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Summarized chain of thought (Isomorphism of free group factors)
OpenAl

Problem

Determine whether L(F 2) and L(F _3) are isomorphic as von Neumann algebras, and prove the answer.
Here F n is the discrete free group on n generators. Its left regular representation on the complex
Hilbert space 17°2(F n) is defined by (lambda n(g)xi)(h) = xi(g™(-1)h). Define L(F n) =

{lambda n(g): g in F _n}'', the double commutant, equivalently the weak operator closure of the
unital complex algebra generated by these unitaries.

The precise question is whether there exists a unital normal *-isomorphism Phi: L(F 2) -> L(F 3).
Normal means preservation of suprema of bounded increasing nets of self-adjoint operators,
equivalently ultraweak continuity. The isomorphism may send the canonical group generators to
arbitrary elements: no requirement to respect a chosen group presentation is imposed. The canonical
normalized traces are tau_n(T) = <T delta_e, delta_e>; a normal *-isomorphism necessarily preserves
them.

1 From factor rigidity to the missing width bound

The assistant first seeks an intrinsic obstruction to an isomorphism of the two free group factors. From
Dykema-Rdadulescu’s rescaling results it takes the dichotomy that interpolated free group factors are ei-
ther all isomorphic or pairwise nonisomorphic, together with the equivalent requirement that Q; * Q, =
Qq*Qy*L(F,) forevery pair of type II; factors [16]. It considers transferring Boutonnet-Drimbe—loana—
Popa’s distinction between nonseparable abelian free powers to the separable problem [5]. It examines
Dykema-Zhao’s nonseparable free-product constructions as a possible comparison, but finds no way
to transport an arbitrary separable-factor isomorphism to those objects [17]. Peterson’s separation of
L(SL3(Z)) from L(F,) by elementary equivalence likewise does not give it a distinction between ranks
two and three [40].

The assistant next tries rigid free-product components and Gaussian crossed products. Popa’s discus-
sion of generation and rigidity motivates these reductions [41]. It uses the free-group-factor dichotomy,
also recorded in Dykema'’s interpolation work, to consider arbitrarily many semicircular generators [18].
The assistant finds that rigidity leaves an uncontrolled conjugating unitary that might encode the extra
free directions. It also finds no way to induce an isomorphism of the proposed crossed products, so it can-
not apply the unique-Cartan theorem of Popa—Vaes to its Gaussian construction [42]. It also considers
differentiating a trace-scaling flow, but Chakraborty—-Novac’s discussion ties the existence of such a flow
on the stabilization of L(F,) back to the same isomorphism problem [11]. Jung’s strong 1-boundedness
distinguishes a different class of factors, while the 1-bounded entropy developed by Hayes has the same
infinite value throughout the free-group family [33, 26]. Generator-dependent entropy quantities en-
counter another obstacle:

VERBATIM EXCERPT

Unknown W* invariance due bad approximations. Could try circumvent using local topological
dimension/mean dimension rather than Minkowski.

The replacement proposal studies matrix microstates through width dimension, the dimension needed
for continuous encoding with small fibers. If s free semicircular generators were recoverable from n < s
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self-adjoint generators, polynomial approximation could give a width upper bound nN? for N x N mi-
crostates. A contradictory lower bound must remain proportional to sSN? as moment constraints become
arbitrarily stringent.

The assistant finds that high probability does not supply that bound: a commutative rounding ex-
ample retains approximate recovery while sharply reducing coarse dimension, and its finite-quotient
models lose too many parameters. The assistant identifies a possible distinction from unrestricted con-
tinuous encoding:

VERBATIM EXCERPT

Crucially P,Q are unitarily equivariant trace-polynomial approximants with degree independent of N.
Entrywise rounding isn't implementable by polynomial operations (coordinate-dependent). Might
exploit equivariance, dimension-theoretic invariance reinforced by matrix amplification.

The assistant pursues equivariance, then finds that its tensor-twisted embeddings preserve free distribu-
tions while retaining infinitely many Fourier coefficients, preventing the parameter count it sought. The
assistant leaves the width lower bound unresolved and considers Connes-Shlyakhtenko’s algebraic L2-
homology as a possible generator-independent obstruction, while noting that Popa—Vaes’s vanishing of
continuous first L>-cohomology prevents the continuous variant from distinguishing the factors [15, 43].

2 Small projections and the recurring boundary obstruction

The assistant adjoins nonseparable auxiliary factors, then finds that its extensions reduce to a separable
support algebra. It cannot transport the invariant distinguishing nonseparable abelian free powers [5]
through an arbitrary separable isomorphism. Popa—Vaes’s vanishing theorem [43] prompts it to con-
sider derivations on restricted domains.

Factoring polynomial approximations through fewer variables bounds free-Jacobian rank, but the as-
sistant cannot control derivatives in the limit. Its commutative checkerboard example suggests that
strong convergence of bounded kernels need not preserve module rank; gradient relations supply no
uniform estimate.

Proper proximality [6] suggests a boundary approach, with Mei-Ricard’s free Hilbert transforms [38 ]
motivating regularity. Using Julg—Valette’s tree operator [32], the assistant considers a free group factor
M = L(F,) and compares maps from H = L2(M) to H" with weakened compactness of commutators. It
constructs a shift on normalized vectors supported on shrinking orthogonal projections, concludes that
the shift removes the index defect while preserving regularity, and abandons the invariant.

The Dykema-Radulescu absorption equivalence [16] next suggests contradicting Q1 * Q, = Qp *
Q, * L(F ) with rigid components. Under an affirmative answer, this absorption would apply to arbi-
trary type II; factors Q;, Q,. It therefore hopes to choose components whose rigidity would expose the
additional free directions. The assistant finds that Ioana—Peterson-Popa rigidity [30] tracks those com-
ponents without detecting the extra free part. Returning to algebraic L?>-homology [15], it encounters
derivations not determined by weakly dense generators.

It compares Ringrose’s Banach-bimodule continuity theorem [46] with affiliated targets. Shen’s gen-
erator invariant [48] and its amplification scaling [19] leave positivity unknown. The assistant finds that
Ge-Popa’s tensor-product single-generation result [ 23 | blocks its finite-generation shortcut, while Jung’s
ultrapower-embedding characterization of amenability [34] limits its back-and-forth construction.

Comparing its inclusions with standard embeddings [20], it tries placing copies of L(F,) near fi-
nite sets. Adjoining missing coordinates imposes conjugacy relations, and it encounters spectral-gap
obstructions to perturbing them into free bases. Gaboriau’s measure-equivalence invariance of (>-Betti
numbers [21] and treeing-cost argument [22] suggest a coupling approach. The assistant identifies the
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missing step: measurable relabeling gives exact agreement on large sets, whereas its operator approxi-
mations give only L? closeness.

Using Dykema’s compression formula [18], the assistant considers self-similar corners, but identi-
fying a corner with the original factor would still require generator collapse. A matrix-amplification
attempt studies a distinguished row. Stripping the first letter of a Wick expansion has bounded total L2
norm, unlike its earlier derivatives. Composing row formulas for two semicircular presentations might
force equal generator counts. But the assistant notices that bulk errors on a projection of trace about 1/k
produce order-one row errors, preventing its composition argument. Reinterpreting the row space as
L2(M) 6 C, it recognizes the earlier Julg—Valette obstruction.

Finally, it tries matching bulk embeddings by automorphisms and passing to an ultralimit where a
module maps properly into itself. It leaves open the required operator-norm control and the contradic-
tion that this proper inclusion would provide.

3 From rank obstructions to conditional absorption

The assistant’s Fock-space construction produces extra representation sectors, but it finds no contradic-
tion: the inverse transformation need not preserve the selected subspace. Applying nonseparable free-
power rigidity [5] would require an isomorphism to preserve enlarged components. It finds neither
that preservation nor a generalized-wreath-product theorem allowing arbitrary free-group bases [31].
Rough generator changes also obstruct its use of Voiculescu’s norm-ideal invariants [51].

Replicating an isomorphism preserves its free-entropy dimension ratio; iteration increases reconstruc-
tion complexity alongside the gap. The assistant cannot control continuity moduli or preserve Fock-
space compactness. Coordinatewise quantization also prevents its inference from large microstate pack-
ing numbers to a topological obstruction.

For Fox derivatives, it compares Thom's affiliated-operator cohomology [50], Alekseev—Kyed auto-
matic continuity [1], Alekseev’s account [2], and Popa—Vaes vanishing [43], without finding the re-
quired closability statement. The prefix—suffix structure of the derivatives suggests isolating coefficients
that retain a common group-theoretic relation. The assistant hopes that this filtering will force a van-
ishing relation strong enough to compare generator counts. Filtering derivative limits onto a diagonal
subgroup leaves a cycle space of dimension n — 1. It also notices a domain obstacle:

VERBATIM EXCERPT

Even if prove D closable in measure, does it solve problem? Isom T arbitrary M elements not
necessarily in domain.

Bermudez’s relative homology [4] supplies no distinction it can establish over a hyperfinite subfactor.
The assistant then modifies corners of My = Q; * Q,. For projections ¢; of trace 1/k, it retains

Q=(1-e)Q(l-e)®Ce,  Py=Q) QY.

Invoking Avitzour’s criterion [ 3] for factoriality, it tries recovering each Q; by adjoining a partial isometry
and comparing it with one in the intermediate factor. For a suitable corner projection p, its proposed
reduced-word calculation leads to

pMop = pPop * L(F,).

Assuming an affirmative isomorphism answer and this calculation, it seeks absorption of L(F,)
through maps fixing P, approximating the identity uniformly on each component’s unit ball. It finds
no compactness of preimages or surjectivity of a limiting map; property (T) aligns components without
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controlling their free product. Dykema—Radulescu compression and absorption formulas inform this
construction [16].

Jung’s strong 1-boundedness [33] and the Jung-Shlyakhtenko property-(T) bound [35] do not give it
control of arbitrary free-product generators. It rejects the Christensen-Wang complemented-subspace
route [14], finding the required complementedness obstructed by an expected copy of L(F ).

Using interpolation formulas from Dykema and Dykema—-Zhao [18, 17], it writes N, = L(F,) and
obtains
N,{ EN1+(r—1)/t2/ N, = N EI\]r+31

N, =N; = 142 F(Ny,  FWON,) ={t>0:N)=N,}

Here N denotes amplification by t, and J(N,) is the fundamental group of N,. The reduction expresses
the desired isomorphism through membership of a particular scalar in this group, but the assistant finds
no way to establish or exclude that membership. It next investigates whether nonseparability obstructs
asymptotic freeness in its conditional construction, continuing reduced-word calculations without ob-
taining an isomorphism or contradiction. It cites Schafhauser-Tikuisis-White’s problem list for the un-
resolved question [47].

4 Embedding obstructions meet uncontrolled changes of generators

The assistant used long alternating words with nonperiodic letters to conjugate W* (a, b?) freely away
from component ultrapowers, defeating its intended obstruction. Its cancellation bound depended on
syllable length rather than the individual letters, with the outer letter orthogonal to the smaller algebra.
It found no suitable free-product structure for nonseparable intertwining [5], and questioned whether
deformation arguments forced component embeddings [30].

It tried conjugating a free shift to its square, finding no entropy distinction [8]. Analytic Gibbs trans-
port preserved the number of variables [24]; supported semicirculars suggested hiding directions on
small supports [18].

Commuting Haar witnesses ¢y, c;, free from b, gave a free triple b, c,bc}, cobe;. Using free dimension
and standard embeddings [20], it compared partition dimensions 34 and 1 + d, whered =1 -3, tJZ.
Although1/2 < d < 2/3 suggested room in rank two, it could not identify the embeddings. The assistant
recognized that an abstract factor isomorphism need not preserve the selected partition algebra or the
witnesses used to distinguish its presentations:

VERBATIM EXCERPT

Joint law free P, embeddings not approximately conjugate. Already nonstandard vs standard yields.

Jung’s amenability characterization reinforced that obstacle [34]. The assistant revisited the problem
survey [47], interpolation [18, 44], absorption equivalence [16], and nonseparable rescaling [17].

Recovering extra generators from a pair required uncontrolled functions. Shrinking-corner encod-
ings consumed recovery information; rescaling magnified errors. Jacobian ranks failed to pass through
approximations without derivative control. Continuous-cohomology vanishing discouraged extending
derivatives [43]; strong 1-boundedness did not distinguish these ranks [33]. The assistant sought non-
commutative versions of cost and (2-invariance [22, 21], then tested trace scaling and generator invari-
ants without an obstruction [45, 48].

Fock-space creation rows gave a rectangular Hilbert-space unitary, but no finite-factor dimension com-

parison. Free Hilbert transforms suggested prefix regularity [38]; the tree operator returned it to the
failed index approach [32].
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Iterating a hypothetical transformation from n semicircular generators to m > n would produce mF

outputs from n¥ inputs. But errors obeyed ej < 0; + L;ej_1, with uncontrolled Lipschitz constants:

VERBATIM EXCERPT

Since f fixed measurable, L(6) can grow without bound arbitrarily; automorphism may pathological.

Fixing final accuracy forced increasingly precise earlier layers. Free subgroup words restored polyno-
mial control but lost microstate extendability. Orbital entropy did not resolve invariance under rough
generator changes [28].

The assistant found that tail permutations were outer and supplied no implementing unitaries for
central sequences. Its Baire argument lost a uniform interior radius. Even assuming Sobolev regu-
larity, closability of ¢ did not imply closability of Pé for arbitrary module projections. It abandoned
graph-product rigidity [10, 29]; maximal-amenable uniqueness suggested incidence geometry but no
rank calculation [27]. Free Stein dimension supplied algebraic invariance, while the computation and
monotonicity needed for a limiting extension remained unavailable to it [12, 13].

Finally, it restricted attention to finite Fourier-support images of canonical unitaries. It hoped sub-
group surjectivity and abelianization would detect rank there, while continuing to seek control of arbi-
trary generator changes without quantitative regularity.

5 Recovering a missing root while losing freeness

The assistant moved from possible rank invariants for free group factors L(F,,) toward constructive
changes of generators. It first examined matrix entries and free compression: Wick words follow paths
through matrix indices, and free compression interpolates between a change of generators and its co-
variance. It found no rank obstruction: rare contractions can preserve invertibility despite unfavorable
dimension counts, while iterative encodings force increasingly rough decoders.

It reconsidered Ringrose’s automatic continuity theorem [46], Alekseev—Kyed’s measure-continuity
results [1], and Popa—Vaes’s vanishing theorem [43], but could not extend their continuity hypotheses
to arbitrary affiliated-valued derivations. It also revisited the Peterson-Thom property and its struc-
tural consequences [27] as possible controls on rough changes of generators, without obtaining a rank
invariant.

The assistant next used the Boutonnet-Drimbe-loana-Popa sans-rank, which distinguishes free pow-
ers of a nonseparable diffuse abelian algebra [5]. Dykema-Zhao's rescaling formulas supplied a fur-
ther test, but changing the separable free-factor parameter left the nonseparable component count un-
changed [17]. The assistant found that Nielsen substitutions mixed components and destroyed the com-
mutation relations required to transfer a separable isomorphism to those enlargements. It suspected
that enlarging the construction to tolerate such substitutions would erase its finite component count,
but did not calculate the rank of the enlargement. The Dykema-Radulescu equivalence links collapse of
free group factors to absorption of L(F ) by free products of two factors [16]. It tried to exploit Ioana—
Peterson—Popa’s rigidity results for these components [30], but separate conjugacies did not control the
free complement.

A constructive turn drew on the Ornstein—Weiss factor-map example [39] and Bowen's Bernoulli-shift
classification [7] as classical comparisons, then used free Haar vertex variables x, on the Cayley tree of
F,. Edge increments xgx,, are free, but reconstruction requires the missing root x,. A classical analogy
suggests breaking the symmetry:
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VERBATIM EXCERPT

Aha! For classical vertex labels in a group with non-uniform distribution, edge differences
determine absolute labels almost surely because the global shift ambiguity can be resolved by
empirical frequencies (only one shift yields correct distribution).

For free vertex unitaries with nonzero mean p, telescoping products and weak convergence give x3x;, —
Bx}, recovering every vertex from the increments. The cost is correlations between neighboring edges:
generation returns while exact freeness disappears. It considered free monotone transport [24] to re-
move the correlations, but did not establish the required regularity. It then argued that averages of

conjugate site variables converge in operator norm, strengthening the recovery argument.

Returning to the missing-root construction, the assistant argued that a spectral gap bars nearby free

generating tuples when d > 2: the root would become an impossible approximate intertwiner. It con-
cluded:

VERBATIM EXCERPT

Thus generating set (nonfree) accumulates at a free tuple separated from all free generating
tuples; no Baire smoothing there.

The assistant thus distinguished nearly free generators from genuinely free generating tuples, while
leaving its original isomorphism question unresolved. Its return to the partial reduction also used the
problem-status discussion of Schafhauser, Tikuisis, and White [47].

6 From width obstructions to a proposed Gaussian absorption flow

The assistant again sought a generator-independent microstate invariant:

VERBATIM EXCERPT

Difference P(V)-U small but derivative of difference can be huge; no closability. Same old.

Jung’s hyperfinite inequality did not carry its finite-Borel-operation estimates through strong limits [36].
It recalled zero-entropy free shifts [49] and found that separable maximal abelian subalgebras lost the
nonseparable argument’s cardinal distinction [5]. Projection-sparsity and amplification estimates still
lacked a positive lower bound [48, 19]; the commutator-based candidate invariant again confronted
passage from algebraic to von Neumann generation [15].

Urysohn width suggested obstructing an encoding of free tuples through fewer matrix generators.
Spectral clipping and Borsuk-Ulam controlled an entire operator norm ball, but the assistant could not
restrict the obstruction uniformly to a prescribed free law. Projection onto one coordinate defeated its
global-negation argument. It compared packing rank and strong 1-boundedness [37, 33], noted trans-
port’s regularity restrictions [24], and found insufficient matrix-dimension growth in mixtures of ultra-
power embeddings [9].

It then tried absorbing a free generator through small perturbations. Straight cocycle paths produced
nearly translation-invariant elements, obstructing approximation of a free complement. For Haar uni-
taries U; and a complementary semicircular S, it proposed

U, =i() h(USuz)u;,  S=0,
8

with finitely supported real coefficients. Comparing cyclomorphy [52] and coalgebra constructions [53],
it questioned its divergence calculation and preferred direct cumulant pairing. It recast derivatives of
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S¢ = U, SUg as single-variable conjugations: the same-variable coefficient commuted with S, while the
remaining conjugator lay in the other variables’ algebra.

Fox derivatives of long words were intended to amplify small coefficients into displacement involving
S. For free prefixes p,, target amplitude R, and cutoff 4, it set

k
P=1+) Alp,), Q=PP*, E=1u.(Q), h=RPQES,.
r=1

It obtained Ph = REJ$, and ||h||% < R2/(dk). Haagerup’s inequality bounded the prefix sum by 2\/E [25].
Reduced-word counting suggested Catalan moments and a Marchenko-Pastur limit without an atom
at zero. Choosing a cutoff, then a word length, and finally finite real approximants was intended to
make both i and Ph — RJ, small. Preserving the semicircular law would keep residuals small without
differentiating them.

The assistant proposed a measurable Haar reparameterization of S and a free-basis change to approx-
imate the specified extra generator. Diagonal iteration budgeted future displacements against earlier
polynomial lengths to seek a generating limiting tuple. The assistant wanted each later perturbation to
preserve the approximations already obtained for earlier targets. Interpolation and amplification would
transfer its rank-three/rank-four comparison to ranks two and three [18, 44]. Checking operator-norm
approximation against reduced group C*-algebra invariants led it to distinguish measurable coordinate
changes from continuous calculus. It then asked whether a continuous Haar function could generate
the semicircular algebra while approximating the oscillatory exponential.

7 Logarithmic perturbations and limiting generation

The assistant sought to absorb one free Haar generator C into small perturbations of the others, denoted
Ay, ..., A, with Ag the corresponding reduced word. It replaced a semicircular auxiliary variable by the

bounded Borel logarithm S = Arg(C), so that 7(S) = 0 and ¢’® = C. For the free conjugates Sq = AgSAY,
it split multiplication into creation, annihilation, and diagonal terms to obtain the proposed estimate

< 37llhll,.

Zh(g)sg
3

This would control generator displacement using small coefficient vectors without requiring semicircu-
lar stability.

The assistant also considered Shen’s single-generation results [48 ], without establishing an application
that would settle this generator-count comparison.

The argument combined a polynomial flow with a prefix-sum operator. The assistant argued for
trace preservation by conjugating individual free variables by elements generated by the others, then
used polynomial degree estimates to justify analytic continuation of trace moments. Catalan moment
counting and a spectral cutoff inverse were intended to produce coefficients that moved generators little
while moving a long word substantially.

The assistant corrected the target of the approximation: the moved word had to approach CA,,, not
C, since the flow fixed C and preserved its freeness from the moved generators. An inverse Nielsen
automorphism would convert that estimate into approximation of C. Summable perturbations were
then meant to yield a norm-convergent tuple. For generation of the ambient von Neumann algebra,
the assistant used a separate diagonal argument establishing L2?-density of the word algebra; recovering
earlier coordinates could require discontinuous logarithms, so operator-norm convergence alone did not
give norm generation.
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In comparing its vector fields with existing constructions, the assistant recalled Voiculescu’s Cyclo-
morphy as a framework for trace-preserving deformations [52]. It also revisited the nonseparable free-
product theorem of Boutonnet, Drimbe, Ioana, and Popa [5]: its proposed countable diagonal construc-
tion could not absorb an entire nonseparable abelian component.

The remaining compatibility questions concerned relative freeness, fixed-subalgebra constraints,
and Julg—Valette index obstructions. The assistant used Voiculescu’s noncommutative Weyl-von
Neumann theorem to argue that absorption of an ample representation defeated the simplest proposed
index argument [54]. It then recalled the L’-bounded free Hilbert transforms of Mei and Ricard
while testing whether additional regularity could restore an obstruction [38]. For the fixed algebra
N = W*(A,, ..., A,,C), the assistant argued that its chosen positive long word x was Haar free from N,
and that multiplying it by C € N preserved this relative distribution. It therefore found no contradiction
from these moment identities. Large finite coefficient sums could make the local analytic radius very
small; the assistant answered that a positive radius and global real-time existence would still permit
continuation to time one.

To transfer its proposed adjacent-rank comparison to the requested ranks, the assistant invoked the
interpolation, amplification, and free-product formulas of Dykema and Rédulescu, from Dykema'’s In-
terpolated free group factors [18], using the accounts in Dykema-Zhao's free-product and rescaling paper
and Dykema-Radulescu’s Rescalings of free products of 11, -factors 17, 16].

The assistant ended with a proposed affirmative resolution based on the perturbation and limiting-
generation argument: a bijective unital normal *-isomorphism preserving the normalized traces. This
conclusion depends on the trace-preserving flow and limiting-generation steps described above.
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