σG
∣∣
Ext2

M (G,G)Ḡ is injective.

Proof. Proposition 5.1 proves for every perfect Q the exact identity

σQ ◦ oQ = c2
Q

with the definitions just given. In particular it is an identity for the perfect trace on derived Ext,
with the same contraction convention as the rank computation. The components with q > dimB− 2
vanish because Hq+2(B,Ωq

B) = 0.
Translations act trivially on HT 2(X2): they fix the invariant tangent fields and the invariant

Dolbeault representatives of Ha(OX2). The translation-invariant diagonal-kernel HKR construction
identifies this with their trivial action on HH2(X2). Apply the diagonal-kernel evaluation square
(5.26) to each translation equivalence, and identify its translate of I with I by the canonical
linearization. Naturality of evaluation then gives g · oI(α) = oI(g · α) = oI(α) for g ∈ Gsrc. Hence

im(oI) ⊂ Winv := Ext2
X2(I, I)Gsrc .
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Proposition 5.5 gives dimWinv = 48, while Lemma 5.7 and the exact identity give

48 = rank(c2
I) ≤ rank(oI) ≤ dimWinv = 48.

Thus the inclusion is equality and both maps have rank 48. The identity also gives ker(oI) ⊂ ker(c2
I);

equality of ranks on their common domain makes the kernels equal. If w = oI(α) ∈ Winv and
σI(w) = 0, then c2

I(α) = 0, so the kernel equality gives w = 0. This proves (5.50) and source
injectivity.

Apply Proposition 5.2 to the fixed enhanced equivalence Q 7→ Φ̃(Q)[−3]. It includes tensoring by
H⊠H, the fixed Fourier–Mukai kernel, and the displayed shift. That proposition gives isomorphisms

u : HT 2(X2) ∼−→ HT 2(M), v : Ext2(I, I) ∼−→ Ext2(G,G), γ : HΩ−2(X2) ∼−→ HΩ−2(M)

such that
v oI = oG u, γ c2

I = c2
G u. (5.52)

The map γ is the HKR expression of the enhanced Hochschild-homology isomorphism: its cap
and character naturality, including the shift sign, is exactly what gives the second equality. No
identification of γ with a separately normalized Betti integral transform is used.

Proposition 4.8 constructs the target action by coherent conjugation of the canonical source
action by this same equivalence. Hence v is an isomorphism of the corresponding representations.
The lines in the target line-translation action cancel on derived endomorphisms, and the underlying
group is the specified Ḡ ≃ Gsrc. Therefore

v(Winv) = Ext2
M (G,G)Ḡ.

The first equality of (5.52) transports the source image equality to the image equality in (5.51).
Both u and γ are isomorphisms, so its second equality transports the source kernel equality to the
target kernel equality. Finally apply σGoG = c2

G , the target instance of Proposition 5.1. An invariant
z has the form oG(α); if σG(z) = 0, the target kernel equality gives z = 0. This proves injectivity on
the full target invariant Ext group.

The fixed support construction identifies

E = RHomM (G,OM )[−1]

as the actual coherent perfect sheaf of positive rank, with the dual coherent action on the same
underlying translation group. Proposition 7.2 uses the full injection just proved, transfers it by perfect
duality, and then performs finite étale twisted descent. The exact dual sign and that derived descent
are left to that proposition. The output here is injection on Ext2(G,G)Ḡ itself, not only on a chosen
Hochschild subspace. No identification of that derived Ext group with H2(M,H0(RHomM (G,G)))
is used.

6 The spin character and the polarized quadratic seed
The preceding construction gives a coherent perfect sheaf E of rank r = 8d on M = X × X̂. Its
normalized rational Betti character is

κM = exp
(

−c1,B(E)
r

)
chB(E), (6.1)
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where chB and c1,B are the ordinary rational Betti Chern character and first Chern class. We
compute κM and identify the polarized quadratic structure on this same sixfold. The calculation
uses the secant spinors of Markman [25, Sections 2.4 and 6]. We give a finite Clifford proof of
the required transform identity, so the identity applies to the algebraic spin group, including its
elements that do not preserve the initial Hodge structure.

6.1 The fixed transform and its source character

Put ℓX = 6 = 2gX , with gX = 3, and set

L = H1(X,Q), U = L∨ = H1(X̂,Q), V = L⊕ U.

Choose e1, . . . , eℓX
with

∫
X e1 ∧ · · · ∧ eℓX

= 1, and let f1, . . . , fℓX
be the dual basis of U . Our

normalized Poincaré line has class

p = c1,B(P) =
ℓX∑
i=1

ei ∧ fi.

For an ordered subset P ⊂ {1, . . . , ℓX}, write eP and fP for the corresponding increasing products.
For disjoint ordered subsets I, J , let ϵI,J be the sign in eIeJ = ϵI,JeI∪J , and set it to zero if they
overlap. Define reversal by

τ(eP ) = (−1)|P |(|P |−1)/2eP .

We use Grothendieck–Riemann–Roch in the following standard form: if f : B → C is a proper
morphism of smooth projective complex varieties and F is perfect, then

chB(Rf∗F ) td(C) = f∗
(
chB(F ) td(B)

)
.

This is the Riemann–Roch theorem of Borel and Serre [3]. In a Fourier transform between abelian
varieties the Todd classes are one. This gives the usual cohomological Poincaré transform; compare
the calculation in [17, Section 4.2.3]. The second-factor transform in the fixed functor Φ of (4.29)
uses the inverse Poincaré line and the shift [gX ]. It is therefore

F−(α) = (−1)gX (π
X̂

)∗
(
e−pπ∗

Xα
)
. (6.2)

The factor (−1)gX is the Chern-character sign of the shift.

Lemma 6.1 (The fixed Fourier matrix). For P ⊂ {1, . . . , ℓX}, k = |P |, one has

F−(eP ) = (−1)k(k+3)/2ϵP,P cfP c .

In particular F− is a rational isomorphism preserving parity.

Proof. In (6.2), only the complementary indices in e−p can contribute to integration on X. Moving
their f -factors past the e-factors gives the coefficient

(−1) gX+(ℓX−k)(ℓX−k+1)/2ϵP,P c .

The difference of the displayed exponent and k(k + 3)/2 is 2(gX + 1)(gX − k), since ℓX = 2gX ,
and hence is even. Every basis vector goes to a signed complementary basis vector, proving the
remaining assertions.
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For µ(x, y) = (x+ y, y) define the graded Künneth maps

ϕ = (1 ⊗ F−)µ∗, ν = (F− ⊗ 1)µ∗, D = F−1
− ⊗ F−, ϕ′ = ϕ(1 ⊗ τ) = Dν(1 ⊗ τ). (6.3)

The input of D is written in the order U ⊕ L, and its output in the order L⊕ U ; all identifications
use the graded shuffle. These are fixed rational isomorphisms, determined only by the oriented
lattice, addition, and p. Equivalently,

ϕ′(s⊗ t) = (−1)gX

∫
Xy

s(x+ y)τ(t)(y)e−
∑

i
yizi .

This is finite exterior-algebra coefficient extraction in y1 · · · yℓX
; the output variables x, z represent

L,U . In particular the maps do not vary with a complex period having the given marking.
We now identify the tensor to which this transform applies. Write Θ = c1,B(H) ∈ Λ2L for the

principal class of the seed. Both orbit ideals have n = d+ 1 disjoint Abel components, so Lemma 5.3
gives their common Betti character

fn = 1 − n
2 Θ2 + n

3 Θ3.

Thus the sheaves F1 = IA(H) and F2 = IΣ(H) used in Φ have common character

v = eΘfd+1 = 1 + Θ − d
2Θ2 − d

6Θ3.

Fix K = Q(u), where u2 = −d and d ≥ 3 is the integer of the seed construction, and put

λ+ = euΘ, λ− = e−uΘ in (ΛL)K .

Expanding the exponentials in powers of Θ gives

v = 1
2
[
(1 + u−1)λ+ + (1 − u−1)λ−

]
. (6.4)

The two exponential classes are linearly independent: both have constant term 1, and their degree-
two terms are opposite and nonzero. Reversal acts by (−1)j on Θj , so it interchanges λ+ and λ−.
The rational tensor T = v ⊗ τv therefore lies in the tensor square of their two-dimensional K-span.
Grothendieck–Riemann–Roch gives

β := chB Φ(F2 ⊠ F1) = ϕ(v ⊗ v) = ϕ′(T ). (6.5)

To relate this class to the original sheaf, let ι be the ring involution acting by (−1)j on H2j(M,Q).
The shifts in G = Φ(F2 ⊠ F1)[−3] and E = DM (G)[−1] give

E = DM

(
Φ(F2 ⊠ F1)

)
[2], chB(E) = ιβ, β0 = r = 8d. (6.6)

Here the rank is supplied by Proposition 4.7. We next introduce the Clifford action on ΛL and
compare its transport through ϕ′ with the graded action on H∗(M). The exponential correction
will disappear under the normalization defining κM .

6.2 The exact Clifford identity

Give V the symmetric split form

Q(ei, fj) = δij , Q(ei, ej) = Q(fi, fj) = 0.
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Use the Clifford algebra with relation vw+wv = Q(v, w). We use the standard Clifford construction
of the spin group in this normalization: the norm-one even Clifford normalizer Spin(V,Q) acts on V
by conjugation through ρ : Spin(V,Q) → SO(V,Q), and acts on a Clifford module by multiplication.
The norm is Clifford reversion times the element. For this split rational construction, see [17,
Sections 3.2 and 3.4–3.5]. Only this construction, not a realization of arbitrary spin elements by
derived autoequivalences, is used here.

On S = ΛL the Fock action is

c(e) = ϵe = e ∧ −, c(f) = ιf .

Write mg = c(g). Conjugation by the fixed ϕ′ defines the rational algebraic representation

ρ′
g = ϕ′(mg ⊗mg)(ϕ′)−1 on ΛV.

The following calculation is the matrix-unit Clifford realization underlying [17, Proposition 3.2.1(e)],
with the signs of the fixed transform retained.

Proposition 6.2 (Fixed Clifford identity). For every algebraic spin element g, one has the exact
equality of rational representations

ρ′
g = ep/2Λρ(g)e−p/2 = e(p−Λ2ρ(g)p)/2Λρ(g). (6.7)

The exponentials denote exterior multiplication. In particular

[ρ′
g(1)]0 = 1, [ρ′

g(1)]2 = 1
2
(
p− Λ2ρ(g)p

)
.

Proof. Exterior multiplication and contraction give every matrix unit between the monomial basis
vectors of S: first project onto a specified monomial by products of the commuting occupation
projections ϵeiιfi

and ιfi
ϵei , and then remove and insert the required generators. The ordered

Clifford monomials span at most 22ℓX dimensions, which equals dim End(S). Thus

C(V,Q) ≃ End(S).

Its even part is the parity-preserving part: the inclusion follows from parity of the generators, and
both sides have dimension 22ℓX−1. Put F = f1 · · · fℓX

in the Clifford algebra and define

φ : S ⊗ S −→ C(V,Q), φ(s⊗ t) = sFτ(t).

On S this is the rank-one operator

c(φ(s⊗ t))(r) = (−1)gX [τ(t) ∧ r]top s. (6.8)

Indeed F contracts the full oriented monomial with sign (−1)ℓX(ℓX−1)/2 = (−1)gX . The pairing
⟨t, r⟩ = [τ(t) ∧ r]top is perfect. Exterior multiplication is self-adjoint for it by reversal of products.
Contraction is self-adjoint as well: apply ιf to a zero product in exterior degree ℓX + 1 and use

τιf |ΛkL = (−1)k−1ιfτ |ΛkL.

Consequently Clifford reversion is adjunction for this pairing. Every spin element has reversion
norm one, and therefore preserves the pairing. Formula (6.8) now proves that φ is an isomorphism
intertwining the diagonal spin action with conjugation on C(V,Q).
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For any bilinear form B on V with B(v, v) = Q(v, v)/2, set

cB(v) = ϵv + ιB(v,−) on ΛV, ψB(x) = cB(x)1.

The Clifford relations follow directly from the exterior and contraction relations. On each ordered
Clifford monomial ψB has that exterior monomial as its leading term, so ψB is a triangular
isomorphism. Take

B0(ei, fj) = δij , B0(fi, ej) = 0, Bs = Q/2, A0 = B0 −Bs = 1
2
∑

i

ei ∧ f i,

with other entries of B0 zero. Here ei, f i are the covectors dual to ei, fi.
The fixed map ν is exactly the nonsymmetric Clifford symbol:

ν(1 ⊗ τ) = ψB0φ. (6.9)

To check every sign, let I ′ = P \ I, and let j = |J |. Both sides on eP ⊗ eJ equal

(−1)j(j−1)/2 ∑
I⊆P

ϵI′,IϵI,J(−1)
∑

i∈I′ i−|I′|f(I′)c ∧ eI∪J . (6.10)

For the left side, expand µ∗eP and apply Lemma 6.1. For the right side use

cB0(ei) = ϵei + ιf i , cB0(fi) = ϵfi
,

and
ιf i1 · · · ιf isf{1,...,ℓX} = (−1)

∑
i∈I′ i−|I′|f(I′)c .

Moving the remaining eI past the f ’s changes ϵI,I′ into ϵI′,I . This proves (6.9).
For this finite exterior calculation define ια∧β = ιβια for covectors on V . This fixes the contraction

convention locally; the Hochschild contraction used earlier was specified independently. The ordinary
commutator identity

[ια∧β, ϵv] = α(v)ιβ − β(v)ια = ι(α∧β)(v,−)

and commutation of even contractions with contractions give

cB0(v) = eιA0 cBs(v)e−ιA0 , ψB0 = eιA0ψBs .

The second equality has no scalar, since e−ιA0 1 = 1. All exponentials are finite. If R = Λρ(g),
preservation of Q gives

RcBs(v)R−1 = cBs(ρ(g)v), RψBs(x) = ψBs(gxg−1).

Thus the symmetric symbol is spin-equivariant.
It remains to conjugate ιA0 byD. On the input Λ(U⊕L) fix the orientation Ω = f1 · · · fℓX

e1 · · · eℓX
.

The exterior determinant pairing of Q defines PDQ by

(PDQη, ζ)Q = [η ∧ ζ]Ω.

For |P | = k, |J | = j, and δ = k + j, direct evaluation gives

PDQ(fJeP ) = (−1)kjϵJ,JcϵP,P ceJcfP c .

60



Applying Lemma 6.1 to the two factors of D therefore yields

D|ΛδV = (−1) gX+δ(δ+3)/2PDQ. (6.11)

For example, before parity reduction the exponent in the coefficient of D(fJeP ) is

(ℓX − j)(ℓX − j + 3)/2 + k(k + 3)/2 + j.

Its difference from gX + δ(δ + 3)/2 + kj is even; this verifies the factor order as well as the shift.
Raising a covector by Q is denoted by a superscript ♯. The exterior derivation rule, applied

twice, gives
PDQ(ιA0η) = A♯

0 ∧ PDQ(η).

The signs in (6.11) in degrees δ − 2 and δ have ratio −1. Moreover Q raises ei to fi and f i to ei, so

A♯
0 = 1

2
∑

i

fi ∧ ei = −p/2, DιA0D
−1 = ϵp/2.

Thus DeιA0D−1 = ep/2. The map PDQ, and hence D, commutes with R: R preserves Q, degree,
and orientation, since det ρ(g) = 1. It follows that Fs = DψBsφ intertwines the diagonal spin action
with R. Combining the displayed identities gives

ϕ′ = DψB0φ = ep/2Fs,

which proves (6.7). Every map used is a rational algebraic map, so the equality is one of algebraic
representations. Applying it to 1 proves the two stated components.

In particular the degree-two term a(g) = 1
2(p− Λ2ρ(g)p) satisfies

a(gh) = a(g) + Λ2ρ(g)a(h).

This follows either by direct substitution or by composing (6.7). It fixes the normalization of the
character calculation below.

6.3 The quadratic action and its actual polarization

To identify the polarization preserved by the spinor stabilizers, recall the contraction map of the
principal class:

ϑ : U −→ L, ϑ(y) = ιyΘ, ιy(e ∧ e′) = y(e)e′ − y(e′)e.

Thus y′(ϑy) = Θ(y, y′) and ϑt = −ϑ. The principal polarization gives an isomorphism

λ : X −→ X̂, λ(z) = t∗zH ⊗H−1.

The isomorphism in the sheaf construction is a(z) = t∗−zH ⊗ H−1 = λ(−z). For the normalized
Poincaré class p =

∑
ei ∧ fi, the signs proved in (4.4) are

λ∗ : U −→ L is ϑ, a∗ = −ϑ.

Under the dual identifications on homology, λ∗ = −ϑ and a∗ = ϑ. No symmetry of H is required.
The two exponential spinors λ+, λ− introduced in (6.4) are exchanged by scalar conjugation.

Their span is the scalar extension of the rational plane generated by (λ+ +λ−)/2 and (λ+ −λ−)/(2u).
Let J be the pointwise algebraic spin stabilizer of this rational plane, and let L̃K be the ordered
stabilizer of the two individual spinor lines over K.

61



Proposition 6.3 (The polarized quadratic seed). On the actual sixfold M = X × X̂, define

η(u)(x,N) =
(
a−1(N), [−d]a(x)

)
=
(
−λ−1(N), [d]λ(x)

)
.

This gives a unital K-action. The ample line

LM = pr∗
X H⊗d ⊗ pr∗

X̂
(a−1)∗H

has a class θM = c1,B(LM ) fixed by the vector images of J and L̃K . The action is of Weil type
(3, 3), is compatible with this polarization, and its actual homological Hermitian form is hyperbolic.

More precisely, the pullback f = η(u)∗ on V = L⊕ U and its two eigenspaces are

f(w, y) = (dϑy,−ϑ−1w), f2 = −d,
W+ = Ann(λ+) = {(−uϑy, y) : y ∈ UK},
W− = Ann(λ−) = {(uϑy, y) : y ∈ UK}.

(6.12)

The eigenvalue on W+ is +u, and that on W− is −u.

Proof. The Fock formula ιye
uΘ = uϑ(y) ∧ euΘ gives the two annihilators in (6.12). They are

complementary because ϑ is invertible. Substitution in the displayed f gives the asserted eigenvalues
and f2 = −d. It also gives

Q(fv, w) = −Q(v, fw).

Let sa = 1 × a : X2 → M and sλ = 1 × λ. Equation (4.4) gives the complete pullback dictionary

s∗(w, y) s∗W+ s∗fs∗−1 on L⊕ L

sa (w,−ϑy) {(uz, z)} fa =
(

0 −d
1 0

)

sλ (w, ϑy) {(−uz, z)} fλ =
(

0 d
−1 0

)
.

(6.13)

The homology transpose of fa is

Ta =
(

0 1
−d 0

)
,

which is induced by the algebraic endomorphism (x, z) 7→ (z, [−d]x) of X2. Conjugating by sa

gives the stated η(u), so its pullback is f . Since η(u)2 = [−d], the resulting homomorphism
Q[u]/(u2 + d) → End0(M) is unital and injective. The map sa is holomorphic at the original seed.
The graph {(uz, z)} has three-dimensional intersections with each of H1,0(X2) and H0,1(X2); the
same is true of the opposite graph. This proves the Weil multiplicities for the actual action.

To identify its invariant cohomology class, first form the covariant alternating form

Ξ(v, w) = Q(fv, w).

Let ξ ∈ Λ2V be obtained by raising both indices of Ξ with Q. If matrices are written on cohomology,
its coefficient matrix is

C = Q−1(f tQ)Q−1 = Q−1f t = −fQ−1. (6.14)

This raising is necessary: the covariant form Ξ itself is not the degree-two cohomology class.
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Here is its exact value on the seed. Put Bij = Θ(fi, fj). The skew invertible matrix B represents
the bivector Θ; the contraction convention means ϑ = −B in column coordinates, hence a∗ = B. In
sa-coordinates,

Qa =
(

0 B−1

−B−1 0

)
, f t

aQa =
(

−B−1 0
0 −dB−1

)
, Q−1

a =
(

0 −B
B 0

)
.

Multiplication gives

Q−1
a (f t

aQa)Q−1
a =

(
dB 0
0 B

)
, s∗

aξ = dΘ1 + Θ2. (6.15)

This is exactly the class of H⊗d ⊠H. Consequently ξ = c1,B(LM ) = θM , and LM is ample.
For a spin element g, Ann(mgs) = ρ(g) Ann(s), as follows by conjugating the Clifford action.

Thus the vector image of the ordered line stabilizer preserves Q and both W+ and W−. It commutes
with f , and hence

Ξ(ρ(g)v, ρ(g)w) = Q(fρ(g)v, ρ(g)w) = Q(ρ(g)fv, ρ(g)w) = Ξ(v, w).

Raising by the invariant Q is equivariant, so it fixes θM . The same holds for its subgroup J .
It remains to verify compatibility and hyperbolicity on actual homology. Let E be the principal

Riemann form of H on U = H1(X,Q). By (6.15), the actual Riemann form on U ⊕ U is

e((v, w), (v′, w′)) = dE(v, v′) + E(w,w′).

It is positive at the original period because H⊗d ⊠ H is ample. On the two factor indices put
D0 = diag(d, 1). Direct multiplication gives

D−1
0 T t

aD0 = −Ta, T t
aD0Ta = dD0.

These scalar matrices commute with E, so e(Tax, y) = −e(x, Tay). For k = b+ cu ∈ K it follows
that

e(η(k)x, y) = e(x, η(k̄)y), η(k)∗θM = (b2 + dc2)θM = NmK/Q(k)θM .

These are precisely the compatibility identities.
Use the actual second-linear form

Hhom(x, y) = e(x, Tay) + ue(x, y).

The skew-adjoint identity, T 2
a = −d, and alternation of e give

Hhom(Tax, y) = −uHhom(x, y), Hhom(x, Tay) = uHhom(x, y), Hhom(y, x) = Hhom(x, y).

Choose a rational symplectic basis v1, . . . , v6 for E with E(v2i−1, v2i) = bi ∈ Q×. The elements
si = (vi, 0) form a K-basis because Tasi = (0,−dvi). Directly on this basis,

Hhom(si, sj) = duE(vi, vj). (6.16)

Its Gram matrix is the orthogonal sum of(
0 dubi

−dubi 0

)
=
(

0 ci

c̄i 0

)
, ci = dubi ̸= 0.

Every block has an isotropic coordinate line and is a hyperbolic Hermitian plane. This proves
hyperbolicity of the actual homological form, and its signature is (3, 3).

For comparison, the auxiliary cohomological form HV (v, w) = dQ(v, w) + uQ(fv, w) is also
second-linear: HV (fv, w) = −uHV (v, w) and HV (v, fw) = uHV (v, w). The homological conclusion
above uses (6.16) directly, without a cohomology-to-homology trace-dual convention.
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6.4 The ordered stabilizer and its exterior invariants

The next calculation identifies exactly which invariant part can carry a Weil class. It also distinguishes
fixing the two spinor vectors from merely fixing their lines.

Proposition 6.4 (Ordered spinor stabilizer). Let W = W+. Under VK = W ⊕W ∗, the ordered
line stabilizer and the pointwise stabilizer are

L̃K = {(g, t) ∈ GL(W ) × Gm : t2 = det g}, m(g, t) = t−1Λg, JK = {(g, 1) : g ∈ SL(W )}.

The characters on λ+ and λ− are t, t−1. For 0 ≤ j ≤ 6,

H2j(M,Q)J =
{
Qθj

M , j ̸= 3,
Qθ3

M ⊕ WK(M), j = 3,
Hodd(M,Q)J = 0. (6.17)

The ordered line stabilizer fixes every θj
M and acts on the two scalar Weil lines by t2, t−2.

Proof. The two annihilators in (6.12) are complementary maximal isotropic spaces, paired perfectly
by Q. Identify the second with W ∗. The Clifford algebra on W ⊕W ∗ acts on ΛW by wedge and
contraction. As in the matrix-unit argument above it is the full matrix algebra on this module.
Hence this module is isomorphic to SK as a Clifford module. The common annihilator of all wedge
operators from W is the top line Kω, while the common annihilator of contractions from W ∗ is the
vacuum line K1. The two original spinor lines therefore correspond to Kω,K1, in that order.

An ordered stabilizer must preserve the two annihilators, so its vector action is diag(g, g−T ) for
g ∈ GL(W ). Conversely a lift of such a block action preserves both one-dimensional annihilator
spaces. The operator Pg = Λg on ΛW implements this block action by direct conjugation of wedge
and contraction. It is in the even Clifford algebra because it preserves parity. For the top reversal
pairing,

⟨Pgs, Pgt⟩ = det(g)⟨s, t⟩.

Thus its Clifford reversion norm is P̃gPg = det g. Any other Clifford lift of the same vector action
differs by a scalar: their quotient commutes with all of the full matrix algebra. A norm-one lift is
therefore aPg with a2 det g = 1. Writing t = a−1 proves the asserted algebraic cover and action. The
top and vacuum characters are t−1 det g = t and t−1. Fixing both vectors is exactly t = 1, hence
exactly SL(W ). In particular the extra covering element (1,−1), which negates both spinors, is not
in JK . This is a statement of algebraic groups; it does not assert that every K-rational determinant
has a square root in K. The map t 7→ (diag(t2, 1, . . . , 1), t) is an algebraic section of the character t;
in particular t2, t−2 are distinct nontrivial characters.

Now
Λk(VK) =

⊕
a+b=k

ΛaW ⊗ ΛbW ∗.

The invariant vectors in a summand are the intertwiners HomSL(W )(ΛbW,ΛaW ). Here is the
elementary calculation of those intertwiners. In a basis w1, . . . , w6, the diagonal torus

∏
ti = 1 acts

on wI with weight
∏

i∈I ti. Two such weights, for I, J ⊂ {1, . . . , 6}, agree on this torus exactly
when their indicator vectors differ by a constant multiple of (1, . . . , 1). Thus either I = J , or
(I, J) = ({1, . . . , 6},∅), or the reverse. For 1 ≤ a ≤ 5, any invariant subspace of ΛaW is a sum of
its one-dimensional torus weight spaces. The elementary unipotents wi 7→ wi + cwj connect every
two a-subsets by successive replacements, so a nonzero invariant subspace contains all the weight
spaces. This proves irreducibility. In an endomorphism commuting with the torus the coefficients
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on these weight spaces are diagonal, and commuting with the same unipotents makes them all equal.
Consequently the only invariant blocks are

a = b, (a, b) = (6, 0), (0, 6),

and each is one-dimensional. The balanced identity tensor is the degree-two class
∑

iwi ∧w∗
i ; its j-th

power is nonzero and spans the balanced block a = b = j. The already constructed nonzero invariant
θM is a scalar multiple of that class. The other two lines are detW, detW ∗, with ordered-group
characters det g = t2 and (det g)−1 = t−2.

Invariants commute with extension of scalars: they are the kernel of the coaction difference, and
field extension is flat. The group J and θM are rational. The two determinant lines are exchanged
by scalar conjugation and descend to the rational Weil plane. They occupy the exterior summands
(a, b) = (6, 0), (0, 6) in ΛaW ⊗ ΛbW ∗, whereas θ3

M occupies the (a, b) = (3, 3) summand. Thus the
sum in degree six is direct. Descent gives (6.17), including the vanishing in odd degrees.

6.5 The normalized character has a nonzero Weil component

For an even class α =
∑6

j=0 αj , with αj ∈ H2j(M,Q) and α0 ̸= 0, define

N(α) = e−α1/α0α.

If b has degree two, then N(ebα) = N(α), because the degree-two term changes by α0b. If R is a
graded algebra automorphism, then N(Rα) = RN(α).

Proposition 6.5 (The exceptional component of the actual sheaf). The normalized character κM

in (6.1) is a rational J-invariant even class, and its degree-six component has a nonzero rational
Weil component:

(κM )3 = aMθ3
M + wM , aM ∈ Q, 0 ̸= wM ∈ WK(M).

Proof. We return to the source tensor T = v ⊗ τv in (6.5). Expanding (6.4) gives

T = d+ 1
4d (λ+ ⊗ λ+ + λ− ⊗ λ−)

+ d− 1
4d (λ+ ⊗ λ− + λ− ⊗ λ+)

+ u

2d(λ− ⊗ λ+ − λ+ ⊗ λ−).

(6.18)

It is rational and fixed by J . It is not fixed by L̃K : the two square components have the distinct
nontrivial characters t2, t−2, with nonzero coefficient (d+ 1)/(4d), while the mixed components have
character one.

Since T is J-fixed, the identity β = ϕ′(T ) makes β J-fixed for ρ′. Proposition 6.2 and the two
normalization identities above show that N(β) is J-fixed for Λρ.

Suppose its degree-six component had zero Weil projection. Proposition 6.4 would then put
every component of N(β) in the power ring K[θM ], which is fixed by L̃K . The class e−p/2β is
J-fixed for Λρ, by (6.7). Its degree-two term

b = β1 − rp/2

is therefore in H2(M,Q)J = QθM , and is also fixed by L̃K . But

e−p/2β = eb/rN(β).
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Under the supposition the right side is fixed by L̃K . The exact Clifford identity would make β fixed
by ρ′ on that group, and the invertibility of ϕ′ would make T fixed by the diagonal spin action.
This contradicts (6.18). Hence

N(β)3 = aθ3
M + w, a ∈ Q, 0 ̸= w ∈ WK(M).

The coefficients are rational because the direct sum (6.17) is rational.
The duality identity (6.6) gives κM = ιN(β). The involution commutes with the graded vector

action and preserves the rational decomposition in (6.17). In degree six it multiplies both terms
by −1, so the Weil component remains nonzero. Renaming the two rational terms proves the
proposition.

6.6 The full normalized character is Hodge on the Weil domain

We now relate the vector stabilizer to the actual polarized complex structures. This uses the
polarization matrix itself, so no cohomological Hermitian trace-dual convention is needed.

Proposition 6.6 (The actual polarized Hodge circle). Keep the rational homology of the seed M ,
the action η, and the Riemann form of LM fixed. At every compatible marked complex structure of
Weil type (3, 3), every component (κM )j has Hodge type (j, j).

Proof. Let C be the coefficient matrix of θM on cohomology. It is also the matrix of its alternating
Riemann form on dual homology. Equation (6.14) gives

C = −fQ−1.

For a cohomology automorphism g commuting with the invertible f , this implies

gCgt = C ⇐⇒ −f(gQ−1gt) = −fQ−1

⇐⇒ gQ−1gt = Q−1 ⇐⇒ gtQg = Q.
(6.19)

Thus among K-linear cohomology operators, fixing the actual polarization bivector is exactly
orthogonality for Q.

Let I be a compatible complex structure on homology and let T = η(u)∗. Put ht = cos t+ sin t I,
and let gt = ht

t be its cohomology pullback. Since IT = TI and T t = f , one has gtf = fgt.
Compatibility e(Ix, Iy) = e(x, y) says ItCI = C. Since I2 = −1, it also gives ItC + CI = 0;
expansion of ht

tCht then gives ht
tCht = C. This is gtCg

t
t = C. Equation (6.19) places gt in the

centralizer of f in O(Q), and its path from the identity places it in SO(Q).
After the usual complex scalar extension of W+, the two Hodge-circle weights have multiplicities

three and three. Hence
det(gt|W+) = e3ite−3it = 1.

Using the inverse circle convention only interchanges the factors. By Proposition 6.4, after extending
to K the determinant-one vector centralizer is SL(W+), and its unique lift fixing both spinors is
(g, 1) ∈ JK . This identity of algebraic groups descends from K. The actual polarized Hodge circle is
therefore in the vector image of J .

On Hp,q the circle has weight p− q, up to simultaneous reversal. A degree-2j class fixed by it has
only type (j, j). Proposition 6.5 makes every component of κM J-invariant, proving the assertion at
every compatible marked period.
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Only a constant rational transport will be needed for the quotient q : M → Y0. Transporting
homology, the K-action, and the polarization by q∗ identifies the marked complex structures; under
these identifications q∗ is a constant rational cohomology map and respects every corresponding
Hodge decomposition. This observation concerns classes on the marked domain, and requires no
relative isogeny or relative descent of the sheaf.

7 Descent and deformation
We now pass from the equivariant sheaf on the Jacobian product to an ordinary sheaf whose full
obstruction group can be used in deformation. The first step is coherent twisted descent through the
finite quotient and a projective-bundle conversion. The second is the restricted smooth-projective-
germ semiregularity theorem needed for that ordinary sheaf.

7.1 Twisted descent and conversion to an ordinary sheaf

The deformation argument will use an ordinary coherent sheaf on a projective family. We first
construct a twisted sheaf on the quotient of the abelian sixfold and compare its full derived
obstruction group with the invariant obstruction group on the covering sixfold. We then cancel the
twist on a relative projective bundle. Throughout, the group action on an endomorphism complex is
the conjugation action induced by the given line-twisted action; an action on the sheaf by ordinary
automorphisms is not required.

7.1.1 Characters and the duality sign

For a perfect complex P on a smooth complex manifold V , write

aP = − AtBF(P ) ∈ Ext1
V (P, P ⊗ Ω1

V ).

This is the raw first-jet Atiyah class with positive line-bundle Chern sign. The opposite sign is the
convention of Buchweitz–Flenner [4, Definition 3.4 and Definition 4.1]. Use the Atiyah-power and
perfect-trace conventions of Proposition 5.1. Define

chH,k(P ) = tr(ak
P )

k! , chH(P ) =
∑

k

chH,k(P ),

σP (v) =
(

Tr
P,Ωj

V [j+2]

((
aj

P

j!

)
[2] ◦ v

))
j≥0

.

(7.1)

Here tr is the perfect trace, and

σP : Ext2
V (P, P ) −→ H−2(V ) :=

⊕
j≥0

Hj+2(V,Ωj
V ).

The summands with j > dimV − 2 vanish. These definitions also apply to a perfect weight-one
complex on a finite-band gerbe: its derived endomorphisms and their trace have weight zero and
hence descend to the underlying manifold.

On a smooth projective V , let ιV : Hq(V,Ωp
V ) ↪→ Hp+q(V,C) be the Hodge inclusion for the

ordinary de Rham differential d. Our normalized Betti convention is

chB,k(P ) = (2πi)−kιV
(
chH,k(P )

)
, chB(P ) =

∑
k

chB,k(P ). (7.2)
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For an ordinary perfect complex this is its rational topological Chern character. For a twisted
complex the expression initially defines a complex Betti class; rationality in the present construction
will follow from finite descent. The inclusion ιV is multiplicative and commutes with pullback.
On the semiregularity summand Hj+2(Ωj

V ), the corresponding normalization is (2πi)−jιV : its
weight is the form degree j, not half the total cohomological degree. Thus, if ιV (γH) = (2πi)γB for
γH ∈ H1(Ω1

V ), multiplication by γH on the raw targets corresponds weightwise to multiplication by
γB. All identities involving σ will remain in raw Hodge cohomology.

Return to the fixed perfect complex G on M = X × X̂. Write

D(G) = RHomM (G,OM ), E = D(G)[−1] = E .

By Proposition 4.7, E is a coherent perfect sheaf of rank r = 8d > 0. Proposition 4.8 supplies the
coherent line-twisted actions on G and E, both indexed by Gsrc and identified with the translation
subgroup Ḡ through g 7→ bg. Duality inverts the line factors and preserves the translations and
coherent composition law. Proposition 5.8 proves that σG is injective on the full group Ext2

M (G,G)Ḡ.
The next calculation transfers this injection to E.

Lemma 7.1. Even transpose induces an isomorphism

d2 : Ext2
M (G,G)Ḡ ∼−−→ Ext2

M (E,E)Ḡ.

With the convention (7.1), its components obey

σE,j(d2v) = (−1)j+1σG,j(v) for every j ≥ 0. (7.3)

Consequently, injectivity of σG on the full Ḡ-invariant Ext2 implies injectivity of σE on the full
Ḡ-invariant Ext2.

Proof. Perfect duality is an anti-equivalence and turns the given line-twisted action into its inverse-
line action. The quasi-isomorphism from D(G)[−1] to the degree-zero sheaf E is canonical in the
derived category and is equivariant. Transpose therefore gives the asserted invariant isomorphism in
even degree.

The sign can be computed in a finite complex of free modules. The dual Atiyah class is the
negative transpose of the original class. Transposing a product reverses both its Ext-degree-one
factors and its one-form factors. The two reversal Koszul signs cancel: equivalently, an Ω1[1]-valued
Atiyah operation has even combined parity. The Ext-degree-two operation v is also even, so its
movement past these factors gives no further sign. Supertrace is invariant under transpose, while
the shift [−1] changes supertrace by −1. The j negative dual Atiyah factors and this last sign give
(7.3). Evaluation, transpose, and the Atiyah construction respect changes of finite free model, so
the local calculation glues. The diagonal operator with entries (−1)j+1 is invertible, which proves
the final assertion.

7.1.2 Determinant normalization and derived descent

Let
q : M −→ Y0 := M/Ḡ

be the finite etale translation isogeny of Proposition 4.8. We write the action on E using pullback
translations. For h = −bg, set Lh = N−1

g . Since tbg ,∗ = t∗−bg
= t∗h, the action (4.49) becomes

Lh ⊗ t∗hE ≃ E (h ∈ Ḡ).

These isomorphisms retain the unital associative line compositors of that proposition. Reindexing
by inversion on Ḡ preserves the invariant subspace of the derived endomorphisms.
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Proposition 7.2. There are a class α ∈ H2(Y0, µr), a coherent α-twisted sheaf B of rank r with
det B ≃ OY0, and an invertible q∗α-twisted sheaf L on M , such that

q∗B ≃ E ⊗ L. (7.4)

Let Y0 be the µr-gerbe of α. For every integer i, this isomorphism induces

Exti
Y0(B,B) ≃ Exti

M (E,E)Ḡ, Exti
0(B,B) ≃ Exti

0(E,E)Ḡ, (7.5)

where the subscript 0 denotes the kernel of the perfect trace to H i(O). Put

λH = adet E

r
= tr(aE)

r
.

Under the first isomorphism ϕ in degree two, the raw Hodge square

Ext2(B,B) ϕ−−→ Ext2(E,E)ḠyσB
ye−λH σE

H−2(Y0) q∗
−−→ H−2(M)

(7.6)

commutes, both on full Ext and on its trace-free summand. In particular, full invariant injectivity
for E makes B semiregular. By Lemma 7.1, full invariant injectivity for G is sufficient for this
conclusion.

Proof. We construct the twisted sheaf before comparing its derived endomorphisms. Choose an
evenly covered good analytic cover of Y0, refined so that the finitely many transition lines are trivial
on the required sheet intersections. Take every sheet over every cover member, so the sheets Ui

cover M , and retain its image Vi as a labelled member of the cover. Transport E|Ui to a sheaf Bi on
Vi. On Vi ∩ Vj for i < j, the deck transformation comparing the two sheets and a local trivialization
of its line Lh give an isomorphism ρij : Bj → Bi. Use the unit and inverse composition data to
impose ρii = id and ρji = ρ−1

ij . On a triple intersection, the coherent composition law cancels
the translations; the remaining line trivializations differ by an invertible scalar function. Thus
ρijρjkρki = cijk id.

We use the determinant functor for perfect complexes in its elementary local form: a finite free
complex has the alternating tensor product of the determinants of its terms. It commutes with
restriction and isomorphism, and the determinant of c id on a rank-r perfect complex is cr. Each Bi

is perfect, so detBi is a line. Trivialize these lines and let ηij be the determinant of ρij ; then ηii = 1
and ηji = η−1

ij . After a further good-cover refinement, choose an r-th root η̃ij of this nowhere-zero
holomorphic function for i < j, and impose η̃ii = 1 and η̃ji = η̃−1

ij . Set ρ′
ij = η̃−1

ij ρij . These maps
have determinant one and satisfy ρ′

ii = id and ρ′
ji = (ρ′

ij)−1. The coherent composition law gives an
invertible holomorphic scalar ϵijk defined by

ρ′
ijρ

′
jk = ϵijkρ

′
ik.

Taking determinants gives ϵrijk = 1, so these scalars are locally constant with values in µr. Associa-
tivity on a fourfold intersection gives the exact Cech cocycle identity

ϵijkϵikl = ϵjklϵijl.

The repeated-index multipliers are one; scalar multiplication is faithful because Bi has positive rank
on a smooth manifold. The resulting µr-cocycle defines α, and the sheaves Bi with transitions ρ′

ij
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define B. Their determinant trivializations glue, so det B ≃ OY0 . Rank, coherence, and perfection
are local, and hence pass from E to B. This is the determinant-normalized form of the local
construction in [25, Lemma 9.3.6 and equation (9.3.3)]; it uses the perfect determinant, not an
exterior power of a locally free sheaf.

Let θi : (q∗Bi)|Ui

∼−→ E|Ui be the local identification from transport. On an actual overlap
Ui ∩ Uj , the comparing deck transformation is the identity, so the coherent line action gives an
invertible scalar lij with

θi(q∗ρ′
ij)θ−1

j = lij idE .

The normalized transitions give lii = 1, lji = l−1
ij , and lijljk = (q∗ϵijk)lik. Use lij as the transition

from the j-th trivial line to the i-th. These lines define the weight-one q∗α-twisted line L with
the same multiplier as q∗B, and the local identifications give (7.4). On translated intersections,
conjugation by these identifications is the original conjugation action on the derived endomorphisms
of E.

For clarity, a twisted sheaf here is a coherent weight-one sheaf on Y0, equivalently the just
described Cech data. Weight-zero sheaves and complexes descend uniquely to Y0. A coherent twisted
sheaf on the smooth manifold is absolutely perfect: in a local trivialization of the gerbe it is a finite
module over a regular analytic local ring and has a finite free resolution. Write

CB = RHomY0(B,B)

for its weight-zero descent. It is a perfect complex on Y0, locally B∨ ⊗L B.
We use the following derived base-change identity. For an absolutely perfect P , any complex Q′,

and any morphism f : T → V ,

Lf∗RHomV (P,Q′) ≃ RHomT (Lf∗P,Lf∗Q′). (7.7)

Indeed, locally the left side is Lf∗(P∨ ⊗L Q′); derived pullback is symmetric monoidal and carries
the dual of a perfect complex to the dual of its pullback. This also proves the identity on gerbe
trivializations. The unit and trace, being coevaluation and evaluation, commute with the same
derived pullbacks. This is an assertion about derived pullback; ordinary pullback under a nonflat
map is not being substituted.

Apply (7.7) to the etale map q, where ordinary and derived pullback agree. Line cancellation in
(7.4) gives

q∗CB ≃ RHom(q∗B, q∗B) ≃ RHomM (E,E). (7.8)

Both the line factors and their scalar gluing cancel. The descent datum on the right is consequently
the honest conjugation action of Ḡ, although the action on E itself is line-twisted.

For a finite covering, q∗ on sheaves is exact: over an evenly covered open set it is the direct sum
of the finitely many sheet restrictions. Etale descent gives CB ≃ (q∗q

∗CB)Ḡ. Over C, invariants are
the split summand defined by |Ḡ|−1∑

h∈Ḡ h. Applying derived global sections to that summand
and using exactness of q∗ gives

RΓ(Y0, CB) ≃ RΓ(M, q∗CB)Ḡ.

Taking cohomology and using (7.8) proves the full Ext comparison in (7.5).
The perfect unit and trace are equivariant maps

OY0
u−→ CB

tr−→ OY0 , tru = r id . (7.9)

70



The last equality is the alternating-rank calculation in a finite free model. Thus u/r splits the trace.
If CB,0 = fib(tr), then

CB ≃ OY0 ⊕ CB,0, H iRΓ(Y0, CB,0) = ker
(
Exti(B,B) → H i(OY0)

)
.

The splitting commutes with (7.8), since derived pullback and tensoring by an invertible line
preserve evaluation and coevaluation. Descent of this summand proves the trace-free comparison.
In particular, the calculation retains the higher sheaf-Ext terms: it does not replace H2RΓ(CB,0) by
H2(End0(B)).

It remains to compare the semiregularity maps. The cotangent target on a µr-gerbe is that
of its underlying manifold. Equivalently, the scalar triple-gluing functions are locally constant, so
their differentials vanish in first jets. The pullback and tensor rules for Atiyah classes, with the
differential q∗Ω1

Y0
≃ Ω1

M , give

q∗aB = aE + aL idE , aL = −adet E

r
= −λH . (7.10)

The second equality follows by tracing the first and using det B = OY0 ; the trace of aE is the Atiyah
class of its perfect determinant. The pullback compatibility is also [4, Proposition 3.14]; the tensor
rule follows from the Leibniz rule for first jets on a local perfect model. The scalar −λH commutes
with the Atiyah operations in the combined Ext/form grading. Expanding the exponential and
applying the natural perfect trace yields

q∗σB(v) = e−λHσE(ϕv),

which is (7.6). Multiplication by λH ∈ H1(Ω1
M ) raises both Hodge indices and is nilpotent on

H−2(M); e−λH therefore has inverse eλH . Full invariant injectivity on the right implies full injectivity
on the left. The trace-free comparison also shows that injectivity restricted to the invariant trace-free
group would suffice: the j = 0 component of σB is the perfect trace itself, so its vanishing first puts
a class into the trace-free summand.

The normalized Betti counterpart of λH is

λB = cB
1 (detE)

r
, ιM (λH) = (2πi)λB,

where cB
1 is the usual integral Betti Chern class. Applying (7.10) to the character and then using

(7.2) weight by weight gives

q∗ chH(B) = e−λH chH(E),
q∗ chB(B) = e−λB chB(E).

(7.11)

The right side of the second equality is rational. The Betti trace qB
∗ satisfies qB

∗ q
∗ = (deg q) id, so

(deg q)−1qB
∗ proves that chB(B) is rational as well. No integrality of λB is required.

7.1.3 A relative projective bundle carrying an ordinary sheaf

Let a : Y → S be a holomorphic abelian scheme of relative dimension six over a sufficiently small
contractible representative of a smooth analytic germ, with central fiber Y0. Assume that the family
is polarized. Locally it admits a line LY representing the polarization and ample relative to a.
More precisely, if only the polarization homomorphism was specified, the standard rigidified relative
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Picard component of representing lines is a torsor under the smooth dual abelian scheme; a local
analytic section through a chosen central representative supplies LY . Relative ampleness holds after
shrinking. This is the only local choice of a representing polarization line that will be used.

We realize the twisting class by a finite projective representation and extend its projective-space
bundle over Y . On the central fiber, the inverse-twisted tautological line cancels the twist of the
pulled-back sheaf B. The vanishing of higher cohomology of the structure sheaf on projective space
retains the full obstruction group in this conversion.

Proposition 7.3. For the class α and the semiregular twisted coherent sheaf B in Proposition 7.2,
put m = r12 and N = 6 + m − 1. There exist a holomorphic Pm−1-bundle p : Z → Y , a
determinant-trivial α-twisted vector bundle Q0 of rank m on Y0, and an inverse-twisted tautological
line ℓ0 = OP(Q0)(1), with Z0 = P(Q0). The ordinary line

H = ω−1
Z/Y = detTZ/Y (7.12)

satisfies H|Z0 ≃ ℓm0 and restricts to OPm−1(m) on every p-fiber. The normalized Betti class and raw
Hodge class

ζB,s = cB
1 (H|Zs)
m

, ζH,s =
aH|Zs

m
, ιZs(ζH,s) = (2πi)ζB,s (7.13)

have the following properties: ζB is a horizontal rational class of type (1, 1), and its restriction to
every ps-fiber is the normalized hyperplane class. Every Zs and ps is projective algebraic, and a ◦ p
has a relative ample line.

The sheaf
F0 = p∗

0B ⊗ ℓ0

is ordinary coherent on Z0, and it is semiregular. More precisely, there is a full derived isomorphism

Ext2
Z0(F0, F0) ≃ Ext2

Y0(B,B) (7.14)

under which
σF0(p∗

0v) = eζH,0p∗
0σB(v). (7.15)

If a rational horizontal section κB =
∑6

k=0 κB,k specializes to chB(B) and has type (k, k) in degree
2k, then

AB = p∗κBe
ζB =

N∑
k=0

AB,k (7.16)

is rational, horizontal, and of type (k, k) in degree 2k. Its raw Hodge section in that degree is the
edge of (2πi)kAB,k, and its central value is chH,k(F0). Finally, on every fiber,

pB
s∗
(
ζm−1

B,s e−ζB,sAB(s)
)

= κB(s), (7.17)

where pB
s∗ is normalized Betti fiber integration.

Proof. We first realize the exact finite-band class α. Set Λ = H1(Y0,Z) ≃ Z12. The universal
coefficient theorem for the torus gives

H2(Y0, µr) = Hom(
∧2

Λ, µr);

there is no Ext term because H1(Y0,Z) is free. Let b be the alternating pairing corresponding to α,
and put Gr = Λ/rΛ. For an ordered basis e1, . . . , e12 of Λ, define

c(x, y) =
∏
i<j

b(ei, ej)xiyj (x, y ∈ Gr).
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This is a well-defined bimultiplicative cocycle with c(x, y)c(y, x)−1 = b(x, y). On the m = |Gr| = r12

dimensional vector space with basis {vy : y ∈ Gr}, set

Txvy = c(x, y)vx+y.

Then TxTy = c(x, y)Tx+y, so x 7→ [Tx] is a projective representation. For r = 1 this is the trivial
one-dimensional representation.

The multiplication map [r] : Y → Y is a finite etale torsor under Y [r]. Its differential on the
relative tangent bundle is multiplication by r; it is proper, and every abelian fiber has r12 inverse
images of a point. Thus it is a proper local biholomorphism of that degree. Contractibility of S
trivializes the finite local system Y [r] as Gr, with its central identification. Form Z as the quotient
of Y × Pm−1 by the free diagonal action covering translation by Gr, taking the inverse action on
the projective coordinate. If local sections of the torsor satisfy sj = si + xij , this convention gives
[sj , z] = [si, [Txij ]z]. Local sections of the finite covering show that p : Z → Y is a holomorphic
projective-space bundle with these projective transitions.

We must check the class in H2(Y0, µr), not only its image in the analytic Brauer group. Rescale
each Tx to have determinant one. The multiplier of these special-linear lifts is µm-valued: it is scalar
with determinant one. It differs from c by a scalar coboundary and still has commutator b. The
monodromy of the central [r]-torsor is Λ → Λ/rΛ. For any constant coefficient group C ′,

H2(Y0, C
′) = Hom(

∧2
Λ, C ′).

In the bar complex the cycle [ei|ej ] − [ej |ei] represents ei ∧ ej , and an inflated multiplier evaluates
on it as its alternating commutator. Thus the special-linear obstruction class has pairing b. The
inclusion µm ↪→ Q/Z induces an injection on this H2, so that class is the image of α under µr ↪→ µm.
On a common good cover, its µm-cocycle therefore differs from a chosen µr-cocycle for α by the
coboundary of a µm-valued one-cochain. Multiplying the special-linear lifts by that cochain gives
transitions with exactly the chosen µr-multiplier and still determinant one. They define Q0, and
their projectivizations give Z0.

Use the convention that P(Q0) parametrizes lines in Q0. The tautological ℓ0 = O(1) then has
the inverse twist. The twisted factors cancel in the Euler sequence

0 −→ OZ0 −→ p∗
0Q0 ⊗ ℓ0 −→ TZ0/Y0 −→ 0.

Since detQ0 = OY0 , its determinant is H|Z0 = ℓm0 . On any projective-space fiber the same
anticanonical line is O(m).

On each s, the quotient construction is the algebraic quotient of the projective variety Ys ×Pm−1

by a free finite algebraic action. It is projective: tensor the translates of an ample line on the
product, use the permutation linearization on that tensor product, descend it along the free finite
quotient, and use descent of ampleness under a finite surjection. The map ps is algebraic and
projective, for instance by its closed graph in a projective product. The global line H is p-ample.
The composition rule for relative ampleness gives positive u, v for which Hu ⊗ p∗Lv

Y is ample for
a ◦ p. The class ζB,s is the restriction of the global class cB

1 (H)/m. Restrictions of a total class
along a proper smooth submersion are horizontal, and a holomorphic line gives type (1, 1). Its fiber
degree is one by the calculation of H. The raw equality in (7.13) is the degree-one comparison (7.2);
centrally it gives aℓ0 = ζH,0.

We now verify ordinary semiregularity. The twists of p∗
0B and ℓ0 cancel, so F0 is ordinary

coherent. It need not be locally free. Since p0 is flat, the derived identity (7.7) and line cancellation
give

RHomZ0(F0, F0) ≃ p∗
0CB.
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Moreover Rp0∗OZ0 = OY0 . To check this equality, pull back along the finite etale cover [r] : Y0 → Y0;
the bundle becomes Y0 × Pm−1, where the assertion is the vanishing of the higher cohomology of
OPm−1 . Flat base change for this fixed projective fiber and faithful flatness give the equality on Y0.
The perfect projection formula now yields

Ext2
Z0(F0, F0) ≃ H2RΓ(Z0, p

∗
0CB)

≃ H2RΓ(Y0, CB) = Ext2
Y0(B,B).

This is (7.14); it uses the full derived Hom complex. Pullback and line tensoring preserve evaluation
and coevaluation, so this identification commutes with the unit and perfect trace under p∗

0 :
H2(Y0,OY0) ∼−→ H2(Z0,OZ0) and identifies their trace-free kernels. The tensor rule and aℓ0 = ζH,0
give (7.15).

The raw Hodge pullback in that equation is injective. Indeed, for ηH ∈ Hj+2(Y0,Ωj
Y0

), put
ηB = (2πi)−jιY0(ηH), a complex Betti class. Comparison commutes with pullback. With f = m− 1,
normalized Betti integration gives

pB
0∗
(
ζ f

B,0p
∗
0ηB

)
= ηB,

∫
Pf
cB

1 (O(1))f = 1.

Thus p∗
0ηH = 0 implies ηB = 0, and then ηH = 0. This avoids any choice of normalization for Hodge

Gysin. The exponential eζH,0 is invertible on the finite direct sum H−2(Z0). Equation (7.15) and
semiregularity of B prove full semiregularity of F0.

Finally, pullback is a morphism of cohomology local systems and ζB is horizontal, so (7.16) is
horizontal. Each degree-2k part is rational of type (k, k). Its flat lift (2πi)kAB,k lies in F k, and its
edge in Rk(a ◦ p)∗Ωk

Z/S is the raw Hodge class to be used in deformation theory. Multiplicativity of
the comparison and the one Tate factor contributed by each ζH give, centrally,

AH(0) = p∗
0 chH(B)eζH,0 = chH(F0),

AB(0) = p∗
0 chB(B)eζB,0 = chB(F0).

(7.18)

Here AH,k denotes the edge of (2πi)kAB,k, and AH =
∑

k AH,k. The normalized projection formula
and the hyperplane degree give

pB
s∗
(
ζm−1

B,s e−ζB,sAB(s)
)

= pB
s∗
(
ζm−1

B,s p∗
sκB(s)

)
= κB(s) pB

s∗(ζm−1
B,s ) = κB(s).

All exponentials are finite polynomials in cohomology. This proves (7.17) and the proposition.

7.2 Deformation over a smooth projective analytic germ

The ordinary coherent-sheaf deformation statement below is the projective case of the argument
in Buchweitz–Flenner [4, Theorem 5.1 and its proof, pp. 174–179], whose proof constructs a flat
analytic sheaf with the prescribed central fiber. We reconstruct that argument for the projective
bundle in Proposition 7.3, keeping the full coefficient obstruction group explicit. Projectivity permits
a comparison of the Chern characters of all infinitesimal lifts and an effectivity argument through
compatible quotients.

Theorem 7.4. Let S = (S, 0) be a smooth complex analytic germ, and let π : X → S be a proper
holomorphic submersion of relative dimension n, equipped with a holomorphic π-ample line LX . Let
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F0 be an ordinary coherent sheaf on X0. For I ⊆ {1, . . . , n}, suppose the following raw semiregularity
map is injective:

σI,0 : Ext2
X0(F0, F0) −→

⊕
k∈I

Hk+1(X0,Ωk−1
X0

),

v 7−→
(

TrF0,Ωk−1
X0

[k+1]

((
ak−1

F0

(k − 1)!

)
[2] ◦ v

))
k∈I

(7.19)

Suppose there are rational flat sections βB,k of R2kπ∗Q, for k ∈ I, such that

βB,k(0) = chB,k(F0), βB,k ∈ F k(R2kπ∗C ⊗ OS).

The second condition means that the flat de Rham class itself lies in the indicated Hodge filtration.
Then, after shrinking S, there is a coherent S-flat sheaf F on X , with F |X0 ≃ F0, for which

chB,k(F |Xs) = βB,k(s) (s near 0, k ∈ I). (7.20)

These classes are rational algebraic cycle classes. No rank, simplicity, stability, local-freeness,
reflexivity, or fixed-support hypothesis is imposed on F0.

We use the raw convention a = − AtBF from (7.1). With ordinary de Rham differential d, the raw
degree-k Chern character is the Hodge edge of (2πi)k chB,k. Thus the prescribed raw Hodge section
in the theorem is the edge of (2πi)kβB,k. The factor does not change horizontality or membership
in F k.

7.2.1 Absolute perfectness and the coefficient obstruction group

Write
R = OS,0 = C{t1, . . . , te}, Aν = R/mν+1, Xν = X ×S SpecanAν .

Here m is the maximal ideal of R. The integer ν ≥ 0 records the infinitesimal order.
We construct compatible Aν-flat sheaves Eν with central fiber F0. If Eν has been constructed,

the obstruction to the next lift has coefficients in Jν = ker(Aν+1 → Aν). The first lemma identifies
its group with Ext2

X0(F0, F0) ⊗C Jν , on which central semiregularity remains injective. For these
extensions, differentiation gives an injection Jν → Ω1

Aν+1/C ⊗Aν+1 Aν . The comparison with Gauss–
Manin then forces the obstruction to vanish if each selected component of the relative Chern
character of Eν is the edge of its prescribed flat filtered class. We prove this character identity for
every infinitesimal lift in Lemma 7.7; thus any lift produced at one stage satisfies the hypothesis
needed at the next. Finally, we express the sheaves as quotients of one vector bundle by lifting the
quotient-defining sections compatibly. The resulting formal section of the relative Quot space admits
an analytic approximation preserving the central quotient. Pulling back the universal quotient gives
a flat sheaf with central fiber F0, whose fiber characters are determined by flat transport.

Lemma 7.5. Let A = Aν, X = Xν, and let E be an A-flat coherent sheaf on X whose central
fiber is F0. Then E is absolutely perfect as an OX-complex, with local projective dimension at most
n. If W is a finite A-module killed by the maximal ideal and WX = OX ⊗A W , there are natural
identifications

Ext2
X(E,E ⊗A W ) ≃ Ext2

X0(F0, F0) ⊗C W,

Hq(X,Ωj
X/A ⊗A W ) ≃ Hq(X0,Ωj

X0
) ⊗C W.

(7.21)
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Under them the coefficient semiregularity map

σI,W (v) =
(

TrE,(Ωk−1
X/A

⊗AW )[k+1]

((
aX/A(E)k−1

(k − 1)! ⊗L
A 1W

)
[2] ◦ v

))
k∈I

is exactly σI,0 ⊗ 1W , and is therefore injective.

Proof. At x ∈ X0, put B = OX,x and ME = Ex. Both are A-flat, while B0 = B⊗AC is regular local
of dimension n. Choose a minimal finite-rank free B-resolution of ME , initially allowed to be infinite.
Tensoring it over A with C remains exact because its terms and ME are A-flat. It is still minimal
over B0, since maximal-ideal entries remain in the maximal ideal after reduction. The regular-local
projective-dimension theorem gives projective dimension at most n over B0, so this minimal reduced
resolution has no terms in higher degree. Its ranks are the ranks before reduction, and the original
resolution therefore stops as well. This proves absolute OX -perfectness. It is separate from relative
Tor-amplitude [0, 0], which is precisely the assumed A-flatness; the nonreduced total space has not
been declared regular. For the general fiberwise perfectness criterion, see [4, Proposition 4.5 and
Lemma 4.6, p. 169].

Let i : X0 ↪→ X. Flatness of OX and E over A, together with derived associativity, gives

Li∗E ≃ E ⊗L
A C = F0, E ⊗L

OX
WX ≃ E ⊗L

A W = E ⊗A W = i∗(F0 ⊗C W ). (7.22)

In particular the last derived tensor is an ordinary sheaf. We do not use the generally false identity
Li∗WX = OX0 ⊗C W . Perfect duality and the projection formula for the closed immersion give

RHomX(E,E ⊗A W ) ≃ E∨ ⊗L i∗(F0 ⊗W ) ≃ i∗(F∨
0 ⊗L F0 ⊗W ).

Derived global sections prove the first identity in (7.21). The coefficient sheaf Ωj
X/A ⊗A W is the

closed pushforward of Ωj
X0

⊗C W , proving the second. These are finite direct-sum identities, not
higher-direct-image base change for an endomorphism complex.

The relative first-jet Atiyah class pulls back to that of F0, and evaluation E∨ ⊗ E → OX pulls
back to central evaluation. Apply these identities to the displayed perfect-Hom formula. Each
coefficient semiregularity component becomes the corresponding central component tensored with
W . This proves the asserted equality and injectivity.

7.2.2 A square-zero lift and its semiregularity obstruction

Fix ν, put A′ = Aν+1, A = Aν , and write

J = mν+1/mν+2, K = Ω1
A′/C ⊗A′ A, j : X = Xν ↪→ X ′ = Xν+1.

The ideal of X is JX = OX ⊗A J . We have J2 = 0 and mAJ = 0. Moreover

K = Ω1
R/C/m

ν+1Ω1
R/C ≃ A⊕e, d : J ↪→ K. (7.23)

Indeed d(mν+2) ⊂ mν+1Ω1
R. On homogeneous terms the last map is

Symν+1(m/m2) −→ Symν(m/m2) ⊗ (m/m2),

given by differentiation. Euler’s formula
∑

i ti∂if = (ν + 1)f proves injectivity in characteristic zero.
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Lemma 7.6. Let E be an A-flat coherent sheaf on X with central fiber F0. Suppose, for every
k ∈ I, that its raw relative character chrel

H,k(E) = tr(aX/A(E)k)/k! is the restriction of the Hodge
edge of a flat F k de Rham class on X ′/A′. Then E has a coherent A′-flat sheaf lift on X ′, with its
prescribed restriction to X.

Proof. We first record the precise coefficient exactness needed for (7.23). The relative ample line
algebraizes every Xν , and every coherent sheaf on it, over the finite complex algebra Aν . We use
projective analytic GAGA in the form of an exact equivalence on coherent sheaves and comparison
on their cohomology; local analytification is faithfully flat [37]. The algebraic model is projective and
smooth over Aν : its analytification is locally a smooth product, and smoothness for these finite-type
models is reflected by analytification. Deligne’s proper-smooth theorem [12, Theorem 5.5] applies in
characteristic zero, including to nonreduced Artinian bases. It states that Hq(Xν ,Ωj

Xν/Aν
) is finite

locally free, commutes with arbitrary algebra base change, and that the Hodge-to-de-Rham spectral
sequence degenerates.

Here is the finite-module consequence. For a finite A-module W , apply algebra base change to
the split square-zero algebra A⊕W . On the same underlying space the relative differential sheaf is
Ωj

X/A ⊕ (Ωj
X/A ⊗A W ). The base-change isomorphism respects the inclusion and augmentation of

A⊕W . Taking the W -summand gives, naturally in W ,

Hq(X,Ωj
X/A ⊗A W ) ≃ Hq(X,Ωj

X/A) ⊗A W. (7.24)

The latter Hodge module is free, so this functor of W is exact. In particular d : J ↪→ K stays
injective after (7.24). GAGA transfers the same assertion to analytic sheaves.

For the remaining derived calculation, algebraize X ′, reduce it to obtain X, and algebraize E;
use the same symbols for this projective algebraic pair. Faithfully flat local analytification reflects
A-flatness, and the proof of Lemma 7.5 gives absolute perfectness on the algebraic model too. The
derived foundations used here are the usual tensor and adjunction formalism for modules, cotangent
transitivity, the first conormal homology H−1(LX/X′) = JX/J

2
X , and the functorial derived principal-

parts construction of the Atiyah class. For a perfect complex the trace is evaluation; its cyclicity and
its compatibility with pullback and coefficient maps follow in a finite free model. We also use the
characteristic-zero shifted exterior convention, for a cotangent complex L, L Symk(L[1]) ≃ (L

∧k L)[k].
These are the standard algebraic cotangent and perfect-duality constructions; no obstruction theorem
for a general perfect complex is imported.

Only ordinary relative objects have to be compared back to analysis. For the smooth morphism
X/A, its cotangent complex is Ω1

X/A[0] and its derived self-product is underived by flatness. The
first-principal-parts sequence is split for the input OX -action, so tensoring it with any coherent
E is exact. Thus the relative derived Atiyah triangle is the ordinary first-jet extension. Ordinary
differentials, conormal sequences, and first jets commute with analytification, as follows from finite
presentations; perfect trace does too by local free evaluation. For Q = E ⊗A J , GAGA for the
bounded coherent complex E∨ ⊗L Q compares Ext2

X(E,Q) with the analytic group, and ordinary
GAGA compares the Hodge targets. Hence the coefficient map of Lemma 7.5 is the same one on the
model. We do not compare an absolute nonreduced analytic cotangent complex or an Ext1 group
on X ′; the extension below will be constructed algebraically and then analytified.

Define the cotangent extension class

δX : LX/C −→ LX/X′ −→ H−1(LX/X′)[1] = JX [1].

The whole complex LX/X′ need not be JX [1]. Smoothness of X ′/A′, restricted to X, gives the exact
sequence

0 −→ OX ⊗A K −→ Ω1
X′/C ⊗ OX −→ Ω1

X/A −→ 0. (7.25)
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The conormal map JX → Ω1
X′/C ⊗ OX factors through its first arrow by 1 ⊗ d. It is injective by

(7.23) and A-flatness. Consequently the ordinary conormal sequence ending in Ω1
X/C is short exact

as well.
Map the transitivity triangle

Lj∗LX′/C −→ LX/C −→ LX/X′

to this conormal triangle by the degree-zero truncations. The induced cone map LX/X′ → JX [1] is
the canonical truncation: on H−1 = JX/J

2
X it is the identity, and, since LX/X′ ∈ D≤−1, truncation

adjunction determines a map to JX [1] by that map on H−1. Now map the conormal sequence to
(7.25), using 1 ⊗ d on the left and the identity in the middle. Naturality of boundaries and exterior
comultiplication give the derived square

L
∧k LX/C

ρk−−→ Ωk
X/AyδX,k

y∇′
k

(Ωk−1
X/A ⊗A J)[1] 1⊗d−−−→ (Ωk−1

X/A ⊗A K)[1].
(7.26)

Here ρk projects each factor to relative forms, δX,k contracts one factor with δX and projects the
others, and ∇′

k is the exterior boundary of (7.25). The exterior signs are those of the shifted
symmetric convention just specified. This argument does not require a regular immersion.

We next prove the required sheaf obstruction statement. By (7.22),

Q = E ⊗A J ≃ E ⊗L
OX

JX

is an ordinary coherent sheaf. Put K = Lj∗j∗E. The Tor sequence for 0 → JX → OX′ → OX → 0
gives H0(K) = E and H−1(K) = Q; lower cohomology is allowed. Its truncation triangle is

Q[1] −→ τ≥−1K −→ E
bE−→ Q[2]. (7.27)

Derived adjunction identifies Ext1
X′(j∗E, j∗Q) with HomD(X)(K, Q[1]). Because Q is a sheaf, this

Hom factors through τ≥−1K. Applying Hom(−, Q[1]) to (7.27) gives the exact segment

Ext1
X′(j∗E, j∗Q) −→ HomX(Q,Q) −→ Ext2

X(E,Q). (7.28)

Use the cochain convention in which a connecting map is the differential of a lift. The last map
sends idQ to bE . If the first class is represented by 0 → j∗Q → E′ → j∗E → 0, the Tor boundary
after restriction sends j0 ⊗ e to j0ẽ, where ẽ lifts e in E′. This follows directly from the two-term
presentation JX → OX′ of OX , with the same connecting-map convention. It is the map Q → Q in
(7.28). Thus bE = 0 precisely when there is an extension

0 −→ E ⊗A J −→ E′ −→ E −→ 0 (7.29)

whose kernel identification is the multiplication map JX ⊗OX
E → E′. Yoneda Ext supplies an

actual extension; it is coherent because coherent modules on the noetherian model are closed under
extensions.

We identify bE with the Atiyah contraction, including its orientation. Keep the two actions on

C = O(1)
X ⊗L

OX′ O(2)
X , I = fib(C → OX).

Tensor over action (1), using action (2) as output. Then C ⊗L
(1)E = K, I ∈ D≤−1, and H−1(I) = JX .

Universal derivation on action (2) gives the diagonal linearization ℓ : I → LX/X′ , oriented by
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1 ⊗ f − f ⊗ 1 7→ df . To check its first homology, resolve factor (2) by a local free DG algebra
over OX′ . A degree-−1 generator u with dDGu = j0 ∈ JX represents j0 in H−1(I); its universal
differential represents the same class in H−1(LX/X′) = JX/J

2
X . Thus ℓ induces the identity under the

canonical first-conormal-homology identifications. Universal derivation makes this check compatible
on overlaps.

The homotopy pushout of I ⊗L
(1) E → K along ℓ⊗ E is the derived first-principal-parts triangle

E ⊗L LX/X′ −→ P 1
X/X′(E) −→ E

AtX/X′ (E)
−−−−−−−→ E ⊗L LX/X′ [1].

The boundary is the principal-parts definition of Atiyah. Its sign relative to Buchweitz–Flenner can
be read from first jets. For ordinary degree-zero jets put ȷ(p) = (1 ⊗ 1) ⊗ p, with p on action (1)
and the module action on action (2). With df = 1 ⊗ f − f ⊗ 1,

ȷ(pf) − ȷ(p)f = −p df.

A connection satisfies ∇(pf) = ∇(p)f + p df , so ȷ+ ∇ is the module splitting. In a free DG model
its failure to commute with the differential is [dDG,∇]. This is precisely AtBF in [4, Definition 3.4],
not its negative.

Let t : LX/X′ → JX [1] be truncation. Since tℓ is the identity on H−1, truncation adjunction
identifies it with I → JX [1]. After tensoring with E, the analogous assertion has target Q[1]: the
tensor cohomology spectral sequence has in degree −1 only H−1(I) ⊗ E = Q, and all higher Tor
terms have lower degree. The derived target is Q[1] by (7.22). Naturality of the fiber and truncation
triangles therefore identifies bE with the principal-parts Atiyah class followed by t[1]. Naturality
under LX/C → LX/X′ gives

bE = (1E ⊗ δX)[1] AtBF,X/C(E).

Define oE = −bE . With a = − AtBF, we have proved

oE = ⟨δX , aX/C(E)⟩. (7.30)

It vanishes if and only if (7.29) exists with its multiplication identification. The use of the two
highest cohomology degrees of K depends on Q being a sheaf. For a general perfect complex, the
Hom in (7.28) need not factor through this truncation.

Absolute perfectness supplies the trace in the next identity. Put L = LX/C. Under L Symk(L[1]) ≃
(L
∧k L)[k], the Atiyah morphism a : E → E⊗L[1] is a degree-zero coefficient-valued endomorphism.

The map δX [1] : L[1] → JX [2] extends as the derivation contracting each symmetric generator. Its
output coefficient has even shift two. Expanding contraction of ak gives k terms with the same
supertrace by graded cyclicity: the symmetric algebra accounts for the internal Koszul signs, and
rotation of the degree-zero Atiyah operations and the even coefficient leaves no residual sign. Trace
commutes with coefficient maps. Dividing by k! proves

σk,J(oE) = δX,k

(
tr(aX/C(E)k)

k!

)
. (7.31)

This supplies the particular obstruction and trace identities corresponding to [4, Propositions 4.4
and 4.2, pp. 166–169].

The multiplication identification also gives A′-flatness. For completeness, the square-zero flatness
criterion says that an A′-module M ′ is flat if M ′/JM ′ is A-flat and J ⊗A (M ′/JM ′) → M ′ is
injective. The latter condition is TorA′

1 (A,M ′) = 0. The change-of-rings Tor sequence then gives
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TorA′
1 (W,M ′) = 0 for every A-module W . Filtering an arbitrary A′-module by JW ⊂ W gives the

same vanishing for every W , which is flatness. For (7.29), the kernel identification gives E′/JE′ = E
and the required injection. Apply the criterion to the algebraic stalks. Flat local analytification
preserves this A′-flatness, coherence, and the extension.

We now relate the obstruction to the assumed horizontal class. The exterior boundary ∇′
k in

(7.26) is the restricted Hodge-graded Gauss–Manin map. Indeed, quotient the absolute de Rham
complex of X ′/C by forms with at least two base differentials. The connecting map of the resulting
sequence is base differentiation in product coordinates. Filtering by relative form degree gives on the
graded term exactly the exterior boundary of (7.25). Hodge degeneration identifies the degree-2k
graded term with Hk(Ωk), and (7.24) identifies its restriction to A. Therefore the restriction of the
edge of a flat F k class on X ′/A′ is killed by ∇′

k.
The image under ρk of the absolute character in (7.31) is the relative character of E, by Atiyah

naturality. Evaluate (7.26) on that absolute character and use (7.31). The result is

(1 ⊗ d)∗σk,J(oE) = ∇′
k

(
chrel

H,k(E)
)
. (7.32)

This is the restricted Gauss–Manin square used in [4, Lemma 5.8 and Proposition 5.9]. The
hypothesis of the lemma kills its right side for k ∈ I. The left coefficient map is injective by (7.24),
and σI,J is injective by Lemma 7.5, since mAJ = 0. Thus oE = 0. Equations (7.30) and (7.29),
followed by the flatness criterion, give the required analytic flat sheaf lift.

7.2.3 The Chern character of every infinitesimal lift

The one-step lemma can be iterated only after checking that a chosen lift has the prescribed relative
character, rather than merely the prescribed central restriction. The projectivity assumption supplies
a direct proof for every stage.

Lemma 7.7. For every Aν-flat coherent sheaf Eν on Xν with central fiber F0, and every 0 ≤ k ≤ n,
the ordinary flat comparison

H l
dR(Xν/Aν) ≃ H l(X0,C) ⊗C Aν

satisfies

chrel
H,k(Eν) = edgek

(
(2πi)k chB,k(F0) ⊗ 1

)
,

(2πi)k chB,k(F0) ⊗ 1 ∈ F kH2k
dR(Xν/Aν).

(7.33)

The assertion holds independently of the choice of the lift.

Proof. For k = 0 the assertion is constancy of rank on each connected component. Assume k ≥ 1.
The projective model of Xν has an ample line. Repeated Serre global-generation surjections from
finite sums of negative powers of that line resolve Eν . The local projective-dimension bound in
Lemma 7.5 makes the n-th syzygy locally free. GAGA gives a global finite holomorphic vector-bundle
resolution V • → Eν . No compatibility of these resolutions as ν varies is asserted or needed.

Choose a differentiable trivialization of the proper submersion X → S. Holomorphic t-jets
through order ν of relative smooth forms define a morphism

Ω•
Xν/Aν

−→ A•
X0 ⊗C Aν ,

where A•
X0

is the smooth de Rham complex. Explicitly, after the trivialization take∑
|a|≤ν

(∂a
t ω)|t=t̄=0

a! ta.
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Leibniz’s rule makes this compatible with products, and jets commute with the fiber differential.
The jets of the fiberwise type projections give a bigrading on the target; their integrability identities
persist under taking jets. In a local holomorphic product chart the resulting Dolbeault complex is
the ordinary one with coefficients Aν , up to an invertible formal smooth coordinate change. The
coefficientwise Dolbeault lemma therefore makes it a fine resolution of each Ωp

Xν/Aν
, respecting the

form filtration.
Both total complexes resolve the constant sheaf Aν . For the holomorphic complex, filter by

powers of m; its associated graded complex is Ω•
X0

⊗C grAν , to which the holomorphic Poincare
lemma applies. The jet map is the identity on constants. It therefore realizes the ordinary flat de
Rham comparison in the statement.

A holomorphic vector bundle V on Xν becomes a smooth Aν-bundle under the same jet map, and
is smoothly isomorphic to V ∞

0 ⊗Aν . Indeed, modulo successive powers of m, the discrepancy between
its transition matrices and the central ones is a Cech one-cocycle with values in smooth sections
of End(V ∞

0 ) ⊗ ma/ma+1. This sheaf is fine, so a smooth gauge change removes that discrepancy.
Induction through the finitely many powers of m gives the isomorphism.

Choose a smooth right-module connection D = ∂̄V + ∇1,0 on this bundle, and put FD = D2.
Its curvature has no (0, 2)-part. In the Dolbeault resolution the BF commutator [∂̄,∇], with its
form coefficient written after the (0, q)-form, maps under exterior multiplication to F 1,1

D . The sign
also follows from the first-jet calculation above: for a line with frames ej = eigij , the BF cocycle is
−d log gij , while the connection matrices differ by d log gij ; the Cech–Dolbeault boundary carries
this cocycle to +∂̄Ai. Thus a = − AtBF is represented by −F 1,1

D . It follows that the closed form

(−1)k

k! tr(F k
D)

belongs to F k and that its edge is the raw degree-k Atiyah character.
This de Rham class is the constant central class. Use a constant connection on V ∞

0 ⊗Aν and the
smooth isomorphism just constructed. For Du = D0 + u(D1 −D0), the Chern–Simons identity is

∂u
tr(F k

Du
)

k! = d
tr((D1 −D0)F k−1

Du
)

(k − 1)! .

Integration in u proves independence of the connection; the polynomial identity is valid over the
finite complex algebra Aν . For this right-connection convention, the normalized topological character
is tr exp(−FD/(2πi)). Hence the signed unscaled form above represents (2πi)k chB,k(V0) in the flat
comparison.

Apply the calculation termwise to V •. A grading-preserving connection represents AtBF by
its commutator with dV • + ∂̄, and a by the negative of that commutator. In a power, every
term involving dV • has positive internal degree and zero supertrace. The remaining terms are the
alternating sum of the signed bundle curvature traces. Their edge is therefore chrel

H,k(Eν). By (7.22),
the central restriction of the resolution resolves F0. Its alternating central character is chB,k(F0),
which proves (7.33).

7.2.4 Compatible quotients and analytic effectivity

Proof of Theorem 7.4. Let βH,k,ν be the edge of the restriction of (2πi)kβB,k to Xν/Aν . A flat
section is uniquely determined near the origin by its central value. Thus Lemma 7.7 identifies the
relative character of every Eν with βH,k,ν . Starting with E0 = F0, the assumption that βB,k lies in
F k provides the flat lift to order ν + 1. Lemma 7.6 then gives Eν+1 with its identification on Xν .
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This constructs a compatible tower of flat coherent sheaves. Only the extensions Aν+1 → Aν and
their modules Jν were used, not arbitrary Artinian extensions.

We make the classifying maps compatible before applying analytic approximation. Choose c
large enough that F0(c) = F0 ⊗ Lc

X ,0 is generated by b global sections and has H1(X0, F0(c)) = 0.
Let V = (L−c

X )⊕b and fix the central quotient V0 ↠ F0. Given a quotient Vν ↠ Eν , tensor the
extension for Eν+1 by Lc

X . Its kernel is i0∗(F0(c) ⊗C Jν), whose first cohomology vanishes. The
global-section map to order ν is therefore surjective. Lift the b sections defining the quotient. Their
map to Eν+1 is surjective by Nakayama’s lemma, because its central restriction is the fixed central
quotient. We obtain compatible quotients Vν ↠ Eν for every ν.

We use the relative analytic Quot theorem of Pourcin [32, Theorem 2, pp. 451–452]: proper
flat quotients of a coherent sheaf on a separated finite-dimensional complex space over a separated
finite-dimensional complex base, which may be nonreduced, are represented by a complex space
with a universal flat quotient. These hypotheses hold here; in particular quotient supports are
proper because X → S is proper. Let T be the germ of this Quot space at the central quotient. The
compatible quotients give unique compatible S-maps SpecanAν → T . Passing to the inverse limit
gives a local R-algebra map

OT,0 −→ R̂ = C[[t1, . . . , te]],

that is, a formal section of T → S.
A graph embedding presents this analytic S-germ as

OT,0 = R{z1, . . . , zh}/(g1, . . . , gv).

The formal section gives zero-constant formal series zj(t) solving these finitely many convergent
equations. Artin’s analytic approximation theorem [1, Theorem 1.2, p. 277] says that such a formal
solution over C has an exact convergent solution with any prescribed finite-order congruence. Take
congruence modulo m. The solution still maps the origin to the central quotient, and, with t fixed
as the parameters, defines an analytic section S → T . Pullback of the universal quotient gives a
coherent S-flat sheaf F with central fiber F0. The convergent solution need not realize the entire
chosen formal tower; retaining the central fiber is sufficient.

It remains to identify characters on actual fibers. The total space X is smooth, so F is absolutely
perfect. Separately, S-flatness and derived associativity give, for every s,

Li∗sF ≃ F ⊗L
OX (OX ⊗L

OS
k(s)) ≃ F ⊗L

OS
k(s) = F |Xs [0]. (7.34)

Near X0, F has a finite resolution by total holomorphic vector bundles: use relative Serre generation
repeatedly and the regular-local projective-dimension bound on the smooth total space, then shrink
by properness at the final locally free syzygy. The alternating normalized topological Chern character
of these bundles restricts by (7.34) to chB(F |Xs). Restrictions of a total cohomology class along a
proper smooth submersion are flat. Their central value is chB(F0), so uniqueness of flat transport
proves (7.20).

Every Xs is projective algebraic, and projective GAGA algebraizes F |Xs . On the smooth
projective fiber a finite locally free resolution identifies its normalized topological character with
the cycle class of its rational algebraic Chern character. Its raw degree-k Atiyah character is the
weightwise (2πi)k image of that class. This proves algebraicity and completes the theorem.

For p : Z → Y in Proposition 7.3, the morphism a ◦ p satisfies the theorem’s projectivity
hypothesis, F0 is ordinary coherent and fully semiregular, and its relative dimension is N = 6+m−1.
Taking I = {1, . . . , N}, the raw input in degree k is exactly the edge of (2πi)kAB,k. The theorem
uses neither a relative version of the finite isogeny q nor a deformation of the twisted sheaf B. Its
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proof also does not assert arbitrary classical base change for global Ext groups or higher direct
images. The smooth projective germ and the ordinary coherent-sheaf condition are the stated limits
of the deformation result.

8 Algebraicity at every compatible period
We apply the descent and deformation results to the normalized character computed for the polarized
seed. Projective-bundle operations first give local algebraicity. A marked period family and proper
Hilbert parameter spaces then extend the Weil plane to every compatible period, and rational
isogenies remove the dependence on the initial lattice.

8.1 The descended character on the marked Weil domain

Fix K = Q(u), with u2 = −d and d ≥ 3, and use the seed M = X × X̂ constructed above. Its
coherent perfect sheaf E has rank r = 8d. We write clB for the usual rational Betti cycle-class map,
normalized so that the first Chern class cB

1 (L) of a line bundle is integral. The normalized character
on the seed is

κM,B = exp
(

−cB
1 (E)
r

)
chB(E) =

6∑
j=0

κM,B,j . (8.1)

Here cB
1 (E) = cB

1 (det E), so this is the class κM of Section 6 in normalized Betti notation. Proposi-
tion 6.3 supplies the unital K-action on M and its ample class θM , and Proposition 6.5 gives

κM,B,3 = cθθ
3
M + wM , cθ ∈ Q, 0 ̸= wM ∈ WK(M). (8.2)

Proposition 6.6 proves that every κM,B,j has type (j, j) at every marked complex structure of Weil
type (3, 3) compatible with this action and polarization. We will transport these properties to the
quotient on which the descended sheaf is defined.

8.1.1 The actual homological Hermitian space

Let eM be the Riemann form of the ample class θM . The actual homological Hermitian form is

hM (x, y) = eM (x, ηM (u)∗y) + ueM (x, y).

In the second-linear convention of (3.1), Proposition 6.3 proves that this form is hyperbolic of
signature (3, 3); its three hyperbolic blocks are computed in (6.16).

Let q : M −→ Y0 be the isogeny in Proposition 7.2. Put

V0 = H1(Y0,Q), Λ0 = H1(Y0,Z), θ0 = (q∗)−1θM .

Transport the rational action through q in the category up to isogeny, and write T0 = η0(u)∗ for the
transported action on V0. The alternating form e0 associated to θ0 is characterized by

e0(q∗x, q∗y) = eM (x, y).

It is rational and is a positive Riemann form at Y0; a positive integer multiple is integral on Λ0 and
is an ample polarization. The second-linear Hermitian form

h0(x, y) = e0(x, T0y) + ue0(x, y) (8.3)

is carried to hM by q∗, so it too is hyperbolic of signature (3, 3).
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8.1.2 The full compatible domain

Let D be the set of real complex structures I on V0,R satisfying

I2 = −1, IT0 = T0I, e0(Ix, Iy) = e0(x, y), e0(x, Ix) > 0 (x ̸= 0). (8.4)

This is the full marked compatible domain for the fixed rational space, form, and lattice. We verify
both its connectedness and the complex structure used below.

Choose the embedding σ : K ↪→ C for which σ(u) = i
√
d, and view V0,σ = V0 ⊗K,σ C with its

Hermitian form h0,σ. A real I commuting with K is complex-linear on this space. Commutation
with T0 together with preservation of e0 implies that I is unitary for h0,σ. Its i- and −i-eigenspaces
are therefore orthogonal. On the first of them T0 =

√
d I, and on the second T0 = −

√
d I. Since

h0(x, x) = e0(x, T0x), Riemann positivity makes the first eigenspace positive and the second negative.
Each has dimension three because h0 has signature (3, 3).

Conversely, if P ⊂ V0,σ is a positive three-plane, then P⊥ is negative of dimension three. Set
I = i on P and I = −i on P⊥. This is a real complex structure commuting with K and preserving
h0, hence also e0, which is the coefficient of u in (8.3). For x = x+ + x− in this orthogonal
decomposition,

e0(x, Ix) = d−1/2(h0,σ(x+, x+) − h0,σ(x−, x−)
)
> 0 (x ̸= 0).

Thus positive three-planes parameterize exactly D . Fix a positive/negative orthogonal splitting
V0,σ = V+ ⊕ V−. Projection of a positive three-plane to V+ is an isomorphism, so that plane is the
graph of a unique map Z : V+ → V−. Positivity is precisely

1 − Z∗Z > 0, equivalently ∥Z∥op < 1. (8.5)

The operator-norm unit ball in HomC(V+, V−) is convex. In particular the underlying domain is
connected and contractible and has complex dimension nine.

For the holomorphic convention, use cohomological periods. Write Wσ ⊕ Wσ̄ = H1(Y0,C)
for the two K-eigenspaces. The cohomological polarization induced by e0 pairs these two spaces
perfectly and vanishes on each separately. If F 1 is a compatible Lagrangian Hodge subspace, then
P∨ = F 1 ∩Wσ is a three-plane and

F 1 = P∨ ⊕ Ann(P∨) ⊂ Wσ ⊕Wσ̄, (8.6)

where the annihilator is taken using that perfect pairing. Conversely this formula, restricted by the
open Riemann positivity condition, gives precisely the compatible periods. The annihilator map
between the two Grassmannians is algebraic. We give D the complex structure in the coordinate P∨;
then (8.6) is holomorphic into the Siegel period domain. This coordinate can be the conjugate of the
homological graph coordinate in (8.5); the connected underlying space and its complex dimension
are unchanged.

8.1.3 A fine principal-level family and the seed lattice

Choose a rational symplectic basis a1, . . . , a6, b1, . . . , b6 for e0, normalized by e0(ai, bj) = δij , and let
Λpp be its integral span. Such a basis follows by repeatedly choosing a pair of pairing one and taking
its symplectic orthogonal complement. The restriction of e0 to Λpp is integral and unimodular. The
Riemann criterion for polarized tori therefore makes

App
I = (V0,R, I)/Λpp, I ∈ D , (8.7)
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principally polarized abelian sixfolds. The rational K-action persists in End0(App
I ): every rational

K-operator has an integer multiple preserving Λpp, and it commutes with I.
We use the following precise fine-level theorem. Over C, fix a primitive fourth root for the

symplectic Weil pairing. The functor of principally polarized abelian schemes of relative dimension
six with a full symplectic level-4 isomorphism to the standard (Z/4)6 × µ6

4 has a smooth quasi-
projective fine moduli scheme A6(4) and a universal abelian scheme π : U → A6(4). On the chosen
analytic component it is the quotient of the universal marked torus family on H6 by the principal
congruence subgroup Γ6(4); both this component and the universal total space are quasi-projective
algebraic varieties. These are Chai’s symplectic-level and uniformization statements [9, Chapter I,
Theorems 1.4 and 1.7.2, and Sections 2.3–2.5, pp. 5–13]. The hypotheses here are explicit: e0 is
perfect on Λpp, the chosen basis supplies the level, 4 ≥ 3 removes stabilizers, and the ground field
has characteristic zero.

The universal π is smooth and projective. Smoothness and properness are part of being the
universal abelian scheme. To see projectivity from the stated theorem without choosing a universal
theta line, embed the quasi-projective U locally closed in some Pb

C. Its graph over the separated
scheme A6(4) is a locally closed immersion

U −→ Pb
A6(4).

This morphism is proper: for any morphism from an A6(4)-proper scheme to an A6(4)-separated
scheme, the graph is closed and the second projection is a base change of a proper morphism. A
proper immersion is a closed immersion. The displayed map is therefore a projective embedding
over A6(4).

The symplectic basis identifies the space of all positive Lagrangians with H6. The compatible
Lagrangians in (8.6) give a holomorphic map D → H6. Composition with the level quotient gives

ν : D −→ A6(4)an. (8.8)

The quoted marked uniformization identifies ν∗U an with the family (8.7). This construction uses
the ordinary principally polarized level family. It asserts neither that D or its image is algebraic nor
that the ambient universal family has a K-action.

We also obtain the precise family with central fiber Y0. Choose an integer clat > 0 such that
clatΛpp ⊂ Λ0. The finite group

Glat = c−1
lat Λ0/Λpp ⊂ V0/Λpp

consists of torsion points of uniformly bounded order. In the marked family on the contractible D
these are holomorphic torsion sections. Indeed, the kernel of multiplication by their common order is
a finite étale holomorphic cover of D , and the marking identifies it with the constant torsion lattice.
The chosen torsion classes therefore select sections, which are holomorphic because the cover is
locally biholomorphic. Translation by Glat is free. Taking the quotient, locally by disjoint translated
coordinate neighborhoods, gives a smooth holomorphic group family with zero section. It is proper
because it is the finite quotient of a proper family. Its fiber is (V0,R, I)/(c−1

lat Λ0). Multiplication by
clat identifies it with

YI = (V0,R, I)/Λ0, (8.9)

and identifies the seed fiber with Y0.
This family is polarized in the relative sense required in Proposition 7.3. Indeed, choose an

integer cpol > 0 so that cpole0 is integral on Λ0. Let PI be the normalized Poincaré line on YI × ŶI .
Mark the dual homology by

H1(ŶI ,Z) ∼−→ Λ∨
0 , ξ 7−→

[
y 7−→ c1,B(PI)((y, 0), (0, ξ))

]
.
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In this marking the dual complex structure is −It. The constant lattice map

F : Λ0 −→ Λ∨
0 , x 7−→

[
y 7−→ cpole0(y, x)

]
extends to the marked real vector spaces. It is complex-linear from I to the dual complex structure
−It, since

F (Ix)(y) = cpole0(y, Ix) = −cpole0(Iy, x) = (−ItF (x))(y).

Equivalently, its constant complexification preserves the holomorphic Hodge subbundles in the
marked uniformizations, so it induces a holomorphic homomorphism from the family Y to its dual
family. On each fiber the Riemann criterion supplies an ample line LI with alternating form cpole0.
The normalized mixed-biextension identity (4.3), evaluated on (y, 0), (0, x), gives

((ϕLI
)∗x)(y) = cpole0(y, x), ϕLI

(z) = t∗zLI ⊗ L−1
I .

Homomorphisms of complex tori are determined by their maps on the universal covers, so the family
homomorphism is fiberwise this polarization. Its ample class is the marked transport of cpolθ0. In
particular all fibers are projective. The local representing line, and its relative ampleness after
shrinking, are supplied by the relative Picard argument immediately preceding Proposition 7.3.
Restricting (8.9) to a small contractible open neighborhood S of the seed gives the polarized
holomorphic abelian scheme a : Y → S used there; S is a smooth nine-dimensional analytic germ.

The quotient also gives, on each fiber, an isogeny

jI : App
I −→ YI (8.10)

induced by clat idV0 . It is K-linear in the category up to isogeny. It is algebraic: both tori are
projective, and Serre’s GAGA Proposition 15 says that a holomorphic map from a compact algebraic
variety to an algebraic variety is regular [37, Section 4, no. 19, Proposition 15, pp. 29–30]. Only
this fiberwise isogeny is needed; the central isogeny q has not been extended as a relative algebraic
isogeny.

8.1.4 The flat descended character

Proposition 7.2 supplies the determinant-trivial twisted coherent sheaf B of rank r on Y0, with full
twisted-derived semiregularity. Its character comparison (7.11) is the equality

κB := chB(B) ∈
6⊕

j=0
H2j(Y0,Q), q∗κB = κM,B. (8.11)

Rationality here is part of that comparison, or follows by applying the rational trace (deg q)−1qB
∗

to its right side. Because q∗ is an isomorphism of rational first homology, q∗ is an isomorphism
of rational cohomology rings. It is K-linear on first cohomology for the transported action and
therefore identifies the two Weil planes. Consequently (8.2) becomes

κB,3 = cθθ
3
0 + w0, 0 ̸= w0 ∈ WK(Y0). (8.12)

Use the lattice marking in (8.9) to transport κB, θ0, and w0, denoting their values by κB(I),
θI , and wI . They are rational flat sections. For each I ∈ D , transporting I through q∗ gives a
compatible polarized complex structure on the rational homology of M . The constant map q∗ is a
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Hodge map for these corresponding structures. Proposition 6.6, applied to the invariant character
in (8.1), thus proves

κB,j(I) ∈ Hj,j(YI) ∩H2j(YI ,Q) (0 ≤ j ≤ 6, I ∈ D). (8.13)

Also θI is a rational polarization class at every period, and (8.12) remains the flat equality

κB,3(I) = cθθ
3
I + wI , 0 ̸= wI ∈ WK(YI).

This is an assertion on the marked domain. No section on an arithmetic quotient and no relative
twisted sheaf is used to define these flat classes.

8.2 Local algebraicity and projective extraction

Proposition 8.1 (Local algebraicity of the descended character). There is a nonempty analytic
neighborhood of the seed in D on which every component κB,j(I) is a rational algebraic cycle class
on YI .

Proof. Take the smooth contractible nine-dimensional germ S and its polarized abelian scheme
a : Y → S constructed above. Apply Proposition 7.3 to the descended sheaf B, and retain its
notation

m = r12, N = 6 +m− 1, p : Z → Y, F0 = p∗
0B ⊗ ℓ0.

Thus a ◦ p is a proper holomorphic submersion of relative dimension N with a relative ample line.
The sheaf F0 is ordinary coherent, and its raw semiregularity map is injective on the entire group
Ext2

Z0(F0, F0). The proposition also supplies the relative anticanonical line and its normalized Betti
class

H = ω−1
Z/Y , ζB,s = cB

1 (H|Zs)
m

. (8.14)

The class ζB is rational, flat, and of type (1, 1), and restricts to the hyperplane class on every
ps-fiber. Each Zs is projective algebraic, ps is a projective algebraic morphism, and H|Zs is an
algebraic line bundle.

Now put

AB(s) = p∗
sκB(s)eζB,s =

N∑
k=0

AB,k(s). (8.15)

Equations (8.13) and (8.14) show that AB,k is a rational flat section of R2k(a ◦ p)∗Q of type (k, k).
In particular its flat de Rham lift lies in F k. The central character identity (7.18) gives

AB(0) = p∗
0 chB(B)eζB,0 = chB(F0). (8.16)

In the raw d log convention, the prescribed Hodge section in degree k is the edge of (2πi)kAB,k.
Its central value is chH,k(F0) by (7.2) and (8.16). Apply Theorem 7.4 with βB,k = AB,k and
IBF = {1, . . . , N}. This index set retains the full semiregularity injection: every potentially nonzero
target Hj+2(Z0,Ωj

Z0
) has j ≤ N − 2 and occurs at k = j + 1; the target for k = N is zero. All the

theorem’s hypotheses now hold, so after one common shrinking of S every AB,k(s), 1 ≤ k ≤ N , is
rational algebraic. The degree-zero term AB,0 = r is already algebraic.

On a fiber of this smaller germ, choose rational Chow classes representing all AB,k(s), and
represent ζB,s by cCH

1 (H|Zs)/m. Products and the finite exponential polynomial give a rational
Chow class whose Betti image is ζm−1

B,s e−ζB,sAB(s). Proper pushforward along the algebraic ps has
Betti class κB(s) by (7.17). Every exponential is truncated in the cohomology or Chow ring at
the dimension N . Taking homogeneous components of this proper pushforward proves that every
κB,j(s) is rational algebraic.
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8.2.1 Two algebraic generators of the rational plane

Lemma 8.2. Let A be an abelian sixfold with a unital action of the imaginary quadratic field K. If
a nonzero vector of WK(A) is a rational algebraic class, then every vector of WK(A) is a rational
algebraic class.

Proof. Choose k = 1 + tu ∈ K× with t ∈ Q such that σ(k)6 ̸= σ̄(k)6. Such t exists because

(1 + tu)6 − (1 − tu)6

is a nonzero polynomial in t, with linear coefficient 12u; only finitely many rational t are excluded.
Over K (or Q) the plane is the direct sum of the two conjugate sixth exterior eigenspaces from the
definition of WK(A). A nonzero rational vector w has nonzero coordinates in both lines: scalar
conjugation exchanges them, so one zero coordinate would force the other to be zero. On the two
lines, k∗ = η(k)∗ has respective eigenvalues σ(k)6 and σ̄(k)6. The determinant formed by w and
k∗w in those coordinates is therefore nonzero. They are linearly independent over Q, and form a
basis of WK(A).

Choose an integer nk > 0 clearing the denominator of η(k) ∈ End0(A). The resulting h = nkη(k)
is an algebraic endomorphism, and on H6 one has k∗ = n−6

k h∗. Pullback by h preserves rational
algebraic cycle classes, so k∗w is algebraic when w is. Both basis vectors, hence the whole rational
plane, are algebraic.

On the open supplied by Proposition 8.1, the class

wI = κB,3(I) − cθθ
3
I

is rational algebraic: an integer multiple of θI is an ample polarization class. It is nonzero everywhere
because it is the transport of the single nonzero marked vector w0. Lemma 8.2 makes WK(YI)
algebraic on that open. The isogeny (8.10) pulls this plane isomorphically to WK(App

I ): its pullback
on H1 is a K-linear rational isomorphism and thus identifies both sixth exterior eigenspaces.
Algebraic pullback preserves their cycle classes.

Let
Wpp ⊂ ν∗R6πan

∗ Q

be the constant rank-two rational local subsystem defined by the fixed marked K-eigenspaces; its
fiber is WK(App

I ). We have proved that all its fibers are algebraic on a nonempty analytic open of
D . Only this subsystem, not the individual character κB, will be used in the global step.

8.3 Spreading the plane in the fine family

Proposition 8.3 (Analytic Hilbert spread). Let π : X → S be a smooth projective morphism of
relative dimension n over a smooth quasi-projective complex variety. Let ν : T → San be holomorphic,
where T is a connected complex manifold. Fix 0 ≤ c ≤ n and a finite-rank rational local subsystem

V ⊂ ν∗R2cπan
∗ Q.

If every vector of Vt is a rational algebraic codimension-c class on Xν(t) for all t in a nonempty
analytic open subset of T , then the same is true for every t ∈ T .

Proof. The assertion is immediate if the rank b of V is zero, so assume b > 0. Fix a relatively very
ample line for X/S. For each of b candidate generators choose a finite list of rational coefficients
and, for each term in that list, a Hilbert polynomial of degree n − c. There are only countably
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many such finite choices. For one choice let H be the product over S of the corresponding relative
Hilbert schemes, with structure map ρ : H → S.

The exact representability result used here is Grothendieck’s fixed-polynomial Hilbert theorem:
for a projective scheme over a noetherian base, a fixed relatively very ample line and Hilbert
polynomial P give a projective relative Hilbert scheme representing closed subschemes flat over
a locally noetherian test scheme with fiber polynomial P , with its universal flat subscheme. It is
the case F = OX of the fixed-polynomial Quot theorem [19, Section 3, Theorem 3.2, pp. 259–260,
and the Hilbert specialization on p. 265]. Here S is noetherian and π is projective, so the theorem
applies. In particular H → S is projective. The space H may be singular or nonreduced; we do
not discard any of its fibers.

After analytic base change to T , the parameters whose b rational combinations span V will
form an open and closed locus. Properness will make its image a closed analytic subset of T . The
countably many choices cover the assumed open algebraicity locus, so Baire’s theorem and the
identity principle will force one image to be all of T . The first step is to prove the cycle-class
constancy that makes the spanning condition locally constant, including at singular parameter
points.

Put XH = X ×S H . For each factor of H , let F be the structure sheaf of its pulled-back
universal subscheme on XH . It is coherent and flat over H . It is also perfect on XH , with a
uniform local projective-dimension bound n. To see this, at x 7→ h write

R = OH ,h, B = OXH ,x, M = Fx, B = B ⊗R k(h).

Both B and M are R-flat. The local fiber ring B is regular of dimension at most n, since XH → H
is smooth of relative dimension n. Derived associativity and this flatness give

M ⊗L
B k(x) ≃ (M ⊗R k(h)) ⊗L

B
k(x). (8.17)

A regular local ring of dimension e has global dimension at most e, as in the regular-local theorem
[39, Tag 00O7, Proposition 10.110.1]. The right side of (8.17) has no Tor homology above n. Over
the noetherian local ring B, build a minimal resolution of the finite module M by choosing minimal
finite generators of each successive kernel. All its differentials become zero after tensoring with k(x).
The vanishing of TorB

n+1(M,k(x)) therefore forces its (n+ 1)-st free term to vanish. This proves
pdB M ≤ n.

The scheme XH is quasi-projective over C: both H → S and XH → H are projective and S
is quasi-projective. Choose an ample line on XH . The ample-line resolution property says that on
a quasi-compact scheme with such a line every finite-type quasi-coherent sheaf is a quotient of a
finite direct sum of negative powers of the line [39, Tag 01Q3, Proposition 28.27.13(8)]. Successively
take these vector-bundle surjections onto F and its coherent kernels. The n-th syzygy is locally free
by the local projective-dimension bound just proved (and if n = 0, F itself is locally free). Thus F
has a finite global vector-bundle resolution on XH . Derived restriction of that resolution to h is an
ordinary resolution of Fh: its terms are H -flat because XH is H -flat, and F is H -flat, so derived
tensoring with k(h) introduces no higher Tor.

Here is a topological justification of local constancy that does not require a smooth Hilbert
space. The original πan : X an → San is a proper smooth submersion between manifolds, because S
and π are smooth. Ehresmann’s fibration theorem gives a differentiable product over a sufficiently
small coordinate ball B around s0: X an

s0 ×B ≃ π−1(B). Pull back this trivialization of the original
smooth family to H an; smoothness of the Hilbert space is not required.

Under this product, restrict one vector bundle in the global resolution to F ×V , where F = X an
s0

is compact and V is a neighborhood of a chosen h0 ∈ H an over B. Shrinking V , finitely many
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product neighborhoods Ui × V trivialize the bundle and cover F × V . A partition of unity on F
subordinate to the Ui, multiplied into these trivializations, embeds the bundle continuously in a
fixed trivial complex vector bundle on F × V . Let P (x, h) be the orthogonal projection onto its
image; it is continuous. Compactness of F permits a further shrinking such that

∥P (x, h) − P (x, h0)∥ < 1 (x ∈ F, h ∈ V ).

The map P (x, h) from imP (x, h0) to imP (x, h) is then injective, since a nonzero vector in its kernel
would contradict this inequality; the ranks agree, so it is an isomorphism. These maps are continuous
bundle isomorphisms. Thus the topological Chern character of the bundle on each fiber is locally
constant in h. Apply this to all the finitely many terms of the resolution. Their alternating Chern
character is chB(Fh) by the exact fiber restriction above. It defines a locally constant section of the
cohomology local system pulled back to H an. This argument is valid at singular and nonreduced
parameter points, since their underlying topology and the restricted topological bundles are all that
was used.

To identify the cycle class including nonreduced multiplicities, use Baum–Fulton–MacPherson’s
map τ : K0 → CH∗(−)Q for quasi-projective schemes over a field. It preserves the support-dimension
filtration and sends [OV ] on the associated graded to [V ]; on smooth X, it sends a vector bundle E
to chCH(E) td(TX) ∩ [X] [2, Chapter II, Theorem, pp. 119–120; Chapter III, Section 1, Theorem
and Lemma, pp. 128–129]. Put s = ρ(h). For Fh supported in dimension at most n− c, let Vi be its
dimension-(n− c) components with generic points ηi, and put ℓi = lengthOXs,ηi

(Fh,ηi
). Devissage

gives
[Fh] ≡

∑
i

ℓi[OVi ] (mod classes supported in dimension < n− c).

Indeed, generic composition series spread to dense opens; their discrepancies are lower-dimensional.
Thus τ(Fh) has no term above dimension n − c and has top term

∑
i ℓi[Vi]. Additivity on a

vector-bundle resolution gives

τ(Fh) = chCH(Fh) td(TXs) ∩ [Xs].

Since td0 = 1, comparison in successive codimensions gives chCH,j = 0 for j < c and chCH,c(Fh) ∩
[Xs] =

∑
i ℓi[Vi]. Compatibility of the cycle map with normalized Betti Chern classes [2, Section 0.8,

p. 106] therefore gives, for the universal fiber subscheme Zh,

chB,c(OZh
) = clB

(
[Zh]n−c

)
. (8.18)

Here [Zh]n−c is the fundamental cycle with its generic scheme lengths. Lower-dimensional and
embedded contributions affect only higher character terms. The preceding local constancy of the
character therefore proves precisely the local constancy of these rational cycle classes on H an.

Now form the analytic base change

HT = H an ×San T −→ T.

It is proper and holomorphic: a projective embedding of H over S realizes this base change as a
closed analytic subspace of T × Pa, whose projection is proper. The fixed rational combinations of
the universal classes in (8.18) give locally constant sections of the pulled-back cohomology local
system. In local trivializations the condition that these b sections lie in and span V is a condition
on fixed rational vectors. It is locally constant. Its good locus is open and closed in HT , hence is a
closed analytic subspace and remains proper over T .
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We use Remmert’s proper-image theorem in its reduced-space form: the image of a proper
holomorphic map between reduced complex spaces is an analytic subset. Grauert gives this precise
statement and its derivation from the coherent direct-image theorem in Section 7, Satz 1, p. 60 [18].
Reduce the good locus before applying it. Reduction does not change its underlying proper map or
its image, while T is already reduced. The theorem thus applies even though the original Hilbert
space could be nonreduced or singular. The image of the good locus is a closed analytic subset of T ,
closed also by properness.

The countably many choices of coefficients and polynomials give countably many such good
images. Their union is exactly the locus where Vt is algebraic. In one direction, a good point
supplies b rational algebraic classes spanning the fiber. Conversely, if that fiber is algebraic, choose a
rational basis and express each basis vector as a finite rational combination of integral codimension-c
subvarieties. Their reduced subschemes have Hilbert polynomials of degree n− c and give a good
point for one of the choices.

A closed analytic subset unequal to the connected manifold T is nowhere dense by the analytic
identity principle. The assumed nonempty open subset of T is itself a Baire space, so its countable
covering by the good images cannot consist entirely of such nowhere dense subsets. Hence one good
image equals T , which proves the assertion.

Apply Proposition 8.3 with

S = A6(4), X = U , T = D , n = 6, c = 3, V = Wpp.

The family is smooth projective, D is a connected complex manifold, and the local algebraicity
hypothesis was proved above. Therefore

WK(App
I ) ⊂ im

(
CH3(App

I )Q
clB−−→ H6(App

I ,Q)
)

(I ∈ D). (8.19)

The proof applies to the analytically pulled-back rational subsystem. It does not require an algebraic
Weil locus or an algebraic K-action on the ambient fine family.

8.4 Every hyperbolic rational lattice

Proposition 8.4. For the fixed K = Q(u) with u2 = −d, d ≥ 3, let A be any complex abelian
sixfold with a unital K-action and a compatible polarization. If its actual homological Hermitian
form hA(x, y) = eA(x, uy) + ueA(x, y) is hyperbolic, then WK(A) is a rational algebraic plane.

Proof. The hyperbolic-basis assertion of Lemma 3.2 identifies every nondegenerate rank-six hyper-
bolic Hermitian space over K, in the second-linear convention, with three planes of Gram matrix
( 0 1

1 0 ). That elementary assertion was proved by splitting isotropic pairs, independently of the
Weil-plane theorem. Since both hA and the actual seed form h0 are hyperbolic, it gives a K-isometry

fA : (H1(A,Q), hA) −→ (V0, h0). (8.20)

Let ΛA = H1(A,Z) and let IA be the complex structure of A. Transport it to I = fAIAf
−1
A on

V0,R. The isometry is K-linear, so I commutes with T0. The Riemann form is recovered without
any dual convention: it is exactly the coefficient of u when h(x, y) = e(x, uy) + ue(x, y) is expanded
in the Q-basis 1, u of K. Thus (8.20) implies

e0(fAx, fAy) = eA(x, y).
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It follows that I preserves e0 and satisfies e0(x, Ix) > 0 for x ≠ 0. Hence I is a point of the full
connected domain D . Equation (8.19) algebraizes the Weil plane of App

I at this particular period.
The full rational lattices fA(ΛA) and Λpp in V0 are commensurable. Choose an integer nA > 0

such that nAfA(ΛA) ⊂ Λpp. The invertible complex-linear map nAfA then induces a surjective
holomorphic homomorphism with finite kernel

φ : A = (H1(A,R), IA)/ΛA −→ App
I = (V0,R, I)/Λpp. (8.21)

Both tori are projective, so this homomorphism is algebraic by Serre’s Proposition 15 cited above.
It is a K-linear isogeny in the category up to isogeny. Its pullback on first rational cohomology is
therefore a K-linear isomorphism. It maps each of the two embedding eigenspaces isomorphically,
and taking their sixth exterior powers gives

φ∗WK(App
I ) = WK(A).

Pullback along the algebraic isogeny preserves rational codimension-three cycle classes. The left
side is algebraic by (8.19), proving the proposition.

The isogeny need not identify the integral polarizations: its pullback scales the rational Riemann
form by n2

A. Nor was a lift of fA to a rational spin group used. Only the elementary hyperbolic-
basis argument and a lattice denominator were required, so extra endomorphisms or a product
decomposition of A impose no restriction.

Proof of Theorem 3.1. Every imaginary quadratic field can be written K = Q(u0), with u2
0 = −d0

for a positive squarefree integer d0. Set u = 2u0 and d = 4d0 ≥ 4. This is the same field and is a
parameter in the range of the seed construction. For any compatible Riemann form,

hu(x, y) = e(x, uy) + ue(x, y) = 2hu0(x, y).

More generally, changing a purely imaginary generator by any nonzero rational factor scales this
Hermitian form by that factor. Such scaling does not change its isotropic subspaces; in signature
(3, 3) it does not change the signature either. Thus the hyperbolic hypothesis of the theorem is
the hyperbolic hypothesis for the generator u used by this seed. Proposition 8.4 applies and gives
the stated algebraicity of WK(A). The full domain in (8.4) and the lattice-clearing isogeny include
every compatible period, with no simplicity or endomorphism-generality assumption.
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