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Abstract

Every classical Liénard system ẋ = y − F (x), ẏ = −x, with F an arbitrary real polynomial
of degree at most five, has at most two geometrically distinct isolated periodic orbits, and the
bound is attained. This proves the degree-five case of the Lins Neto–de Melo–Pugh conjecture.

1 Introduction

Consider the classical Liénard system

ẋ = y − F (x), ẏ = −x, (1.1)

where F is a real polynomial. A limit cycle is the image of a nonconstant periodic solution that
is isolated among periodic orbits. We count each such image once, irrespective of its multiplicity,
stability, or hyperbolicity. The periodic orbits of a center are not limit cycles under this convention.

Theorem 1.1. If degF ≤ 5, the system (1.1) has at most two limit cycles in R2. Some members
of this class have two limit cycles. Thus its exact maximum is two.

Here the degree is that of the primitive F . The equivalent scalar equation is

x′′ + F ′(x)x′ + x = 0,

so its damping polynomial has degree at most four and its restoring force is exactly x. No parity or
coefficient-sign assumption is imposed on F .

The problem is a restricted instance of the second part of Hilbert’s sixteenth problem, concerning
the number of limit cycles of polynomial planar vector fields. Lins, de Melo, and Pugh proposed
the bound ⌊(n− 1)/2⌋ for (1.1) with degF = n ≥ 1 [10]. Rychkov proved the two-cycle bound for
odd quintic primitives [15]. Dumortier, Panazzolo, and Roussarie constructed systems with four
cycles and primitive degree seven [5]. De Maesschalck and Dumortier obtained four cycles already
in degree six [3], and De Maesschalck and Huzak subsequently constructed at least n− 2 cycles in
every degree n ≥ 6 [4]. These counterexamples leave degree five undecided. Li and Llibre established
the unrestricted quartic bound of one cycle [8]. Llibre and Zhang survey this development and the
classical perturbative lower bounds [11].

In degree five, the distinction between a global bound and a bound in a limiting regime is
essential. Li and Lu proved that nondegenerate slow–fast cycles have cyclicity at most two [9]. The
Introduction of the August 2026 preprint by Chen, Li, Zhang, and Zhang distinguishes that result
from the unrestricted polynomial problem and reports the latter as open [1]. Hernández Rosales
proposes a degree-five four-cycle example for x′′ +µf(x)x′ + x = 0 in Section 9 of [7], with µ = 1/10
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and f(x) = x4 − 10x2 + 5. The proposed system has exactly two limit cycles. Indeed, the change
x =

√
5u transforms its scalar equation into

u′′ +
1

2
(5u4 − 10u2 + 1)u′ + u = 0.

This is Odani’s Example 3 with parameters µ̂ = 1/2 and v = 10/3 >
√
5, for which exactly two

periodic solutions are proved [12]. The discrepancy in the proposed amplitude calculation is that

periodicity requires
∫ T
0 f(x)ẋ2 dt = 0. Substituting x(t) ≈ 2X cos t gives 2X4 − 10X2 + 5 = 0, the

same equation used for the second proposed pair. Its roots are X2 = (5 ±
√
15)/2, not 1 and 4.

Thus these two leading-order calculations do not yield four distinct cycles.
Two-cycle examples are classical. Besides the perturbative constructions associated with the

conjecture [10, 11], rigorous transversal-region methods have been applied to Rychkov’s family
by Gasull, Giacomini, and Grau [6]. Section 7 supplies a direct lower-bound proof, so the exact
maximum follows within this article.

Method. The even coefficients prevent reduction to the odd quintic family, and a small-amplitude
calculation cannot by itself bound distant cycles. Our comparison keeps the two half-orbits separate
and uses coordinates available at every transverse amplitude. On each half-plane, u = x2/2
transforms an orbit into an arch satisfying uy = ϕ(u)− y, where ϕ(u) = F (

√
2u) or F (−

√
2u). The

even coefficients give the same quadratic part in both profiles, whereas the odd coefficients change
sign. This common part suggests using quadratic profiles as a comparison family. At a fixed base
height h, let y<, y> be its endpoints and set r = (y> − y<)/2 and M = (y> + y<)/2− ϕ(h). The
first technical step is a global interpolation theorem: every admissible pair (M,Mr) has a unique fit
by a profile λ(u− h) + κ(u− h)2/2. Both its range and its nonvanishing Jacobian are proved in
Theorem 3.6; the fit is available throughout r > 0, |M | < r, and |Mr| < 1.

The fitted slope and curvature evolve according to the two transport equations of Lemma 3.7.
Their coefficients are derivatives of the quadratic midpoint function. The central model estimate,
Theorem 4.1, controls how one of these coefficients changes with width while the model parameters
are held fixed. Its proof combines endpoint variation, a Riccati linearization, and a Schwarzian
identity for the endpoint correspondence. The solution-ratio identity and chain rule are classical
projective identities; Ovsienko and Tabachnikov give a concise account [13]. Schwarzian derivatives
have also been used for cycle bounds through return maps, including the discontinuous systems
studied by Coll, Gasull, and Prohens [2]. Here the map pairs the two endpoints of a quadratic arc,
and the model estimate concerns that correspondence.

Transporting the fitted parameters along an arch then turns conditions on ϕ′′′ and on (ϕ′ − d)/u,
for a fixed real constant d, into monotonicity and separation statements for the fitted curvature and
slope intercept. Propositions 5.2 and 5.3 formulate these comparisons for general smooth profiles,
independently of the polynomial application.

For the original system, periodic orbits are zeros of the difference between the two height-zero
midpoint functions on one common width interval. The quintic coefficient structure provides a
complete sign partition. In the only case allowing two cycles, a positive integrating factor makes the
derivative of the matching function have the sign of a nondecreasing function. This bounds isolated
zeros even when zeros are multiple or occur in intervals. The proof therefore counts degenerate
cycles directly; it does not remove them by a generic perturbation.

Section 2 establishes the arc coordinates and the global matching interpretation. Section 3
proves the global quadratic fit and its transport law. Section 4 establishes the model inequality, and
Section 5 derives the shape comparisons for general profiles. Section 6 proves the upper bound in
Theorem 1.1, and Section 7 proves sharpness.

2



2 Arc coordinates and periodic-orbit matching

We first study a general profile ϕ ∈ C∞((0,∞)) and the scalar equation

du

dy
= ϕ(u)− y. (2.1)

Here y is an endpoint coordinate, rather than physical time. For each t > 0, let u(y; t) be the
solution through

u(ϕ(t); t) = t.

The parameter t will be the peak height. At a lower height h, the two endpoint values of y determine
a half-width r and a midpoint M , measured relative to ϕ(h).

Figure 1 illustrates these coordinates. Our first task is to show that width parametrizes every
positive-height arc. We then continue the transverse arcs to height zero, where matching the two
endpoint pairs counts the periodic orbits.

2.1 Global endpoint data and their transport

Lemma 2.1 (Global arc coordinates). For every 0 < h < t, the solution through (y, u) = (ϕ(t), t)
has exactly two intersections with u = h. They are transverse and satisfy

y<(h, t) < ϕ(h) < y>(h, t).

The part of the solution between them has a unique maximum u = t. Set

r(h, t) =
y>(h, t)− y<(h, t)

2
, M =

y>(h, t) + y<(h, t)

2
− ϕ(h). (2.2)

At fixed h, the lower endpoint decreases strictly with t, the upper endpoint increases strictly, and
both derivatives are nonzero. The map t 7→ r(h, t) is a smooth increasing bijection from (h,∞) onto
(0,∞).

Consequently M is a smooth function of (h, r) ∈ (0,∞)2. Writing v =Mr, one has

|M(h, r)| < r, |v(h, r)| < 1, r2 ≥ 2(t− h). (2.3)

For a fixed width, the corresponding base height is strictly increasing with peak height: ∂h/∂t > 0.
If ϕ is smooth on the whole real line, the same conclusions hold for arbitrary real h < t. In that

case, at each fixed peak t, letting h decrease from t to −∞ parametrizes the full range 0 < r <∞.

Proof. Differentiating Equation (2.1) gives

uyy = ϕ′(u)uy − 1.

Thus every critical point in the profile domain is a nondegenerate maximum, with uyy = −1. On
either side of the prescribed peak the height therefore decreases strictly as one moves away from
it, until the level h is reached. A second critical point on either branch would require a minimum
between two maxima, which is impossible.

These intersections occur at finite y. Indeed, while a branch remains in [h, t], the profile is
bounded there. For sufficiently large positive y, Equation (2.1) gives uy < −1; for sufficiently large
negative y, it gives uy > 1. In the respective outward directions these inequalities force the branch
to reach h. There is also no finite-y failure of continuation while u stays in the compact interval
[h, t]. The strict derivative signs at the intersections give the displayed endpoint inequalities.
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All the endpoints depend smoothly on (h, t), by smooth dependence of the differential equation
and transversality; see, for example, [14, Sections 2.2–2.3] for the standard differential-equation
facts. To find their peak derivatives, let ξ(y; t) = ∂tu(y; t), with y held fixed. Differentiating the
moving initial condition gives ξ(ϕ(t); t) = 1, because uy = 0 at the peak. Moreover,

ξy = ϕ′(u)ξ,

so ξ > 0 throughout the arc. Differentiating the endpoint equations now gives

(y<)t = −ξ(y<; t)
r −M

< 0, (y>)t =
ξ(y>; t)

r +M
> 0.

In particular rt > 0. After changing from t to r,

v =
(y>)t + (y<)t
(y>)t − (y<)t

∈ (−1, 1).

The other strict inequality, |M | < r, follows directly from the endpoint inequalities.
At fixed t, differentiation with respect to h gives

(y<)h =
1

r −M
, (y>)h = − 1

r +M
.

Hence
dr

dh

∣∣∣∣
t

= − r

r2 −M2
,

dM

dh

∣∣∣∣
t

=
M

r2 −M2
− ϕ′(h). (2.4)

The first identity implies d(r2)/dh ≤ −2. The nondegenerate maximum gives r → 0 as t ↓ h, or as
h ↑ t with the peak fixed. Integrating the inequality yields r2 ≥ 2(t− h). At fixed h, it follows that
r → ∞ as t→ ∞. This proves the asserted bijection and its smooth inverse. Also, at fixed width,

∂h

∂t

∣∣∣∣
r

= − rt
rh

> 0.

The same proof applies to any compact interval [h, t] in the domain of a smooth profile. For a profile
on the whole real line, the bound r2 ≥ 2(t− h) also proves the last assertion as h→ −∞.

Put
k(h) = ϕ′(h), q = r2 −M2, α =

r

q
, D = ∂h − α∂r.

By Equation (2.4), D differentiates along a fixed-peak arc as its base height increases. We call these
curves in the (h, r)-plane characteristics. Their basic transport identities are

DM =
M

q
− k(h), Dv = −2Mr(1− v2)

q2
. (2.5)

For clarity, the second identity includes a commutator term. For any smooth function f(h, r),

D(fr) = (Df)r + αrfr, αr =
1

q
− 2r(r −Mv)

q2
.

Using the first identity in Equation (2.5) therefore gives

Dv =
2v

q
− 2(M + rv)(r −Mv)

q2
= −2Mr(1− v2)

q2
,
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Figure 1: An arc at base height h and peak height t, drawn schematically with M > 0. Its endpoint
half-width is r; its midpoint is measured relative to ϕ(h). Both endpoints move outwards as the
peak rises, giving |Mr| < 1. The two physical half-orbits form a periodic orbit precisely when their
height-zero endpoint pairs agree, as proved in Proposition 2.5.

as claimed. All partial r-derivatives here are taken at fixed base height.
Introduce the angles

θ = arctanh(M/r), L = arctanh(v).

When a characteristic is parametrized by increasing width r, a prime denotes the total derivative
along it; thus f ′ = −Df/α. Equation (2.5) first gives

M ′ = −M
r

+
q

r
k(h).

Substituting M = r tanh θ and v = tanhL then yields

h′ = −r sech2 θ,

θ′ = k(h)− sinh(2θ)

r
, L′ =

sinh(2θ)

r
,

k(h)′ = −r sech2 θ ϕ′′(h).

(2.6)

In particular,

t− r2

2
≤ h ≤ t. (2.7)

The initial values of the angles at width zero, and the corresponding integral formula for L, will
follow from the local scaling below.

2.2 Profile variation and smooth small-width data

Lemma 2.2 (Variation at fixed height and width). Consider a smooth one-parameter family of
profiles ϕη, with ϕ0 = ϕ, and fix a regular base height h and a width r > 0. All profiles need only be
defined on a neighborhood of the relevant compact arcs. Write

ψ(u) = ∂ηϕη(u)|η=0 , Y =M + ϕ(h), K(y) = exp

(
−
∫ y

y<

ϕ′(u(z)) dz

)
.
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Then the first variation δY , with h, r fixed, satisfies

[
(M + r)K(y>)− (M − r)K(y<)

]
δY =

∫ y>

y<

K(y)ψ(u(y)) dy. (2.8)

The coefficient of δY is strictly positive. The variation of the relative midpoint is δM = δY − ψ(h).
Consequently, if two profiles smooth on (0,∞) satisfy, at a fixed h > 0,

ϕ1(u)− ϕ1(h) > ϕ0(u)− ϕ0(h) for every u > h,

then M1(h, r) > M0(h, r) for every r > 0. The analogous comparison holds at any real base height
for two entire smooth profiles.

Proof. Both endpoint coordinates have variation δY , since their difference 2r is fixed. Let δu denote
variation at fixed y. Differentiating the differential equation and endpoint conditions gives

(δu)y = ϕ′(u)δu+ ψ(u), δu(y<) = (M − r)δY, δu(y>) = (M + r)δY.

Multiplication by K and integration prove Equation (2.8). Its coefficient is positive because K > 0,
M + r > 0, and M − r < 0.

For the comparison, first translate each endpoint coordinate by its own base value ϕi(h). This
replaces its profile by ϕi(u)−ϕi(h), without changingMi. Interpolate linearly between the translated
profiles. The variation vanishes at the base and is strictly positive in every arc interior. Equation (2.8)
then makes the derivative of the midpoint strictly positive along the interpolation. Integrating in
the interpolation parameter proves the comparison.

We will use three exact variations at the zero profile. The entire profile version of Lemma 2.1
permits base height zero. At width w > 0, the arc is

uw(y) =
w2 − y2

2
, −w ≤ y ≤ w,

with M = 0 and K = 1. Thus a profile variation ψ with ψ(0) = 0 gives

δM(0, w) =
1

2w

∫ w

−w
ψ(uw(y)) dy.

Direct polynomial integration gives∫ w

−w
uw dy =

2w3

3
,

∫ w

−w

u2w
2
dy =

2w5

15
,

∫ w

−w

u3w
6
dy =

2w7

105
.

Smooth dependence allows differentiation of these first variations with respect to the positive width
w. Therefore

ψ(s) δM(0, w) δMw(0, w)

s w2/3 2w/3
s2/2 w4/15 4w3/15
s3/6 w6/105 6w5/105

(2.9)

These constants will determine the local quadratic fit.
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Lemma 2.3 (Smooth scaling at zero width). Near any fixed positive base height, the small-width
arc data have smooth parameter-dependent expansions

M(h, r) =
1

3
k(h)r2 + r3A(h, r),

v(h, r) =
2

3
k(h)r + r2B(h, r),

t(h, r) = h+ r2
(
1

2
+ r C(h, r)

)
,

(2.10)

where the remainder functions extend smoothly through r = 0. The same assertion holds jointly for
any finite-dimensional smooth family of profiles. In particular, these expansions may be differentiated,
and ∂h/∂t|r → 1 as r ↓ 0. The assertions also hold near any regular base height of a profile defined
on an open interval containing that height.

Proof. For positive r, introduce the scaled height and endpoint coordinate

s =
u− h

r2
, ζ =

y − ϕ(h)

r
.

The scaled equation is

ds

dζ
= g(s)− ζ, g(s) =

ϕ(h+ r2s)− ϕ(h)

r
.

Its relative midpoint at scaled width 1 is M(h, r)/r. More generally, if the scaled profile is held
fixed while its width w varies near 1, its midpoint is M(h, rw)/r. Its width derivative at w = 1 is
therefore v(h, r).

To justify smoothness through zero, introduce a signed auxiliary parameter ρ, while keeping the
scaled width positive and near 1. Define

g(h, ρ, s) = ρs

∫ 1

0
ϕ′(h+ τρ2s) dτ. (2.11)

Choose a fixed compact scaled-height interval containing a neighborhood of [0, 1/2], and restrict h
to a neighborhood of the given regular base height. For sufficiently small |ρ|, all arguments of ϕ′ lie
in its smooth domain. Equation (2.11) is then a smooth family through ρ = 0, equals the preceding
difference quotient when ρ ≠ 0, and is the zero profile at ρ = 0. Negative ρ is only a parameter in
this family; no negative physical width is used.

At the zero profile, an arc of scaled peak height T has endpoints ±
√
2T , and its width derivative

with respect to T equals 1 at T = 1/2. Smooth dependence of the scaled differential equation,
endpoint transversality, and the implicit function theorem therefore give smooth peak, midpoint,
and midpoint-width-derivative data at scaled width 1 for the family in Equation (2.11). All of this
uses only a neighborhood of the compact parabolic arc, so the local profile domain is sufficient.

The derivative of g with respect to ρ at zero is k(h)s. Equation (2.9) consequently gives first
derivatives k(h)/3 and 2k(h)/3 for the scaled midpoint and its width derivative. Their values at
ρ = 0 are zero. The scaled peak is 1/2 +O(ρ). Taylor’s formula with a smooth remainder now gives
Equation (2.10) on setting ρ = r > 0 and undoing the scaling. It also proves the stated smoothness
of the remainder functions, including any smooth profile parameters. Finally th = 1+O(r2) at fixed
r, so the inverse derivative ∂h/∂t tends to 1.
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On a characteristic with fixed smooth peak t, Lemma 2.3 and Equation (2.7) give

θ(r) =
1

3
k(t)r +O(r2), L(r) =

2

3
k(t)r +O(r2).

Both angles therefore tend to zero, and their transport equation integrates to

L(r) =

∫ r

0

sinh(2θ(s))

s
ds. (2.12)

The integrand is bounded near zero. All these expansions are smooth in finite profile parameters.
In particular, for a quadratic profile whose slope and curvature at the peak are z and κ, let j be
its slope at the moving base. Translating the peak to height zero and applying the local form of
Lemma 2.3 yields, locally uniformly for finite (z, κ),

θ(s, z, κ) =
1

3
zs+O(s2), θz(s, z, κ) =

1

3
s+O(s2),

L(s, z, κ) =
2

3
zs+O(s2), j(s, z, κ) = z +O(s2), jz −→ 1.

(2.13)

Here the differentiated statements follow from smooth remainders, rather than from differentiating
an unspecified error bound.

2.3 Continuation to a nonsmooth boundary height

For the next lemma, assume additionally that ϕ extends continuously to [0,∞) and that ϕ(0) = 0.
Derivatives of ϕ need not extend to zero.

Lemma 2.4 (Transverse extension to the axis). Each peak t > 0 has finite limiting endpoints

a(t) = lim
h↓0

y<(h, t) ≤ 0, b(t) = lim
h↓0

y>(h, t) ≥ 0.

The set
Tϕ = {t > 0 : a(t) < 0 < b(t)}

is either empty or an open ray in (0,∞). If it is nonempty, a, b are smooth there, with at < 0 < bt,
and

r(0, t) =
b(t)− a(t)

2

is a smooth increasing bijection onto an open width ray Iϕ ⊂ (0,∞). If Tϕ is empty, set Iϕ = ∅.
On Iϕ, the limiting midpoint M(0, r) is smooth, and

|M(0, r)| < r, |Mr(0, r)| < 1.

As h ↓ 0, all partial r-derivatives of M(h, r) converge locally uniformly on Iϕ to the corresponding
derivatives of M(0, r).

Proof. At fixed peak, the endpoint derivatives in Equation (2.4) show that the lower endpoint
decreases and the upper endpoint increases as h ↓ 0. They remain bounded. To see this explicitly,
put B = sup0≤u≤t |ϕ(u)|. If an upper endpoint lies beyond B, integrate uy ≤ B − y from B to that

endpoint, using u(B) ≤ t. This gives y> ≤ B +
√
2t. The inequality uy ≥ −B − y similarly gives

y< ≥ −B −
√
2t. The remaining bounds follow from y< < ϕ(h) < y> and |ϕ(h)| ≤ B. The finite

limits thus exist, and the signs follow by continuity of ϕ at zero.
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For two peaks t2 > t1, the positive-height endpoint order passes to the weak limiting order

a(t2) ≤ a(t1), b(t2) ≥ b(t1).

Consequently Tϕ is upward closed. We next show both its openness and the local smoothness
asserted in the lemma.

Fix t0 ∈ Tϕ. At a sufficiently small fixed positive level δ < t0, the two endpoint branches can be
continued downwards by

dy

du
=

1

ϕ(u)− y
=: g(u, y). (2.14)

Choose compact neighborhoods of the limiting endpoints a(t0) and b(t0) and make δ smaller if
necessary. On each resulting branch rectangle, |ϕ(u)− y| is bounded away from zero for 0 ≤ u ≤ δ.
The function g is continuous in u, smooth in y, and has bounded derivatives of every fixed order
with respect to y.

At u = δ, the branch initial values are smooth functions of the peak t near t0. The integral
equation for Equation (2.14) and its parameter-variation equations show that the continued branches
and all their t derivatives are continuous down to u = 0, locally uniformly in t. For the first derivative
the formula is explicit:

yt(u, t) = yt(δ, t) exp

(∫ u

δ
gy(v, y(v, t)) dv

)
.

The exponential factor is positive and bounded away from zero. Thus the two nonzero variation
signs persist uniformly near t0. Higher derivatives satisfy linear variation equations with continuous
bounded coefficients and forcing built from lower derivatives, which proves the same assertion
inductively. In particular, the strict endpoint signs persist for nearby peaks. This proves openness.
An open upward-closed subset of (0,∞) is an open ray, or is empty.

On that ray, rt = (bt − at)/2 > 0. Passing to the limit in r2 ≥ 2(t− h) gives r(0, t)2 ≥ 2t; hence
the width tends to infinity as the peak does. Its image is therefore one open ray, and its inverse is
smooth.

It remains to justify convergence at fixed width, rather than only at fixed peak. Near t0, the
preceding bounds give rt(h, t) ≥ c0 > 0 uniformly for all sufficiently small h ≥ 0. Uniform strict
monotonicity brackets the inverse peak t = T (h, r) in a common compact interval for nearby widths.
This inverse is continuous in (h, r), smooth in r, and

Tr =
1

rt(h, T (h, r))
.

Higher r-derivatives are rational expressions in the continuous peak derivatives, with powers of rt in
the denominator. They consequently converge locally uniformly as h ↓ 0. Composing the endpoint
data with T (h, r), and subtracting ϕ(h) from their midpoint, proves the claimed convergence of all
r-derivatives. No derivative of ϕ at zero is needed. Finally the strict endpoint signs give |M | < r,
and the retained opposite peak derivatives give |Mr| < 1, exactly as in Lemma 2.1.

2.4 Matching half-arcs and isolated periodic orbits

We now connect the general construction to a smooth classical Liénard system. This step requires
only F ∈ C∞(R) and F (0) = 0, not a degree restriction. Define

ϕ±(u) = F (±
√
2u), u ≥ 0,

and let M± and I± be their midpoint data and transverse width domains from Lemma 2.4. These
profiles are smooth for u > 0, continuous at zero, and vanish there.
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Proposition 2.5 (Periodic-orbit matching). For the system

ẋ = y − F (x), ẏ = −x, (2.15)

the images of nonconstant periodic solutions are in one-to-one correspondence with the zeros of

∆(r) =M+(0, r)−M−(0, r) (2.16)

on the single open interval I = I+∩I−. If this interval is empty, there are no such periodic solutions.
Each periodic orbit has exactly one positive and one negative intersection with the y-axis. Under the
correspondence, isolated periodic orbits are exactly isolated zeros of ∆.

Proof. On either open half-plane, y is strictly monotone in physical time. With u = x2/2, division
of the two time derivatives gives

du

dy
= F (x)− y = ϕ±(u)− y.

Thus any excursion in one half-plane is an arc of Equation (2.1).
Every nonconstant periodic solution has both signs of x, since integrating ẏ = −x over a period

gives
∫
x dt = 0. The only equilibrium is (0, 0), and uniqueness prevents a nonconstant orbit from

containing it. At any axis intersection, ẋ = y ̸= 0; the intersection is transverse. There are finitely
many in a period. Otherwise an accumulation time would give an axis point at which either the
crossing derivative is nonzero, contradicting accumulation, or the solution reaches the equilibrium.

A positive axis intersection enters x > 0, and a negative one enters x < 0. Between consecutive
intersections the transformed height is positive, vanishes at the endpoints, and has a unique positive
peak by Lemma 2.1. Both endpoint signs are strict, so the arc belongs to the transverse domain of
Lemma 2.4.

For either profile, increasing the positive endpoint strictly decreases the negative endpoint, by
peak order. The physical right-half-plane map from positive to negative endpoints is therefore
strictly decreasing, and so is the physical left-half-plane map from negative to positive endpoints.
Their composition on successive positive intersections is strictly increasing. An increasing map
cannot have a finite periodic sequence of distinct points: if one iterate is larger, or smaller, than
its predecessor, strict order persists under further iteration. Hence a closed orbit has one distinct
positive intersection and one distinct negative intersection, and consists of one arc of each sign.

The two arcs of such an orbit have the same endpoints, so their widths and midpoints agree.
This gives a zero of Equation (2.16). Conversely, a zero at width r gives the same endpoints

a =M±(0, r)− r < 0, b =M±(0, r) + r > 0

for the two arcs. Recover x as +
√

2u+(y) on the right and −
√

2u−(y) on the left, and introduce
physical time by ẏ = −x. On each open arc, ẋ = −uy = y − F (x), as required. The one-sided
endpoint derivatives are

(u±)y(a) = −a > 0, (u±)y(b) = −b < 0.

Thus u± has a simple zero at each endpoint and dy/
√
2u±(y) is integrable there. The physical

travel times are finite. The derivatives of the reconstructed solution extend to the axis with values
(ẋ, ẏ) = (y, 0). The two arcs consequently join as a solution of the original smooth vector field;
uniqueness gives a closed orbit.
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Different zeros yield different positive intersections, because

d

dr

(
r +M+(0, r)

)
= 1 +M+,r(0, r) > 0.

They therefore yield different geometric orbits. This proves the bijection.
Finally fix a matched orbit, its positive intersection (0, s0), and its first positive return time

T > 0. On a short positive-axis section S around s0, the first return ordinate P (s) and time τ(s)
are smooth and satisfy τ(s) → T as s → s0. To see that these are the first returns, take disjoint
small time windows about the reference axis crossings. On the intervening compact time segments,
|x| is bounded away from zero. Smooth flow dependence and transversality give exactly the nearby
crossings in those windows and no others. The function s = r+M+(0, r) is a local smooth coordinate
with positive derivative. In this coordinate,

∆(r) = 0 ⇐⇒ P (s) = s

near the reference root.
If distinct roots tend to the reference root, the corresponding section points tend to s0, their

return times tend to T , and smooth flow dependence on a common compact time interval makes their
entire orbit images tend to the reference image. They are distinct by the preceding monotonicity.
Hence a nonisolated root cannot give an isolated periodic orbit.

For the converse, suppose the root is isolated and shrink S so that s0 is its only return fixed point.
If Φτ denotes the local flow, the map (s, τ) 7→ Φτ (0, s) is a local diffeomorphism near each point
(s0, τ), 0 ≤ τ ≤ T , since the initial section is transverse. Finitely many such flow neighborhoods
cover the compact reference orbit and give an open neighborhood U whose every point lies on a
trajectory meeting S. Any periodic orbit meeting U therefore meets S. Its unique positive-axis
intersection must be a fixed point of the local return map, and hence equals s0. Uniqueness then
makes it the reference orbit. This proves isolation, without an assumption on hyperbolicity or a
global bound on periods.

Remark 2.6. Every periodic orbit in Proposition 2.5 lies inside the open matching domain. A
limiting endpoint at the equilibrium is not an additional periodic orbit. Nonisolated zeros, including
a zero interval and its endpoints within the domain, do not count as limit cycles. Isolated multiple
zeros remain covered by the same correspondence.

3 Quadratic fitting and its transport law

For the reference profile

qλ,κ(u) = λu+
κ

2
u2, (λ, κ) ∈ R2,

let H(λ, κ, r) be its midpoint data at base height zero and width r > 0. The entire-profile version of
Lemma 2.1 makes this definition valid for every such triple. Set

P = Hλ, Q = Hκ, R = Pr, S = Qr, G = PS −QR. (3.1)

Unless stated otherwise, a subscript on a model function denotes an ordinary partial derivative with
its other arguments held fixed. Smooth arc dependence gives smoothness of these functions for
r > 0, and Lemma 2.1 gives

|H| < r, |Hr| < 1. (3.2)
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The variations u and u2/2 of the profile are strictly positive in the interior of every base-zero arc.
The positive denominator in Lemma 2.2 therefore gives, already at this stage,

P > 0, Q > 0. (3.3)

Reflecting the endpoint coordinate y negates the profile and the midpoint, while preserving the
width. Consequently

H(−λ,−κ, r) = −H(λ, κ, r), Hr(−λ,−κ, r) = −Hr(λ, κ, r). (3.4)

The goal of this section is Theorem 3.6: at each positive width, (H,Hr) gives global coordinates
on the model parameter plane. We first fit the midpoint by varying the slope at fixed curvature.
Keeping the midpoint and width fixed, we then vary the curvature and show that the model width
derivative increases through (−1, 1). The final subsection expresses the transport of a general
smooth profile in these fitted coordinates.

3.1 Reference characteristics and curvature comparison

It is useful to specify a quadratic arc by its slope at the peak. For κ, z ∈ R, take the entire profile
zu+ κu2/2 with peak height zero. As the base moves downwards from that peak, let

jκ(s, z), Θκ(s, z), Lκ(s, z)

denote its base slope, its angle arctanh(M/s), and arctanh v, respectively, at characteristic width
s > 0. Here v =Mr is the width derivative at fixed base height of the given profile, evaluated on the
characteristic. Translating the height coordinate and subtracting the profile value at the translated
origin shows that these relative data describe every quadratic characteristic with peak slope z and
curvature κ.

Lemma 3.1. The reference functions are smooth in (κ, s, z) for s > 0 and are defined at every
finite positive width. They satisfy

∂sjκ = −sκ sech2Θκ, ∂sΘκ = jκ −
sinh(2Θκ)

s
, ∂sLκ =

sinh(2Θκ)

s
, (3.5)

with limiting values jκ(0, z) = z and Θκ(0, z) = Lκ(0, z) = 0. Moreover,

|jκ(s, z)− z| ≤ |κ|s2

2
, ∂zjκ(s, z) > 0, ∂zΘκ(s, z) > 0. (3.6)

For each fixed s > 0 and κ, the map z 7→ Θκ(s, z) is a bijection onto R. Finally,

∂zLκ(s, z) =

∫ s

0

2 cosh(2Θκ(q, z))

q
∂zΘκ(q, z) dq > 0. (3.7)

Proof. The entire-profile construction in Lemma 2.1 gives an arc at every lower base height. Its
width tends to zero at the peak and tends to infinity as the base tends to minus infinity, since
s2 ≥ 2(t−h). Its strictly negative base derivative gives the smooth inversion from base height to any
s > 0, including smooth dependence on the quadratic coefficients. Thus no finite-width existence
claim is being inferred from the singular equations at s = 0. Equation (2.6) gives Equation (3.5)
and, by integration of the slope equation, the first bound in Equation (3.6).

12



For κ ≠ 0, consider instead the single profile κu2/2. Let h̄(t, s) be its base height when the peak
height is t and the width is s. Its peak slope is z = κt, and its base slope is κh̄(t, s). Therefore

∂zjκ(s, z) = ∂th̄(t, s) > 0

by Lemma 2.1. This calculation is valid for either sign of κ. For κ = 0, one has j0(s, z) = z.
The smooth scaling in Lemma 2.3 gives, locally uniformly in the finite parameters,

Θκ(s, z) =
z

3
s+O(s2), ∂zΘκ(s, z) =

s

3
+O(s2). (3.8)

Differentiating the angle equation at positive width gives

∂s(∂zΘκ) = ∂zjκ −
2 cosh(2Θκ)

s
∂zΘκ.

The initial sign supplied by Equation (3.8) and the positive forcing prove ∂zΘκ > 0 by the scalar
integrating-factor formula.

To verify the range, fix r > 0. For 0 < s ≤ r,

jκ(s, z) ≥ z − |κ|r2

2
.

For sufficiently large positive z, the angle is positive near zero and cannot cross zero downwards,
since its derivative there would be positive. Given N > 0, on [r/2, r] and whenever 0 ≤ Θκ ≤ N ,

∂sΘκ ≥ z − |κ|r2

2
− 2 sinh(2N)

r
.

For large enough z, this lower bound forces a crossing of N within that interval if the angle has
not already exceeded N ; it also prohibits a downward crossing of N . Thus Θκ(r, z) → +∞ as
z → +∞. Applying the same argument to (−j,−Θ,−κ) proves the negative limit as z → −∞.
Strict monotonicity and smoothness give the asserted bijection.

Integrating the last equation in Equation (3.5) gives

Lκ(s, z) =

∫ s

0

sinh(2Θκ(q, z))

q
dq.

Equation (3.8), including its locally uniform parameter derivative, bounds the differentiated integrand
near zero. Differentiation under this integral is therefore valid and yields Equation (3.7). Its integrand
is strictly positive at every positive width.

For s > 0, let z = z(κ, s, θ) be the inverse supplied by Lemma 3.1, and define the reference slope
field

Jκ(s, θ) = jκ
(
s, z(κ, s, θ)

)
. (3.9)

It is smooth, and

(Jκ)θ =
∂zjκ
∂zΘκ

> 0. (3.10)

The following comparison will also be used for nonquadratic profiles.

13



Lemma 3.2 (Curvature comparison). Let a smooth profile ϕ have an arc with peak height t, and
parameterize that arc from its peak to a final width r > 0 by s ∈ (0, r]. Assume ϕ is smooth on a
neighborhood of the traversed height interval. Write h(s), θ(s), and L(s) for its characteristic data,
and set k = ϕ′. For any fixed κ ∈ R, define

E(s) = k(h(s))− Jκ(s, θ(s)), θ(s) = Θκ(s, z(s)).

Then z(s) → k(t), E(s) → 0 as s ↓ 0, and

E′(s) + (Jκ)θ(s, θ(s))E(s) = −s
(
ϕ′′(h(s))− κ

)
sech2 θ(s), (3.11)

z′(s) =
E(s)

∂zΘκ(s, z(s))
. (3.12)

Put a(s) = (Jκ)θ(s, θ(s)) > 0 and let f(s) denote the right-hand side of Equation (3.11). The
comparison from zero is given by the convergent formula

E(s) =

∫ s

0
exp

(
−
∫ s

q
a(ξ) dξ

)
f(q) dq. (3.13)

In particular, if ϕ′′(h(s)) ≥ κ for 0 < s ≤ r, then E ≤ 0, z is nonincreasing, and

θ(s) ≥ Θκ(s, z(r)) (0 < s < r), L(r) ≥ Lκ(r, z(r)).

If the curvature difference is not identically zero on (0, r), the last inequality is strict, as are all the
preceding angle inequalities for 0 < s < r, and E(r) < 0. All signs reverse under the assumption
ϕ′′(h(s)) ≤ κ.

Proof. Along every reference characteristic, the definition of the field and Equation (3.5) give

(Jκ)s + (Jκ)θ

(
Jκ −

sinh(2θ)

s

)
= −sκ sech2 θ.

Subtracting this identity from the evolution of the actual slope in Equation (2.6) proves Equa-
tion (3.11). Differentiating θ(s) = Θκ(s, z(s)) and subtracting the two angle equations gives
Equation (3.12).

The small-width expansions give θ(s)/s → k(t)/3. For each ε > 0, the reference angles with
labels k(t)−ε and k(t)+ε bracket this actual angle at all sufficiently small positive widths. The strict
monotonicity in Lemma 3.1 therefore implies z(s) → k(t). The bound |jκ(s, z(s))− z(s)| ≤ |κ|s2/2
then proves E(s) → 0.

For 0 < ε < s, variation of constants gives

E(s) = E(ε) exp

(
−
∫ s

ε
a

)
+

∫ s

ε
exp

(
−
∫ s

q
a

)
f(q) dq.

The first term tends to zero because a > 0 and E(ε) → 0. Also f(q) = O(q) near the smooth
peak, and the exponential is between zero and one for 0 < q ≤ s. Dominated convergence proves
Equation (3.13), without any assumption that a is integrable at zero.

If the curvature difference is nonnegative, then f ≤ 0, so E ≤ 0 and z′ ≤ 0. This proves the
weak angle inequality by Lemma 3.1. If the difference is positive somewhere in (0, r), continuity
gives a subinterval on which f < 0. Equation (3.13) makes E strictly negative from the end of
that subinterval through r. Thus z(s) > z(r) for every s < r, giving strict angle inequalities. The
integral formula for L in Equation (2.12) then gives the stated strict inequality at the final width.
Negating the inequalities proves the other case.
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3.2 Midpoint fitting and the positive conditional derivative

For a prescribed r > 0, |M | < r, and curvature κ, Lemma 3.1 gives a unique peak label satisfying
Θκ(r, z) = arctanh(M/r). Translate that reference arc to base height zero and subtract its profile
value at the base. The resulting quadratic has base slope λ = jκ(r, z), curvature κ, and midpoint
M . Conversely, each base-zero quadratic arc has a finite peak and arises in this way. Since P > 0,
midpoint fitting is unique. We denote its slope by

λ∗(r,M, κ), H(λ∗(r,M, κ), κ, r) =M. (3.14)

The implicit-function theorem and uniqueness make λ∗ jointly smooth throughout r > 0, |M | < r,
κ ∈ R. Define the conditional derivative and its angle by

v̂(r,M, κ) = Hr(λ∗(r,M, κ), κ, r), L̂(r,M, κ) = arctanh v̂(r,M, κ). (3.15)

Both functions are smooth, by Equation (3.2).

Lemma 3.3. For every r > 0, |M | < r, and κ ∈ R,

∂κL̂(r,M, κ) > 0, ∂κv̂(r,M, κ) =
G

P
> 0, (3.16)

where the model derivatives on the right are evaluated at the midpoint fit. In particular, G > 0 for
every model arc.

Proof. Fix r,M, κ. For δ > 0, let θδ(s) be the characteristic of the midpoint-fitted model of curvature
κ+ δ; let θ0 be the one of curvature κ. Their final angles are equal. Lemma 3.2 gives

θδ(s) > θ0(s) (0 < s < r). (3.17)

It follows already that the conditional L̂ is strictly increasing. We prove a quantitative first-order
bound to obtain the asserted strict derivative.

Use the field Jκ to compare the curvature-κ+ δ characteristic, and write its error as Eδ. Then

E′
δ + aδEδ = −δs sech2 θδ, aδ(s) = (Jκ)θ(s, θδ(s)) > 0, Eδ ≤ 0.

Choose 0 < a < b < c < r. The already established smooth midpoint fit and smooth finite-parameter
arc dependence imply that, for all sufficiently small δ ≥ 0, there are constants A, q0 > 0, independent
of δ, such that on [a, r],

aδ(s) ≤ A, s sech2 θδ(s) ≥ q0.

Variation of constants starting at a, using Eδ(a) ≤ 0, consequently gives

Eδ(s) ≤ −c0δ (b ≤ s ≤ r), c0 = q0(b− a)e−Ar > 0. (3.18)

This estimate needs no bound uniform in δ near s = 0. The sign at a follows from the from-zero
comparison separately for every δ > 0.

Let zδ(s) be the reference label defined by θδ(s) = Θκ(s, zδ(s)), and let z0 be the constant
label of the curvature-κ arc. Final angle matching gives zδ(r) = z0. Smoothness of the inverse
reference-label map puts all these labels, for b ≤ s ≤ r and small δ ≥ 0, in a common compact
set. Enlarge the set to include the intervals between z0 and zδ(s). Lemma 3.1 then gives constants
m0, B0 > 0 with

m0 ≤ ∂zΘκ(s, z) ≤ B0
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throughout that set. Equations (3.12) and (3.18) yield

z′δ(s) ≤ −c0δ
B0

(b ≤ s ≤ r).

Integrating backwards from the common final label gives, for b ≤ s ≤ c,

zδ(s)− z0 ≥
c0δ(r − c)

B0
, θδ(s)− θ0(s) ≥

m0c0δ(r − c)

B0
.

Since the derivative of sinh(2θ) is at least 2, the integral formulas for the final L-values and
Equation (3.17) now imply

L̂(r,M, κ+ δ)− L̂(r,M, κ) ≥ 2m0c0(r − c)

B0
log

c

b
δ. (3.19)

Thus ordinary smoothness of the conditional function at the final positive width proves ∂κL̂ > 0.
No differentiation of the improper L-integral is used here.

Finally, implicit differentiation of Equation (3.14) gives ∂κλ∗ = −Q/P , and hence

∂κv̂ = S −R
Q

P
=
G

P
= (1− v̂2)∂κL̂ > 0.

Since every model arc is its own midpoint fit, this proves G > 0 everywhere. The argument used
P > 0, but did not assume the sign or nonvanishing of G.

3.3 The full range of the conditional fit

Lemma 3.4. For fixed r > 0 and |M | < r,

lim
κ→+∞

L̂(r,M, κ) = +∞, lim
κ→−∞

L̂(r,M, κ) = −∞. (3.20)

Proof. Suppose the first limit fails. Strict monotonicity then makes L̂(r,M, κ) bounded above as
κ→ +∞. Choose positive curvatures κn ↑ +∞, and denote the matched-final-angle characteristics
by θn(s), jn(s), and their final L-values by Ln. Lemma 3.2 gives pointwise increase of θn(s) for
0 < s < r. Put

fn(s) =
sinh(2θn(s))

s
.

Each fn is integrable at zero by its smooth-peak expansion, and

fn − f1 ≥ 0,

∫ r

0
(fn − f1) ds = Ln − L1 ≤ C

for some finite C. Monotone convergence shows that the limiting fn, and therefore the limiting θn,
are finite almost everywhere in (0, r).

Choose four such widths 0 < a < b < c < d < r. The angle equation gives

An :=

∫ b

a
jn(s) ds = θn(b)− θn(a) +

∫ b

a
fn(s) ds,

Bn :=

∫ d

c
jn(s) ds = θn(d)− θn(c) +

∫ d

c
fn(s) ds.
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Both sequences are bounded above and below: the four endpoint angle sequences are bounded, and
for every subinterval I,

0 ≤
∫
I
(fn − f1) ds ≤ C.

Choose constants A∗, B∗ with An ≤ A∗ and Bn ≥ B∗. Because κn > 0, the slope jn is decreasing, so

jn(b) ≤
An

b− a
≤ A∗
b− a

, jn(c) ≥
Bn

d− c
≥ B∗
d− c

. (3.21)

Thus jn(b)− jn(c) has a uniform upper bound.
On the other hand, its exact evolution is

jn(b)− jn(c) = κn

∫ c

b
s sech2 θn(s) ds. (3.22)

The integrand is bounded by s and converges almost everywhere to a strictly positive function,
because the limiting angle is finite almost everywhere. Dominated convergence gives a strictly positive
limiting integral in Equation (3.22). Its right-hand side therefore tends to infinity, contradicting
Equation (3.21). This proof uses no uniform angle bound on the middle interval.

For the second limit, Equation (3.4) and uniqueness of midpoint fitting give

λ∗(r,−M,−κ) = −λ∗(r,M, κ), L̂(r,M, κ) = −L̂(r,−M,−κ).

The positive-curvature result holds for every fixed midpoint, including −M . It therefore proves the
negative-curvature limit at the original fixed midpoint M , as required.

3.4 The remaining derivative signs and the global inverse

Lemma 3.5. The model derivatives R and S are strictly positive for every (λ, κ, r) ∈ R2 × (0,∞).
The width identity is

κP + λ =
rHr +H

r2 −H2
. (3.23)

With Lmod(λ, κ, r) = arctanhHr(λ, κ, r), differentiating Equation (3.23) with respect to r at fixed
(λ, κ) gives

κR =
r(1−H2

r )

r2 −H2

(
(Lmod)r −

2H

r2 −H2

)
. (3.24)

Proof. At base height h, translating the quadratic and subtracting its base value changes its slope
to λ+ κh and leaves its curvature unchanged. Its midpoint data are therefore H(λ+ κh, κ, r). At
h = 0, the first transport identity in Equation (2.5) becomes

κP − r

r2 −H2
Hr =

H

r2 −H2
− λ,

which is Equation (3.23). For completeness, put D0 = r2 −H2 and v = Hr. Differentiating at fixed
λ, κ gives

κR =
rvr + 2v

D0
− 2(r −Hv)(rv +H)

D2
0

=
r(1− v2)

D0

(
vr

1− v2
− 2H

D0

)
,
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proving Equation (3.24).
Let t = t(λ, κ, r) > 0 be the peak of this base-zero model arc. Lemma 2.1 gives tr > 0 at fixed

model parameters. Its peak slope is z = λ+ κt, so

Lmod(λ, κ, r) = Lκ(r, λ+ κt(λ, κ, r)).

The chain rule and Equation (3.5) yield

(Lmod)r =
2H

r2 −H2
+ κtr∂zLκ(r, z). (3.25)

For κ ̸= 0, substitution into Equation (3.24) and cancellation of κ give

R =
r(1−H2

r )

r2 −H2
tr∂zLκ(r, z) > 0

by Lemma 3.1. This cancellation is valid for either sign of κ. For κ = 0, the peak slope is z = λ, so
direct parameter differentiation gives

R = ∂λHr = (1−H2
r )∂zL0(r, λ) > 0.

Finally, S = (G+QR)/P > 0 by Equation (3.3) and Lemma 3.3.

Theorem 3.6 (Global quadratic fit). For every r > 0 and every pair (M,v) satisfying |M | < r and
|v| < 1, there is a unique finite pair (λ, κ) ∈ R2 such that

H(λ, κ, r) =M, Hr(λ, κ, r) = v.

The fitted parameters depend jointly smoothly on (M,v, r) in this open domain. Equivalently, the
smooth map

(λ, κ, r) 7−→ (H(λ, κ, r), Hr(λ, κ, r), r) (3.26)

is a diffeomorphism from R2 × (0,∞) onto {(M, v, r) : r > 0, |M | < r, |v| < 1}. At every model
arc, P,Q,R, S,G > 0. In particular, fitted parameters converge to a finite pair whenever their data
converge to an interior point of this domain, even when the width varies.

Proof. Fix (M, v, r) in the stated domain. For each curvature there is exactly one slope fit by
Equation (3.14). Lemmas 3.3 and 3.4 show that its conditional L̂ is a strictly increasing map of R
onto R. There is therefore exactly one curvature for which L̂ = arctanh v, and then exactly one
slope. The sign assertions have been proved in Equation (3.3) and Lemmas 3.3 and 3.5.

The Jacobian of Equation (3.26) has last row (0, 0, 1), and its determinant is G > 0. The
inverse-function theorem gives a smooth local inverse at every point. These inverses agree wherever
their domains overlap, by the global uniqueness just proved, so the inverse is jointly smooth on the
entire target domain. Its continuity gives the final convergence statement.

3.5 Transport of an actual profile in fitted coordinates

We now express the motion of a general arc in the model coordinates. Let ϕ ∈ C∞((0,∞),R), set
k = ϕ′, and let M(h, r) and v(h, r) =Mr(h, r) be its endpoint data from Section 2. The fit records
both the midpoint and its response to a change in width; their two transport equations determine
the evolution of the fitted slope and curvature. Theorem 3.6 gives unique smooth functions λ(h, r)
and κ(h, r) such that

M(h, r) = H(λ(h, r), κ(h, r), r), v(h, r) = Hr(λ(h, r), κ(h, r), r), h, r > 0. (3.27)
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In the following identities, P,Q,R, S,G denote the quadratic-model quantities evaluated at this fit.
In particular,

P,Q,R, S,G > 0.

Recall the notation
α(h, r) =

r

r2 −M(h, r)2
, D = ∂h − α∂r.

Along an arc with its peak fixed, D is differentiation with respect to the base height. If the same
characteristic is parametrized by its outward-increasing width s, then differentiation along it is
−D/α.

Lemma 3.7 (Transport of the fit). The fitted parameters satisfy

Pλr +Qκr = 0,

Dκ = −R
G

(
λ− k(h)

)
,

Dλ− κ =
S

G

(
λ− k(h)

)
.

(3.28)

Proof. Differentiating the first identity in Equation (3.27) at fixed h and using the second one gives
Pλr +Qκr = 0.

For a quadratic profile, increasing its base height changes the slope at rate κ, leaves its curvature
fixed, and changes the width at rate −α. Applying Equation (2.5) to that profile, at the fitted data,
therefore gives

κP − αHr =
M

r2 −M2
− λ,

κR− αHrr = −2Mr(1− v2)

(r2 −M2)2
.

For the actual profile, the chain rule gives

DM = PDλ+QDκ− αHr,

Dv = RDλ+ SDκ− αHrr.

The expression for Dv in Equation (2.5) depends only on M, v, r, so it is identical for the two
matched sets of data. Subtracting the preceding identities consequently yields

P (Dλ− κ) +QDκ = λ− k(h),

R(Dλ− κ) + SDκ = 0.

Their determinant is G = PS −QR > 0. Solving this system proves Equation (3.28).

4 A differential inequality for the quadratic model

The transport law of Lemma 3.7 contains the coefficient

C(λ, κ, r) =
R

G
, Dκ = −C(λ, κ, r)

(
λ− ϕ′(h)

)
.

When this identity is differentiated with respect to width, the implicit changes of the fitted parameters
contribute terms proportional to κr. The remaining source contains the explicit model derivative
Cr. The shape comparison in Section 5 will use its sign, which is the purpose of this section.
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From this point onward λ and κ are independent model parameters. The model quantities are

H = H(λ, κ, r), P = Hλ, Q = Hκ, R = Pr, S = Qr, G = PS −QR,

and P,Q,R, S,G > 0 by Theorem 3.6. Throughout this section, an r-subscript on a model function
denotes a partial derivative with λ, κ fixed. Derivatives along a characteristic will be identified
explicitly.

Theorem 4.1. For every λ, κ ∈ R and r > 0,(
R

G

)
r

≤ 0. (4.1)

We prove the inequality by transporting the sign of W = RSr−SRr from small width. Endpoint
identities and a Riccati linearization determine the sign at any possible zero; a characteristic
argument then excludes such zeros when κ ̸= 0, and continuity treats κ = 0.

4.1 Transport and the quantity whose sign is required

Set

W = RSr − SRr, α =
r

r2 −H2
, γ =

r2 +H2 + 2rHHr

(r2 −H2)2
. (4.2)

Since Pr = R and Qr = S, we have

Gr = PSr −QRr,

(
R

G

)
r

=
RrG−RGr

G2
= −PW

G2
. (4.3)

It therefore suffices to prove W ≥ 0.
For a quadratic profile, raising the base height while keeping the peak fixed changes the base

slope at rate κ. The corresponding transport operator on model data is

D = κ∂λ − α∂r. (4.4)

The arc transport identity from Section 2 becomes DH = H/(r2 −H2) − λ. Differentiating this
identity in λ and in κ, including the derivatives of D, gives

DP = γP − 1, DQ = γQ− P. (4.5)

For example, differentiating in λ contributes −αλHr on the left, where αλ = 2rHP/(r2 − H2)2.
Differentiating in κ also contributes P , because the coefficient of ∂λ is κ. These are exactly the
terms accounted for in Equation (4.5).

The commutator identity is D(fr) = (Df)r + αrfr. It yields

DR = (γ + αr)R+ γrP,

DS = (γ + αr)S + γrQ−R, (4.6)

D(Rr) = (γ + 2αr)Rr + (2γr + αrr)R+ γrrP,

D(Sr) = (γ + 2αr)Sr + (2γr + αrr)S + γrrQ−Rr. (4.7)

Applying these four formulas to RSr − SRr, the terms containing αrr cancel, and the remaining
terms give

DW = (2γ + 3αr)W + γrGr − γrrG. (4.8)
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The variation formula in Lemma 2.2, together with the smooth arc scaling in Section 2, gives
the following differentiated small-width expansions:

P =
r2

3
+O(r3), R =

2r

3
+O(r2), Rr =

2

3
+O(r),

Q =
r4

15
+O(r5), S =

4r3

15
+O(r4), Sr =

4r2

5
+O(r3). (4.9)

The remainders are uniform on compact sets of finite (λ, κ). Indeed, after width-one scaling, the
model parameters are λr, κr3, the limiting arc is a regular parabola, and the first variations in
the profiles u and u2/2 are 1/3 and 1/15. Smooth dependence at that scaled arc permits the two
displayed r-differentiations. In particular,

W =
16

45
r3 +O(r4). (4.10)

At a zero of W, the already established inequality R > 0 allows us to set σ0 = Rr/R. Then

Rr = σ0R, Sr = σ0S, Gr = σ0G. (4.11)

At such a zero, Equation (4.8) becomes

DW = −G(γrr − σ0γr).

The outward derivative along a characteristic is −D/α. Thus the sign needed to prevent a first zero
from positive values is

γrr − σ0γr > 0 (κ > 0, W = 0). (4.12)

The next three subsections establish this strict inequality from the quadratic arc equation. We then
apply it on the entire model domain.

4.2 Endpoint identities and two exact algebraic reductions

For the remainder of the sign calculation, write κ = 2b > 0 and d = λ. The profile is du+ bu2. Its
endpoints at base zero are −m,n, where

m = r −H, n = r +H, ℓ =
dn

dm
=

1 +Hr

1−Hr
> 0, w =

ℓm
ℓ
. (4.13)

Here mr = 1−Hr > 0, so m is a valid local coordinate along the fixed-(d, b) family. Subscripts m
below refer to this coordinate. We also write

S =
ℓmm

ℓ
− 3

2
w2, wm = S +

1

2
w2. (4.14)

Thus S is the Schwarzian derivative of n = n(m).
The following weighted endpoint quantities will be useful:

X =
ℓ/m− 1/n

1 + ℓ
= κP + d,

Z =
ℓm− n

1 + ℓ
= dP + 3κQ,

γ =
ℓ/m2 + 1/n2

1 + ℓ
. (4.15)
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For the first identity, use Equation (3.23),

κP + d =
rHr +H

r2 −H2
,

and substitute r = (m+ n)/2, H = (n−m)/2. For the second, width scaling gives

H(λ, κ, r) = rH(λr, κr3, 1), rHr −H = λP + 3κQ. (4.16)

The endpoint form of rHr −H is the displayed expression for Z. The formula for γ follows directly
from Equation (4.2).

Define

D∗ = (m− n)S +

[
1− 2n

m
+ ℓ

(
2m

n
− 1

)]
w +

m+ n

2
w2, (4.17)

w∗ =
2(ℓm4 − 2ℓm3n+ 2mn3 − n4)

m2n2(m+ n)
. (4.18)

Lemma 4.2. The exact determinant identity is

XmZmm − ZmXmm =
ℓ2(m+ n)2

m2n2(1 + ℓ)3
D∗ =

3κ2

m3
r

W. (4.19)

At a zero of W with m ̸= n, set σ = Xmm/Xm. This is well defined, and

γrr − σ0γr = m2
r(γmm − σγm), (4.20)

γmm − σγm =
ℓ(m+ n)2

(1 + ℓ)m2n2
w∗ − w

m− n
. (4.21)

All the prefactors displayed in Equations (4.19) and (4.21) are strictly positive.

Proof. Put B = 1/n2 − 1/m2. Differentiation of Equation (4.15), using nm = ℓ, gives

Zm =
wℓ(m+ n)

(1 + ℓ)2
, Xm =

ℓB

1 + ℓ
+
Zm

mn
, Bm =

2

m3
− 2ℓ

n3
. (4.22)

Differentiate the middle identity and insert the first one into the determinant. After division by
ℓ2(m+ n)/(1 + ℓ)3, the result is

BS +

(
B(1 + ℓ)

m+ n
−Bm

)
w +

(m+ n)2

2m2n2
w2. (4.23)

For example, in this calculation

d

dm
log

ℓ(m+ n)

(1 + ℓ)2
=

1− ℓ

1 + ℓ
w +

1 + ℓ

m+ n
,

(
1

mn

)
m

= −n+mℓ

m2n2
.

These two derivatives, together with wm = S + w2/2, give the three coefficients in Equation (4.23).
Now

B =
(m− n)(m+ n)

m2n2
,

and substitution of Bm shows that the coefficient of w in Equation (4.23) is

m+ n

m2n2

[
1− 2n

m
+ ℓ

(
2m

n
− 1

)]
.
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This proves its first factorization in Equation (4.19).
On the other hand, differentiating X = κP + d and Z = dP + 3κQ with respect to r gives

XrZrr − ZrXrr = 3κ2(RSr − SRr).

The chain rule gives
XrZrr − ZrXrr = m3

r

(
XmZmm − ZmXmm

)
.

This proves the other equality in Equation (4.19). It also gives

Xm =
κR

mr
> 0. (4.24)

Thus, at a zero, σ = Xmm/Xm is legitimate, even if Zm = 0 or w = 0. The determinant identity
then implies Zmm = σZm. Using Xrr = σ0Xr at that point gives

σm2
r = σ0mr −mrr.

The chain rule for γ proves Equation (4.20).
It remains to compute γmm − σγm. For a function f smooth near m and −n, write

Tf =
ℓf(m) + f(−n)

1 + ℓ
, a0 =

ℓ

1 + ℓ
, β =

w

1 + ℓ
, ρ = (log a0)m − σ.

A first differentiation gives

(Tf )m = a0{f ′(m)− f ′(−n) + β[f(m)− f(−n)]}.

A second differentiation therefore gives

(Tf )mm − σ(Tf )m
a0

= f ′′(m) + ℓf ′′(−n) + β{f ′(m) + ℓf ′(−n)}

+ ρ{f ′(m)− f ′(−n)}+ (βm + ρβ){f(m)− f(−n)}. (4.25)

At the zero under consideration, this expression vanishes for f(x) = x and f(x) = 1/x, since Tx = Z
and T1/x = X. Consequently

βm + ρβ = −β(1 + ℓ)

m+ n
,

ρB =
2ℓ

n3
− 2

m3
+ β

(
1

m2
+

ℓ

n2
+

1 + ℓ

mn

)
. (4.26)

Here B ̸= 0 because m ̸= n; no division by β is made.
For f(x) = 1/x2, Equation (4.25) becomes

γmm − σγm
a0

=
6

m4
+

6ℓ

n4
+ β

(
− 2

m3
+

2ℓ

n3

)
− 2ρ

(
1

m3
+

1

n3

)
+
β(1 + ℓ)B

m+ n
. (4.27)

Eliminate ρ using Equation (4.26). The resulting constant coefficient and coefficient of β are,
respectively,

A0 =
6

m4
+

6ℓ

n4
− 2(1/m3 + 1/n3)(2ℓ/n3 − 2/m3)

B
=

2(m+ n)N

m4n4(m− n)
,

Aβ = − 2

m3
+

2ℓ

n3
− 2(1/m3 + 1/n3)(1/m2 + ℓ/n2 + (1 + ℓ)/(mn))

B
+

(1 + ℓ)B

m+ n

= − (1 + ℓ)(m+ n)2

m2n2(m− n)
, (4.28)

N = ℓm4 − 2ℓm3n+ 2mn3 − n4.
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For completeness, the two numerator reductions in Equation (4.28) are

6(n4 + ℓm4)(m2 − n2)− 4(m3 + n3)(ℓm3 − n3) = 2(m+ n)2N,

(m+ n)
[
2(ℓm3 − n3)(m− n)− 2(m3 + n3)(ℓm+ n) + (1 + ℓ)mn(m− n)2

]
= −(1 + ℓ)mn(m+ n)3.

They correspond to the common denominators m4n4(m2 − n2) and m3n3(m2 − n2). Substituting
β = w/(1 + ℓ) into A0 + βAβ now gives

(m+ n)2

m2n2
w∗ − w

m− n
.

Multiplication by a0 proves Equation (4.21).

4.3 Riccati equations, a common endpoint label, and an estimate

The algebra has reduced the desired sign at a possible zero to the ordering of w and w∗. To
establish that ordering we now use the differential equation of the actual quadratic arc. Its Riccati
linearization gives a common projective label for the two endpoints; the classical Schwarzian ratio
identity and chain rule [13] then determine the endpoint Schwarzian. The next lemma derives these
relations and the additional integral estimate used in the sign argument.

Lemma 4.3. For the quadratic profile du+ bu2, with b > 0, one has

S = 2b(m+ nℓ2) +
d2

2
(ℓ2 − 1)− d

(
1

m
+
ℓ2

n

)
+

3

2

(
ℓ2

n2
− 1

m2

)
. (4.29)

The arc admits a positive function V such that

ℓ =
mV (−m)2

nV (n)2
,

w =
1

m
− ℓ

n
+ d(1 + ℓ) + 2bmV (−m)2

∫ n

−m
V (y)−2 dy. (4.30)

If d < 0 and d2 ≥ 4bm, put ν = (d2/4− bm)1/2. Then

w ≤ 1

m
− ℓ

n
+ dℓ− 2ν. (4.31)

This includes ν = 0.

Proof. The arc equation is uy = du+ bu2 − y. On its finite interval [−m,n], define

V (y) = exp

[
−
∫ y

−m
(bu(s) + d/2) ds

]
> 0, U(y) = u(y)V (y). (4.32)

The integral is finite because the actual arc is bounded on a compact interval. In the following
system, primes denote derivatives with respect to y. Direct differentiation gives the regular linear
system

U ′ =
d

2
U − yV, V ′ = −bU − d

2
V. (4.33)
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In particular U(−m) = U(n) = 0. Eliminating V where y ̸= 0 gives

U ′′ =
U ′

y
+

(
by +

d2

4
− d

2y

)
U. (4.34)

We now justify the use of one projective solution label at both endpoints despite the singularity
of Equation (4.34) at zero. Take (U1, V1) = (U, V ) from Equation (4.32), and complete it to a
fundamental pair (U1, V1), (U2, V2) of the regular system in Equation (4.33). Its coefficient matrix
has trace zero, so

Ω = U1V2 − U2V1

is a nonzero constant. At either endpoint, U1 = 0 and V1 > 0; hence U2 = −Ω/V1 ̸= 0. Therefore
the same ratio f = U1/U2 is finite near both endpoints, and

f(−m) = f(n) = 0, f ′(y) =
yΩ

U2(y)2
̸= 0 at y = −m,n. (4.35)

A nearby arc has coefficients that can be normalized as (1,−q) in this fixed fundamental pair:
continuous dependence keeps its first coefficient nonzero near the original arc. Its endpoint condition
is U1−qU2 = 0. Thus the nearby endpoint functions satisfy the same local identity f(n(m)) = f(−m).
No scalar solution is continued through the singular equation at zero. The scalar determinant
U ′
1U2 − U1U

′
2 = yΩ is nonzero in each endpoint neighborhood, so U1, U2 form a scalar basis in each

such neighborhood.
Writing U =

√
|y| Ũ in Equation (4.34) gives

Ũ ′′ =

(
by +

d2

4
− d

2y
+

3

4y2

)
Ũ .

For two solutions of a′′ = Q0a, c
′′ = Q0c, their ratio has Schwarzian −2Q0: locally, (a/c)

′′/(a/c)′ =
−2c′/c, and differentiating this expression and subtracting half its square gives −2c′′/c. The ratio is
unchanged by division of both solutions by

√
|y|. Consequently

{f, y} = −2by − d2

2
+
d

y
− 3

2y2
, {f, y} =

f ′′′

f ′
− 3

2

(
f ′′

f ′

)2

.

Apply the Schwarzian chain rule to the common-label identity f(n(m)) = f(−m). The affine map
m 7→ −m has zero Schwarzian and squared derivative one, so

S = {f, y}
∣∣
y=−m

− ℓ2{f, y}
∣∣
y=n

.

Expanding these two evaluations proves Equation (4.29).
For Equation (4.30), vary the initial endpoint in u(−m;m) = 0. Since uy(−m) = m, the initial

variation is um(−m) = m. Its scalar variational equation yields

um(y) = m exp

[∫ y

−m
(d+ 2bu(s)) ds

]
= m

V (−m)2

V (y)2
.

Differentiating u(n(m);m) = 0, and using uy(n) = −n, gives the formula for ℓ. Its logarithm can be
written

log ℓ = logm− log n+

∫ n

−m
(d+ 2bu(y)) dy.
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Differentiate in m. The two boundary contributions from 2bu vanish, while the constant term
contributes d(1 + ℓ). Substituting the expression for um proves the formula for w.

Finally, differentiating the second equation in Equation (4.33) gives

V ′′ = (by + d2/4)V, V ′(−m) = −dV (−m)/2.

Suppose d < 0, d2 ≥ 4bm, and set s = y +m. For v0(s) = V (−m+ s)/V (−m) one has

v′′0 = (ν2 + bs)v0, v0(0) = 1, v′0(0) = −d/2.

Let

fν(s) =

cosh(νs)− d

2ν
sinh(νs), ν > 0,

1− ds/2, ν = 0.

Variation of constants gives, for 0 ≤ s ≤ m+ n,

v0(s)− fν(s) = b

∫ s

0
Kν(s− t) t v0(t) dt ≥ 0, Kν(t) =

{
sinh(νt)/ν, ν > 0,

t, ν = 0.

The inequality follows from the already constructed positivity of v0, and from Kν ≥ 0. Also fν > 0
on the positive half-line because d < 0. Therefore

V (−m)2
∫ n

−m
V (y)−2 dy ≤

∫ ∞

0
fν(s)

−2 ds =
1

ν − d/2
. (4.36)

For ν > 0, the substitution q = tanh(νs), with A = −d/(2ν) > 0, evaluates the last integral as

1

ν

∫ 1

0
(1 +Aq)−2 dq =

1

ν(1 +A)
.

For ν = 0, direct integration of (1− ds/2)−2 gives −2/d, the same formula. Since ν2 = d2/4− bm,

2bm

ν − d/2
= −d− 2ν.

Substitution into Equation (4.30) proves Equation (4.31).

4.4 The signs at a possible zero

Lemma 4.4. If κ > 0 and W = 0, then γrr − σ0γr > 0, with σ0 defined in Equation (4.11).

Proof. We partition the possibilities for m,n, ℓ. The quantities θ = arctanh(H/r) and L =
arctanh(Hr), and the finite-peak reference characteristics used below, are those of Lemma 3.1.

Case 1: m ≤ n. The final angle is nonnegative. Along the characteristic leading to this data
point, the driving slope satisfies

j′ = −sκ sech2 θ < 0.

Its initial value z must be positive. Indeed, if z ≤ 0, then j(s) < 0 for every s > 0, and
θ′ + a(s)θ = j(s), where a(s) = sinh(2θ)/(sθ) > 0, with value 2/s at θ = 0, forces θ(s) < 0. This
last assertion follows by integrating from a positive ε and letting ε ↓ 0: θ(ε) → 0, and the forward
homogeneous factor is at most one. It would contradict the nonnegative final angle.

26



Since z > 0, θ(s) = zs/3 + O(s2) > 0 initially. If it first reached zero at some earlier width
s1 < r, then j(s1) = θ′(s1) ≤ 0. The strict decrease of j would give j(s) < 0 thereafter, forcing
θ(s) < 0 for s > s1. Again this contradicts the final angle. Thus θ(s) > 0 for all 0 < s < r, and

L(r) =

∫ r

0

sinh(2θ(s))

s
ds > 0, ℓ = e2L > 1.

We also need the sign of w = (log ℓ)m, where the derivative is taken along the fixed-profile family
at base zero. Let t = t(r) be the peak height of that profile. Lemma 2.1 gives tr > 0, and its peak
slope is z = d+ κt. The final model value L = arctanhHr equals Lκ(r, z(r)), and Lemma 3.1 gives
∂zLκ > 0. Consequently

Lr

∣∣
d,κ

=
sinh(2θ)

r
+ κtr∂zLκ(r, z) > 0, w =

2Lr|d,κ
mr

> 0. (4.37)

If m = n, Equation (4.17) now reduces to

D∗ = (ℓ− 1)w +mw2 > 0.

Hence a zero of W cannot have m = n.
If m < n, put z1 = m/n ∈ (0, 1). The sign of w∗ is the sign of

ℓz31(z1 − 2) + 2z1 − 1 ≤ z31(z1 − 2) + 2z1 − 1 = (z1 − 1)3(z1 + 1) < 0.

Since w > 0, the quotient (w∗ − w)/(m − n) is positive. Equations (4.21) and (4.20) prove the
required sign.

Case 2: m > n and ℓ ≥ 1. Here the final angle is negative, which forces d < 0. In fact, if its final
driving slope d were nonnegative, then the strictly decreasing driving slope would be positive at all
earlier widths, and the same scalar angle equation would give a positive final angle.

Each group in Equation (4.29) is now nonnegative, and several are strictly positive. In particular

S > 0 whenever m > n, ℓ ≥ 1. (4.38)

We justify w ≥ 0 on this region without assuming that m ranges to infinity.
For the fixed quadratic profile, Lemma 2.1 gives arcs at all widths r ∈ (0,∞). Since mr > 0 and

0 < m(r) < 2r, the m-domain is an interval (0,M∗), with M∗ finite or infinite. At its left end,

ℓ = 1 +
4

3
dr +O(r2) < 1

because d < 0. Fix a point in the open set {m − n > 0, ℓ > 1}, and let (a, c) be its connected
component. The expansion just given implies a > 0; also a < M∗, since the chosen point is
to its right. Thus a is an interior point of the smooth parameter domain. On the component,
(m − n)m = 1 − ℓ < 0. Moving backwards to a therefore increases m − n, so its value at a is
strictly positive. The component cannot enter through m = n. It must have ℓ(a) = 1, and the
right derivative there satisfies ℓm(a) ≥ 0, or w(a) ≥ 0. Equations (4.14) and (4.38) give wm > 0
throughout the component. Hence w > 0 inside it.

At a point with m > n, ℓ = 1, w < 0, points immediately to the left would have ℓ > 1, w < 0,
contrary to the result just proved. A point with m > n, ℓ = 1, w = 0 is also impossible: there
wm = S > 0 and ℓmm = ℓ(wm + w2) = S > 0. Immediately to the left one would again have
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ℓ > 1, w < 0. Thus w ≥ 0 at every point required in this case. The component argument applies to
each chosen component separately; it makes no assumption about their number.

Writing z1 = m/n > 1, the coefficient of w in Equation (4.17) satisfies

1− 2

z1
+ ℓ(2z1 − 1) ≥ 2z1 −

2

z1
> 0.

Together with (m− n)S > 0 and w ≥ 0, this gives D∗ > 0. Hence no zero of W occurs in this case.

Case 3: m > n and 0 < ℓ < 1. Again d < 0. It suffices to prove that

w ≥ w∗ =⇒ D∗ > 0. (4.39)

Indeed, at a zero this will give w < w∗, and the denominator m− n in Equation (4.21) is positive.
We may set n = 1,m = z1 > 1 at the point. To specify this scaling, fix the original endpoint

value N = n > 0 as a constant and put y = Nỹ, u = N2ũ. The new model parameters are d̃ = Nd,
b̃ = N3b, while

m̃ = m/N, ñ = n/N, ℓ̃ = ℓ, w̃ = Nw, S̃ = N2S, D̃∗ = ND∗, w̃∗ = Nw∗.

Thus the equations and the signs needed for Equation (4.39) are preserved. We suppress the tildes
and use n = 1,m = z1 from now on.

In these units,

w∗ =
2(ℓz31(z1 − 2) + 2z1 − 1)

z21(z1 + 1)
> 0. (4.40)

For z1 ≥ 2 positivity is immediate. For 1 < z1 < 2, the coefficient of ℓ in its numerator is negative;
replacing ℓ < 1 by one decreases that numerator to (z1 − 1)3(z1 + 1) > 0.

For fixed S, write

D∗ = (z1 − 1)S + [1− 2/z1 + ℓ(2z1 − 1)]w +
z1 + 1

2
w2.

The derivative of this expression in w, evaluated at w∗ and multiplied by z21 , is

J(ℓ, z1) = 2ℓz41 − 2ℓz31 − ℓz21 + z21 + 2z1 − 2. (4.41)

This polynomial is affine in ℓ. With ξ = z1 − 1 > 0, its endpoint values are

J(0, 1 + ξ) = ξ2 + 4ξ + 1, J(1, 1 + ξ) = 2ξ(ξ + 2)(ξ2 + ξ + 1).

Both are strictly positive. Therefore J > 0 for 0 < ℓ < 1. Since the derivative in w increases with
w, D∗ is strictly increasing for w ≥ w∗.

Set

T = 2ℓz31 − ℓz21 − z1 + 2, A = 2ℓz31 − 3ℓz21 + 3z1 − 2, S0 =
3

2
(ℓ2 − z−2

1 ). (4.42)

Substitution of Equation (4.40) gives the two polynomial identities

(z1 − 1)S0 + [1− 2/z1 + ℓ(2z1 − 1)]w∗ +
z1 + 1

2
w2
∗ =

z1 − 1

2z41
AT, (4.43)

∆0 :=
1

z1
− ℓ− w∗ = − z1 − 1

(z1 + 1)z21
T. (4.44)
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These factorizations can be checked by collecting powers of ℓ. For Equation (4.43), multiplying its
left side by 2z41(z1 + 1) gives

(z21 − 1)
[
ℓ2z41(2z1 − 3)(2z1 − 1) + 4ℓz21(z

2
1 − 1) + (3z1 − 2)(2− z1)

]
.

The bracket is AT , because the cross coefficient in the product is

z21
[
(2z1 − 3)(2− z1) + (3z1 − 2)(2z1 − 1)

]
= 4z21(z

2
1 − 1).

For Equation (4.44), the numerator over z21(z1 + 1) is (z1 − 1)[z1 − 2− ℓz21(2z1 − 1)] = −(z1 − 1)T .
The sign of A requires no further restriction on the parameters. It too is affine in ℓ, and

A(0, 1 + ξ) = 3ξ + 1, A(1, 1 + ξ) = ξ(2ξ2 + 3ξ + 3),

so A > 0.
Assume w ≥ w∗. First suppose T ≥ 0. If d2 ≥ 4bz1, Equation (4.31) would imply

∆0 =
1

z1
− ℓ− w∗ ≥

1

z1
− ℓ− w ≥ −dℓ+ 2ν > 2ν ≥ 0.

This contradicts Equation (4.44). Consequently d2 < 4bz1. In Equation (4.29), the difference from
the baseline is

S − S0 =

(
2bz1 −

d2

2

)
+ ℓ2

(
2b+

d2

2
− d

)
− d

z1
> 0. (4.45)

Each term on the right is positive in this subcase. Equation (4.43) is nonnegative because A >
0, T ≥ 0. Since z1 − 1 > 0, the strict improvement in Equation (4.45), followed by monotonicity in
w, gives D∗ > 0.

It remains to consider T < 0. Then

z1 − 2 > ℓz21(2z1 − 1) > 0.

In particular z1 > 2, and the same inequality implies z1 − 2 > 3ℓ. Equation (4.15), with κP > 0,
gives

d <
ℓ/z1 − 1

1 + ℓ
, −dz1 >

z1 − ℓ

1 + ℓ
> 2.

Rewrite Equation (4.29) as

S =

(
2bz1 −

d2

2

)
+ ℓ2

(
2b+

d2

2
− d+

3

2

)
− d

z1
− 3

2z21
. (4.46)

If the first parentheses are nonnegative, then −d/z1 > 2/z21 immediately gives S > 0. If they are
negative, put ν = (d2/4 − bz1)

1/2 > 0. The preceding use of Equation (4.31) still gives 2ν < ∆0,
while w∗ > 0, ℓ > 0 give ∆0 < 1/z1. Hence

2bz1 −
d2

2
= −2ν2 > − 1

2z21
.

Together with −d/z1 > 2/z21 , this strictly dominates the negative term −3/(2z21) in Equation (4.46).
Its remaining ℓ2-term is positive, so again S > 0. Since z1 > 2, the coefficient 1− 2/z1 + ℓ(2z1 − 1)
is positive, and w ≥ w∗ > 0. Therefore every term in D∗ is positive. This proves Equation (4.39)
also when T < 0.

The three cases cover all endpoint configurations. At a zero of W, Cases 1 and 3 give (w∗ −
w)/(m − n) > 0, and the excluded diagonal and Case 2 contain no zeros. Equations (4.21) and
(4.20) finish the proof.
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4.5 Completion of the characteristic argument

Proof of Theorem 4.1. First suppose κ > 0. Fix any model data point (λ, κ, r). By the arc
construction and Lemma 3.1, it belongs to a characteristic coming from a finite peak. Along that
characteristic, use s for outward-increasing width. The base slope tends to a finite peak slope as
s ↓ 0, so the uniform expansion in Equation (4.10) makes W strictly positive for all sufficiently
small positive s.

On this curve κ is constant and dλ/ds = −κ/α. Thus the total outward derivative is

d

ds
W(λ(s), κ, s) = Wr −

κ

α
Wλ = − 1

α
DW. (4.47)

At any zero, Equations (4.8) and (4.11), and Lemma 4.4, give

DW = −G(γrr − σ0γr) < 0.

Since α > 0, Equation (4.47) makes the outward derivative strictly positive. A first zero reached
from strictly positive values would instead have a nonpositive outward derivative. This contradiction
proves W > 0 at every point with κ > 0.

Reflection of the endpoint coordinate gives

H(−λ,−κ, r) = −H(λ, κ, r).

Differentiating this symmetry shows that P,Q, their r-derivatives, and W are unchanged by
simultaneous sign reversal of λ, κ. Thus W > 0 also when κ < 0. Smooth dependence of the model
on finite parameters at every r > 0 now gives W ≥ 0 at κ = 0. Only this non-strict conclusion at
zero curvature is required. Locally the passage is uniform on compact parameter sets with r > 0;
G > 0 there is already known from Theorem 3.6.

Finally, apply the pointwise fixed-parameter identity Equation (4.3). It gives (R/G)r ≤ 0 for
every λ, κ, r, as asserted. The characteristic transport established the sign of a scalar function on
the whole model domain; it did not identify its partial r-derivative with a total derivative along a
characteristic.

5 Shape conditions and fitted parameters

We use the fitted functions λ(h, r), κ(h, r) defined in Equation (3.27) for a smooth profile ϕ, and
retain k = ϕ′, D = ∂h − α∂r and the model derivatives evaluated at the fit. We will prove two
comparisons: the sign of ϕ′′′ controls the width derivative of fitted curvature, while the sign of
((ϕ′ − d)/u)′, for a fixed real d, controls the fitted slope intercept λ − hκ. These are the shape
conditions used in Section 6. The transport law is already available from Lemma 3.7; its evolution
starts from the small-width data established next.

Lemma 5.1 (The small-width fit). At each positive height, locally uniformly in that height as r
tends to zero,

κ(h, r) = ϕ′′(h) +
2

7
ϕ′′′(h)r2 +O(r3),

κr(h, r) =
4

7
ϕ′′′(h)r +O(r2),

λ(h, r) = k(h)− 1

35
ϕ′′′(h)r4 +O(r5).

(5.1)
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More precisely, for every h0 > 0 there are smooth functions A and B on a neighborhood of (h0, 0)
for which, at positive r in that neighborhood,

λ(h, r) = k(h)− 1

35
ϕ′′′(h)r4 + r5A(h, r),

κ(h, r) = ϕ′′(h) +
2

7
ϕ′′′(h)r2 + r3B(h, r).

(5.2)

Thus the derivative estimate in Equation (5.1) comes from a smooth remainder.

Proof. Fix h0 > 0. Use the smooth width-one profile family g(h, ρ, s) of Equation (2.11), with
signed auxiliary parameter ρ near zero and h near h0. Lemma 2.3 provides smooth endpoint data
at scaled width one for this family and for the finite-parameter perturbations below. In particular,
the local implicit inversion that fixes the width is performed near the same transverse parabolic arc.

For a scaled profile ψ, let A(ψ) denote the pair consisting of its midpoint and its midpoint
derivative with respect to scaled width, evaluated at base height 0 and width 1. Only the smooth
finite-parameter families of profiles just described are used in this notation. For the quadratic profile
ψ(s) = a1s+ a2s

2/2, the derivative of this pair at (a1, a2) = (0, 0) is, by Equation (2.9),

J =

(
1/3 1/15
2/3 4/15

)
.

It is nonsingular. The cubic profile variation s3/6 gives the column

b =

(
1/105

6/105

)
, J−1b =

(
−1/35

2/7

)
.

Taylor expansion of Equation (2.11), with a smooth remainder on the fixed scaled-height interval,
gives

g(h, ρ, s) = ρk(h)s+ ρ3ϕ′′(h)
s2

2
+ ρ5ϕ′′′(h)

s3

6
+ ρ7R(h, ρ, s), (5.3)

where R is smooth. Write

g2(h, ρ, s) = ρk(h)s+ ρ3ϕ′′(h)
s2

2
, η(h, ρ, s) = ϕ′′′(h)

s3

6
+ ρ2R(h, ρ, s).

Then g = g2 + ρ5η. Apply the local inverse defined by J to the data of the smooth family g2 + εη,
with (h, ρ, ε) near (h0, 0, 0). Denote its fitted scaled coefficients by a1(h, ρ, ε) and a2(h, ρ, ε). At
ε = 0 these are exactly ρk(h) and ρ3ϕ′′(h), respectively. The integral form of Taylor’s formula in ε
shows that (

a1(h, ρ, ρ
5)− ρk(h)

a2(h, ρ, ρ5)− ρ3ϕ′′(h)

)
= ρ5q(h, ρ)

for a smooth vector-valued function q. Differentiating at ρ = ε = 0 in the profile-variation direction
yields

q(h, 0) = ϕ′′′(h)J−1b = ϕ′′′(h)

(
−1/35

2/7

)
.

Another smooth Taylor factorization in ρ therefore writes

q(h, ρ) = ϕ′′′(h)

(
−1/35

2/7

)
+ ρ

(
A(h, ρ)

B(h, ρ)

)
.
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For ρ = r > 0, the scaled actual data are (M(h, r)/r, v(h, r)). Scaling the quadratic fit in
Equation (3.27) gives scaled coefficients (rλ, r3κ). Uniqueness in Theorem 3.6 identifies them with
the local coefficients just constructed. Dividing the two corrections by r and r3, respectively, proves
Equation (5.2). Differentiating its second identity at fixed h gives

κr(h, r) =
4

7
ϕ′′′(h)r + 3r2B(h, r) + r3Br(h, r).

This proves all the locally uniform estimates in Equation (5.1).

Proposition 5.2 (A strict third derivative). If ϕ′′′(u) > 0 for every u > 0, then, for every h, r > 0,

λ(h, r) < k(h), κr(h, r) > 0.

If ϕ′′′(u) < 0 for every u > 0, both inequalities reverse:

λ(h, r) > k(h), κr(h, r) < 0.

Proof. Assume first that ϕ′′′ > 0. Fix a fitted arc with base height h and width r, and let its peak
height be t. Parametrize its characteristic by outward width s ∈ (0, r], writing the base height as
h(s), with h(r) = h and h(s) → t as s ↓ 0. Put

θ(s) = arctanh
M(h(s), s)

s
, L(s) = arctanh v(h(s), s), c(s) = ϕ′′(h(s)).

The characteristic equations in Equation (2.6) give

c′(s) = −s sech2 θ(s)ϕ′′′(h(s)) < 0 (s > 0). (5.4)

In particular c extends continuously to s = 0 with c(0) = ϕ′′(t) and is strictly decreasing on [0, r].
In the following comparison, hold the curvature equal to the final fitted value κ = κ(h, r). Let

Jκ and Θκ(s, z) be the slope field and the reference angle family of Section 3. Define

E(s) = k(h(s))− Jκ(s, θ(s)), a(s) = (Jκ)θ(s, θ(s)) > 0,

and
f(s) = −s sech2 θ(s) (c(s)− κ).

Lemma 3.2, specifically Equation (3.11), gives

E′(s) + a(s)E(s) = f(s), lim
s↓0

E(s) = 0. (5.5)

The integral formula in Equation (3.13) applies with this forcing f . Its positive kernel preserves the
sign of f , even though a may be singular at the peak.

The strict decrease of c gives the following exhaustive sign cases. If κ ≥ c(0), then f(s) > 0 for
every s > 0, and Equation (3.13) gives E(s) > 0. If κ ≤ c(r), then f(s) < 0 for 0 < s < r, and
E(s) < 0 for 0 < s ≤ r. In the remaining case there is a unique s0 ∈ (0, r) with c(s0) = κ. Here
f < 0 before s0 and f > 0 after it. The same integral formula gives E < 0 on (0, s0], whereas

d

ds

[
E(s) exp

(∫ s

s0

a(q) dq

)]
= f(s) exp

(∫ s

s0

a(q) dq

)
> 0 (s > s0).
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Consequently E either remains negative up to the final width, possibly having E(r) = 0, or crosses
zero exactly once before r and is strictly positive thereafter. It cannot vanish on a nontrivial interval:
Equation (5.5) would then force c = κ on that interval, contrary to Equation (5.4).

Let z(s) be the reference label determined by

θ(s) = Θκ(s, z(s)).

By Equation (3.12),

z′(s) =
E(s)

∂zΘκ(s, z(s))
, ∂zΘκ(s, z) > 0.

The constant label z∗ = z(r) describes the quadratic reference whose final angle agrees with the
actual one. Its final slope is λ(h, r), by the construction of the fit. The fit also makes the final
values of v, and hence of L, equal. Therefore Equation (2.6) gives∫ r

0

sinh(2θ(s))

s
ds =

∫ r

0

sinh(2Θκ(s, z∗))

s
ds. (5.6)

Both integrals converge: the two angles are O(s) near their smooth peaks.
If z(s) were monotone and nonconstant on (0, r], monotonicity of Θκ in its label would order

the two integrands in Equation (5.6) in one direction, with strict inequality on a nonempty open
subinterval. This contradicts their equal integrals. The first two sign cases above therefore cannot
occur. In the two-sign forcing case, E must cross zero strictly before r: otherwise z is strictly
decreasing on (0, r), even if E(r) = 0, giving the same contradiction. A constant label is also
impossible, since it would give E ≡ 0 and hence constant c. It follows that

E(r) = k(h)− λ(h, r) > 0. (5.7)

It remains to propagate the sign of the width derivative of fitted curvature. As a function of
independent model parameters, set

C(λ, κ, r) =
R(λ, κ, r)

G(λ, κ, r)
.

Theorem 4.1 asserts that its explicit partial derivative satisfies Cr ≤ 0 when λ and κ are held fixed.
Differentiating the second identity in Equation (3.28) at fixed h, we must also account for

∂r(Dκ) = D(κr)− αrκr.

Using λr = −Qκr/P gives

D(κr) = T (h, r)κr − Cr(λ, κ, r)(λ− k(h)), (5.8)

where

T = αr +
CQ

P
−
(
Cκ −

Q

P
Cλ

)
(λ− k(h)). (5.9)

Here αr is the derivative of the actual function α(h, r), whereas Cλ, Cκ, Cr are model partial
derivatives evaluated at the fit. All terms in T are smooth at positive height and width. The
dependence of α on M is thus included in the coefficient of κr; it creates no additional independent
source.
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On the fixed characteristic, write w(s) = κr(h(s), s). Equation (5.1), locally uniformly near its
peak t, gives

w(s) =
4

7
ϕ′′′(h(s))s+O(s2) > 0

for all sufficiently small positive s. Equations (5.7) and (5.8) give, along the characteristic,

w′(s) = −T
α
w(s) +

Cr

α
(λ− k),

Cr

α
(λ− k) ≥ 0.

Choose a sufficiently small positive s1 with w(s1) > 0. On [s1, r] all coefficients are continuous.
Multiplication by the positive integrating factor

µ(s) = exp

(∫ s

s1

T
α
dq

)
gives (µw)′ ≥ 0. Thus w(r) > 0, proving κr(h, r) > 0. Since the chosen fit was arbitrary, both
assertions hold for every h, r > 0.

Finally, reflection of the endpoint coordinate changes ϕ to −ϕ and changes (M,v) to (−M,−v).
Uniqueness of the quadratic fit changes (λ, κ) to (−λ,−κ). Applying the proved case to −ϕ proves
the two reversed inequalities when ϕ′′′ < 0.

Proposition 5.3 (The fitted slope intercept). Let d ∈ R. If

d

du

(
k(u)− d

u

)
> 0 for every u > 0,

then
λ(h, r)− hκ(h, r) < d for every h, r > 0.

If the displayed derivative is strictly negative everywhere, then λ(h, r)− hκ(h, r) > d everywhere.

Proof. Assume the displayed derivative is positive and set

I(h, r) = λ(h, r)− hκ(h, r)− d.

Fix a characteristic with peak height t. By Equation (5.1), its limit at width zero is

lim
s↓0

I(h(s), s) = k(t)− tϕ′′(t)− d = −t2 d

du

(
k(u)− d

u

)∣∣∣∣
u=t

< 0.

Thus I is strictly negative near the peak.
Consider any positive-height point on the characteristic at which I = 0. At that point λ = d+hκ.

We claim that

κ >
k(h)− d

h
. (5.10)

Indeed, if the reverse weak inequality held, then for every u > h the hypothesis would give

k(u)− d

u
>
k(h)− d

h
≥ κ, k(u) > d+ uκ = λ+ (u− h)κ.

Integrating from h to u shows

ϕ(u)− ϕ(h) > λ(u− h) +
κ

2
(u− h)2 (u > h).
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The strict translated-profile comparison of Lemma 2.2 then makes the actual midpoint at the fixed
base height and width strictly larger than the quadratic midpoint. This contradicts Equation (3.27),
proving Equation (5.10). In particular λ = d+ hκ > k(h) at any zero of I.

Equation (3.28) gives the exact identity

DI =
S + hR

G

(
λ− k(h)

)
. (5.11)

At a zero of I its right-hand side is strictly positive. The outward characteristic derivative is therefore
−DI/α < 0. If I had a first zero after its initially negative interval, its outward derivative there
would instead be nonnegative. This contradiction proves I < 0 everywhere along the characteristic.
Every fit belongs to such a characteristic, so the assertion holds for all h, r > 0.

For a strictly negative derivative, apply the proved assertion to −ϕ and −d, and use the reflection
of fitted parameters from the proof of Proposition 5.2.

Lemma 5.4 (Range of the fitted curvature). Let an arc have positive base height h, peak height
t > h, and width r. Its fitted curvature satisfies

min
h≤u≤t

ϕ′′(u) ≤ κ(h, r) ≤ max
h≤u≤t

ϕ′′(u). (5.12)

If ϕ′′ is nonconstant on [h, t], both inequalities are strict.

Proof. Write m = min[h,t] ϕ
′′ and b = max[h,t] ϕ

′′. If the fitted κ were less than m, the actual
curvature would be strictly larger than this constant reference curvature along the whole characteristic.
Lemma 3.2 would then make the actual final L strictly larger than the reference L with the same
final angle, contradicting the fit. A fitted curvature greater than b gives the reversed contradiction.
This proves Equation (5.12).

If ϕ′′ is nonconstant and κ = m, the forcing in Equation (3.11) is nonpositive and strictly
negative on a positive interior width interval. Its integral representation gives E ≤ 0 everywhere
and E < 0 on a nonempty interval. Equation (3.12) makes the reference label nonincreasing and
nonconstant. Relative to its final constant label, the actual earlier angles are therefore no smaller
and are strictly larger on a nonempty open interval. As in Equation (5.6), their L integral is strictly
larger, a contradiction. The case κ = b reverses all these inequalities. Thus both bounds are strict
whenever the actual curvature is nonconstant.

6 The quintic upper bound

We now apply the comparison results to the full polynomial class. First replace y by y − F (0), so
that F (0) = 0. If

X(t) = −x(−t), Y (t) = y(−t),

then
Ẋ = Y − F (−X), Ẏ = −X.

This reflection and time reversal preserve the geometric periodic orbits and their isolation, and negate
the coefficient of x5. We may therefore assume that coefficient is nonnegative. No normalization of
the other coefficients is needed.

On either open half-plane, put u = x2/2 and use y as coordinate along the orbit. Equation (1.1)
becomes

du

dy
= ϕ±(u)− y, ϕ±(u) = d0u+ b0u

2 ± p(u), p(u) = eu1/2 + cu3/2 + au5/2, a ≥ 0. (6.1)
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The plus sign corresponds to x > 0. Indeed, ϕ±(u) = F (±
√
2u); if F (x) =

∑5
j=1 fjx

j , then

d0 = 2f2, b0 = 4f4, e =
√
2 f1, c = 23/2f3, a = 25/2f5.

Thus d0, b0, e, c are unrestricted. The profiles are smooth on (0,∞) and continuous at zero, where
they vanish.

Let J be the common open interval of transverse height-zero widths from Proposition 2.5. If J
is empty there is no periodic orbit. For r ∈ J , define λ±(0, r), κ±(0, r) by applying the inverse in
Theorem 3.6 to (M±(0, r),M±,r(0, r), r). Lemma 2.4 makes these data interior to the fit domain;
continuity of the inverse identifies the resulting parameters with the limits of the positive-height fits.
Put

∆(r) =M+(0, r)−M−(0, r), r ∈ J. (6.2)

Proposition 2.5 shows that it suffices to bound the isolated zeros of ∆ on this single interval.

6.1 The model comparison at a matching height

Recall the model width derivative after fitting a prescribed midpoint, defined in Equation (3.15):

v̂(r,M, κ) = Hr

(
λ∗(r,M, κ), κ, r

)
, r > 0, |M | < r, κ ∈ R.

Implicit differentiation of the midpoint fit gives

v̂M =
R

P
> 0, v̂κ =

G

P
> 0. (6.3)

All model derivatives here are evaluated at the corresponding parameters. For either actual profile,

d

dr
M±(0, r) = v̂

(
r,M±(0, r), κ±(0, r)

)
. (6.4)

The smooth dependence at height zero in Lemma 2.4, together with the joint smooth inverse in
Theorem 3.6, justifies these identities and the limits used below.

Lemma 5.4 bounds each fitted curvature between the minimum and maximum of the actual
curvature along its arc. We will use this local bound before passing to height zero.

Lemma 6.1. Let f be continuously differentiable on an open interval and suppose f ′ = bq, where b
is continuous and positive and q is continuous and nondecreasing. Then f has at most two isolated
zeros. If a continuously differentiable function has strictly positive derivative at each of its zeros, it
has at most one zero.

Proof. For the first statement, the sets where q is negative, zero, and positive occur in that order.
The zero set of q is an interval, possibly empty or a singleton. Accordingly f strictly decreases, is
constant, and strictly increases on the respective sets. Each strict part has at most one zero. If
the constant part has nonzero value it contributes none. If it has positive length and value zero,
every point of it and each endpoint lying in the domain are nonisolated zeros, and neither strict
part contributes another zero. If it is a singleton at which f = 0, that point is the sole minimum
zero. These possibilities prove the claim.

For the second statement, suppose r1 < r2 were two zeros. Positive derivatives give a, b with
r1 < a < b < r2, f(a) > 0, and f(b) < 0. The first zero c in [a, b] exists by continuity. Since f > 0
on [a, c), its derivative at c, which exists, is nonpositive. This contradicts the hypothesis.
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6.2 The four coefficient cases

Case 1: e ≥ 0 and c ≥ 0. Either p ≡ 0, in which case the two profiles and their midpoint
functions coincide and no root in J is isolated, or p(u) > 0 for every u > 0. In the latter case even
one periodic orbit is impossible. To see this, suppose the two positive arches u±(y) had the same
two endpoints A < B at height zero. Their difference w = u+ − u− satisfies

w′ =
[
d0 + b0(u+ + u−)

]
w + p(u+) + p(u−), w(A) = w(B) = 0.

The coefficient is continuous on [A,B], and the inhomogeneous term is strictly positive on (A,B).
The integrating-factor formula from A gives w(B) > 0, a contradiction.

Case 2: e ≥ 0 and c < 0. Here

p′′′(u) =
3e− 3cu+ 15au2

8u5/2
> 0. (6.5)

Proposition 5.2 gives ∂rκ+(h, r) > 0 and ∂rκ−(h, r) < 0 for h, r > 0. Passage to the height-zero
limits at any two specified widths in J shows that

q(r) = κ+(0, r)− κ−(0, r)

is nondecreasing on J .
Subtract the two instances of Equation (6.4). The fundamental theorem of calculus, first in M

and then in κ, gives
∆′ = A(r)∆ +B(r)q, B(r) > 0, (6.6)

with continuous coefficients. More explicitly, suppressing (0, r) in the actual parameters, one can
take

A(r) =

∫ 1

0
v̂M

(
r,M− + τ(M+ −M−), κ+

)
dτ,

B(r) =

∫ 1

0
v̂κ
(
r,M−, κ− + τ(κ+ − κ−)

)
dτ.

The midpoint segment remains in (−r, r) and there is no restriction on the curvature segment.
Equation (6.3) therefore proves the asserted positivity.

Fix r∗ ∈ J and multiply ∆ by exp(−
∫ r
r∗
A(s) ds). The derivative of the resulting function is a

continuous positive factor times q. Lemma 6.1 bounds its isolated zeros, and hence those of ∆, by
two. This argument includes multiple isolated roots and zero intervals.

Case 3: e < 0 and c ≥ 0. In this case

p′′(u) =
−e+ 3cu+ 15au2

4u3/2
> 0, p′′(u) −→ +∞ (u ↓ 0). (6.7)

Fix r0 ∈ J . The peaks of the positive-height arcs at width r0 approach finite positive peaks as h ↓ 0,
by Lemma 2.4. Choose T larger than both peaks and all sufficiently nearby ones. The function p′′

has a positive lower bound δ on (0, T ]: it tends to infinity at zero and is continuous and positive
away from zero. Consequently, throughout the relevant arcs,

ϕ′′+ ≥ 2b0 + δ, ϕ′′− ≤ 2b0 − δ.
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Lemma 5.4 and passage to the limit give

κ+(0, r0) ≥ 2b0 + δ > 2b0 − δ ≥ κ−(0, r0). (6.8)

At every zero of ∆, Equation (6.4) and v̂κ > 0 now imply ∆′ > 0. Lemma 6.1 gives at most one
zero.

Case 4: e < 0 and c < 0. We have

up′′(u)− p′(u) =
−3e− 3cu+ 5au2

4
√
u

> 0. (6.9)

Writing k± = ϕ′±, Equation (6.9) is precisely(
k+(h)− d0

h

)′
> 0,

(
k−(h)− d0

h

)′
< 0.

Proposition 5.3 therefore gives

λ+(h, r)− hκ+(h, r) < d0, λ−(h, r)− hκ−(h, r) > d0 (h, r > 0). (6.10)

The strict inequalities persist at height zero, but this requires more than simply taking limits. Fix a
transverse peak of the plus profile, and let r(h) be its width at height h, with r(h) → r0 ∈ J . The
endpoint data converge to an interior triple (M0, v0, r0), with |M0| < r0 and |v0| < 1. The joint
smooth inverse in Theorem 3.6 shows that λ(h, r(h)) and κ(h, r(h)) have finite limits. Put

I(h) = λ(h, r(h))− hκ(h, r(h))− d0.

The derivative along this fixed-peak characteristic is

dI

dh
= DI =

S + hR

G

(
λ− k+(h)

)
. (6.11)

Since e < 0, k+(h) → −∞, whereas λ remains bounded. Thus dI/dh > 0 for all sufficiently small
positive h. Choose one such h1. Equation (6.10) and integration in decreasing h give

I(h) ≤ I(h1) < 0 (0 < h < h1).

Taking the limit yields λ+(0, r0) < d0. On the minus side, k−(h) → +∞, so the same argument
with all signs reversed gives λ−(0, r0) > d0. Therefore, throughout J ,

λ+(0, r) < d0 < λ−(0, r). (6.12)

At a zero of ∆, the two model midpoints agree. Because Hλ, Hκ > 0, Equation (6.12) forces
κ+(0, r) > κ−(0, r): otherwise increasing λ+ to λ− and then κ+ to κ− would strictly increase H.
Equation (6.4) again gives ∆′ > 0 at every zero, and there is at most one.

These four cases exhaust all e, c ∈ R with a ≥ 0, including zero leading coefficients. By
Proposition 2.5, they prove the upper bound in Theorem 1.1 for every allowed polynomial, without
a restriction on amplitude or on the multiplicity of a limit cycle.

38



7 Sharpness

We finish the proof of Theorem 1.1 by giving a direct two-cycle construction. It also makes clear
why a perturbative calculation suffices for the lower bound, although it was not used to prove the
upper bound. The method is a direct first-order return-displacement calculation, in the classical
perturbative tradition discussed in [10, 11]. We derive the exact energy quotient needed for the
argument below.

Set

Fε(x) = εf(x), f(x) = 4x− 20

3
x3 +

8

5
x5. (7.1)

At ε = 0, the solution through (0, s), s > 0, is

x(t) = s sin t, y(t) = s cos t.

For s in a neighborhood of either 1 or 2, smooth flow dependence on a neighborhood of this compact
circle, together with transversality at t = 2π, gives a smooth return time τ(s, ε) near 2π and a
smooth positive return ordinate P (s, ε) on x = 0, y > 0. These are the first positive-axis returns for
small |ε|. Indeed, away from small time neighborhoods of the two axis crossings the unperturbed x
is bounded away from zero; near each crossing transversality gives a unique nearby crossing. These
statements hold on one common parameter neighborhood after shrinking the two neighborhoods if
necessary.

For E = (x2 + y2)/2 the exact energy identity is

Ė = −εxf(x).

Hence the one-turn energy displacement has the factorization

P (s, ε)2 − s2

2
= εQ(s, ε), Q(s, ε) = −

∫ τ(s,ε)

0
x(t; s, ε)f(x(t; s, ε)) dt. (7.2)

The integral is smooth in (s, ε) and defines the quotient at ε = 0 exactly. Using∫ 2π

0
sin2 t dt = π,

∫ 2π

0
sin4 t dt =

3π

4
,

∫ 2π

0
sin6 t dt =

5π

8
,

we obtain
Q(s, 0) = −πs2(4− 5s2 + s4). (7.3)

Its zeros at s = 1, 2 are simple:

Qs(1, 0) = 6π, Qs(2, 0) = −48π.

The implicit function theorem gives roots s1(ε), s2(ε) in disjoint positive neighborhoods, for the
same sufficiently small |ε|. Fix any nonzero positive ε in that common range.

At these roots, P + s > 0, so Equation (7.2) implies P = s. Thus each root gives a periodic
orbit. Differentiating the energy displacement in s at a root gives

s(Ps − 1) = εQs ̸= 0.

Each return fixed point is therefore simple and isolated. The two orbits are geometrically distinct,
since their positive intercepts lie in disjoint neighborhoods and a periodic orbit has just one positive
intercept, as proved in Proposition 2.5. After decreasing the common upper bound on ε > 0 if
necessary, continuity from Ps(s, 0) = 1 gives Ps > 0 at both fixed points. The signs of Qs then give
Ps > 1 on the inner cycle and 0 < Ps < 1 on the outer one. Thus both cycles are hyperbolic: the
inner one repels and the outer one attracts. This proves sharpness.
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