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Summarized chain of thought (Global classical solutions of the
three-dimensional relativistic Vlasov–Maxwell system)
OpenAI

Original prompt (excerpts)

Open Problem: large-data global classical well-posedness for \(3+3\)-dimensional relativistic
Vlasov–Maxwell.

Work in the one-species normalized convention. For \(v\in\mathbb R^3\), set
\[
v_0=\sqrt{1+|v|^2},\qquad \hat v=\frac{v}{v_0}.
\]
For a phase-space density \(f=f(t,x,v)\), define
\[
\rho_f(t,x)=\int_{\mathbb R^3} f(t,x,v)\,dv,\qquad
j_f(t,x)=\int_{\mathbb R^3}\hat v\, f(t,x,v)\,dv.
\]

A smooth admissible datum is a triple \((f_0,E_0,B_0)\) such that
\[
f_0\in C_c^\infty(\mathbb R^3_x\times\mathbb R^3_v),\qquad f_0\ge 0,
\]
\[
E_0,B_0\in C_b^\infty(\mathbb R^3;\mathbb R^3)\cap L^2(\mathbb R^3;\mathbb R^3),
\]
and
\[
\nabla_x\cdot E_0=\int_{\mathbb R^3} f_0(x,v)\,dv,\qquad
\nabla_x\cdot B_0=0.
\]
Here \(C_b^\infty\) denotes smooth functions with all spatial derivatives bounded.

For such data, consider the Cauchy problem
\[
\partial_t f+\hat v\cdot\nabla_x f+\bigl(E+\hat v\times B\bigr)\cdot\nabla_v f=0,
\]
\[
\partial_t E-\nabla_x\times B=-j_f,\qquad
\partial_t B+\nabla_x\times E=0,
\]
\[
\nabla_x\cdot E=\rho_f,\qquad \nabla_x\cdot B=0,
\]
with
\[
(f,E,B)|_{t=0}=(f_0,E_0,B_0).
\]

Let \([0,T_{\max})\) denote the maximal time interval of the unique local classical solution, where
classical means \(f,E,B\) are \(C^1\), solve the system pointwise, \(E,B\in C([0,T);L^2_x)\), and
\(f\) has compact \((x,v)\)-support on every compact subinterval of \([0,T)\).

Determine whether the following assertion is true:
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For every smooth admissible datum \((f_0,E_0,B_0)\), one has
\[
T_{\max}=\infty.
\]
Equivalently, every such datum generates a unique global solution such that, for every
\(T<\infty\),
\[
f\in C^\infty([0,T]\times\mathbb R^3_x\times\mathbb R^3_v),\qquad
E,B\in C^\infty([0,T]\times\mathbb R^3_x;\mathbb R^3),
\]
with the above finite-energy and compact-support properties on \([0,T]\).

A negative resolution would be a smooth admissible datum for which \(T_{\max}<\infty\), i.e. the
corresponding local classical solution admits no \(C^1\) continuation as a classical solution
beyond \(T_{\max}\).

1 Signed impulses and angular-event counts

The assistant first sought a finite-interval bound on particle momentum, considering null-slab energy
bounds, direction freezing, and residence times. A regularity issue arose immediately: smooth bounded
finite-energy fields need not belong to 𝐻5. The proposed remedy combined a Coulomb decomposition,
localization through vector potentials, and a vacuumMaxwell correction to connect the stated data with
the Glassey–Strauss bounded-momentum continuation criterion, as formulated by Luk and Strain [2, 3].
Cheverry and Ibrahim’s local-solvability work supplied another perspective through its representation
of momentum spreading [1].

Possible alternatives included extending Wang’s frequency-localized resonance and smoothing ideas
beyond cylindrical symmetry [6], and comparing Serre’s positive-stress construction for Vlasov–Poisson
with the indefinite Maxwell stress [5]. The assistant pursued a Pfaffelmoser-type residence-time strat-
egy. It derived a signed integration-by-parts cancellation between acceleration-dependent and trans-
port fields. The cancellation removed a source-angle singularity but left endpoint terms and a receiver-
acceleration coefficient requiring absolute-force control. Attempts to strengthen uniform directional
stability encountered another obstruction in derivatives of moving cutoffs.

A different possible approach smoothed receiver velocity and sought a short-interval magnetic esti-
mate. The present attempt instead pursued counts of substantial angular changes within speed-stable
windows. Sharper event counts could improve bounds on the time particles spend near retarded cones
without requiring a stronger uniform directional modulus. The target evolved into a signedmomentum-
increment bound combining 𝑀𝑃√𝐼 with a term linear in interval length 𝐼, where 𝑃 bounds momentum
support. Weighted cutoffs and shared energy factors were intended to make dyadic sums converge.

Subsequent work revised the weight after finding that the proposed estimate failed for very short
intervals, developed an analytic argument for coefficient bounds conditional on improved event counts,
and examined endpoint averaging.

The assistant assembled an outline conditional on angular-event counting, while continuing to check
energy partitions, cutoff derivatives, and bootstrap continuity. It then revisited the localization proposal:
retain the Coulomb field, truncate vector potentials of the divergence-free remainders, and restore the
exterior discrepancy by vacuum Maxwell evolution. Finite propagation was intended to preserve the
particle dynamics on a fixed time horizon and permit application of the continuation criterion without
imposing an additional global Sobolev hypothesis on the original fields.
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2 Repairing and auditing the signed momentum strategy

The assistant organized the next calculations around signed characteristic increments:

|Δ𝑉| ≤ 𝑀𝑃√𝐼 + 𝐴𝐼 𝑃2 log(𝑒 + 𝑃)
𝑤 .

Here 𝐼 is elapsed time, 𝑃 bounds particle energies, 𝑀 and 𝐴 are fixed bootstrap constants, and the receiv-
ing particle has energy comparable to 𝑤. Cancellation in the integrated force was intended to improve
this bootstrap and prevent unbounded momentum in finite time.

The next stage examined direct acceleration-field estimates, boundary terms, and localization of initial
fields. The localization proposal addressed the gap between the smooth finite-energy field hypothe-
ses and the global Sobolev hypotheses in the continuation criterion [2, 3]. Analysis of Cheverry and
Ibrahim’s retarded work kernel also identified a remaining power loss in the near-cone estimate [1].

The central mechanism combined occupation bounds for retarded trajectories with selective integra-
tion by parts in a narrow angular sector. In its calculation, cancellation removed source acceleration but
left receiver-acceleration coefficients and cutoff derivatives. Moving the angular cutoff to a fixed small
ratio of angular scales, then balancing near and far estimates, was proposed to avoid an extra logarithm.

The assistant noticed that its intervals for counting directional changes were too long to preserve par-
ticle speed under the bootstrap’s linear term. It shortened them by a factor involving 𝑀2 + 𝐴 log𝑃.
Subsequent audits checked the claimed dependency order from the bootstrap to directional variation,
improved occupation, and finally bootstrap improvement.

The assistant checked the bounded-momentum continuation criterion in Luk and Strain [3] and exam-
ined Cheverry and Ibrahim’s momentum-spreading representation [1]. It proposed solenoidal trunca-
tion and restoration of a vacuum Maxwell field to meet the continuation hypotheses, and developed
smooth persistence through Picard iteration and tame Sobolev estimates. Conditional on improving the
bootstrap, successive momentum doublings would require times comparable to 1/ log𝑃, whose sum
diverges. The assistant continued testing occupation estimates, receiver-acceleration control, and the
dependence of constants on 𝑀 and 𝐴.

3 Stress-testing the signed impulse argument

The assistant next audited its angular occupation and signed-impulse estimates, comparing Chev-
erry and Ibrahim’s Radon–Fourier momentum-spreading representation with its retarded-label
calculation [1]. Luk and Strain’s plane-projection criterion provided another possible continuation
route [3].

For a characteristic with energy 𝑞(𝑣) = √1 + |𝑣|2 ≍ 𝑤, the proposed estimate was

|𝑉(𝑡2) − 𝑉(𝑡1)| ≤ 𝑀𝑃√𝐼 + 𝐴𝐼 𝑃2 log(𝑒 + 𝑃)
𝑤 , 𝐼 = 𝑡2 − 𝑡1,

where 𝑃 bounds supported momenta and 𝑀, 𝐴 are fixed bootstrap constants. At the largest energies,
this would force the time intervals between successive momentum doublings to have a divergent sum.
The assistant next checked the estimates needed to close the argument.

The audit repeatedly reconstructed the Glassey–Strauss retarded-field decomposition [2], the
retarded geometry, and integration by parts. It held particle labels fixed to avoid differentiating the
initial density and used cancellation with the transport field to remove the worst source-angular
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singularity. The remaining receiver-acceleration coefficient, cutoff derivatives, and endpoint terms
required separate estimates. Counting source and receiver direction changes was intended to improve
occupation bounds enough to make that coefficient small. The audit retained a correction shortening
speed-stability windows by a factor comparable to 𝑀2 + 𝐴 log𝑃, and checked that aggregation did not
repeatedly charge the same force integral.

The assistant returned to a mismatch in the continuation hypotheses: Luk and Strain’s formulation of
the Glassey–Strauss criterion imposed Sobolev assumptions stronger than the stated finite-energy field
hypotheses [2, 3]. The proposed repair truncated divergence-free field components and restored a vac-
uum Maxwell difference outside the particle region; tame Sobolev estimates were intended to preserve
smoothness.

The assistant proceeded to organize the calculation around energy conservation, retarded kernels, the
signed bootstrap, and a dyadic decomposition. Its next task was to justify the angular decomposition
and the estimates needed for bootstrap improvement.

4 Testing a candidate momentum bound

The assistant assembled its proposed momentum estimate for relativistic Vlasov–Maxwell, combin-
ing the signed-impulse calculations with the field-localization proposal. For continuation it used the
Glassey–Strauss bounded-momentum theorem in Luk and Strain’s formulation [2, 3]. Applying that
theorem required both a momentum bound and a reduction to its regularity hypotheses.

With momentum support bounded by a scale 𝑃, receiver energy comparable to 𝑤, and interval length
𝐼, the proposed bootstrap was

|Δ𝑉| ≤ 𝑀𝑃√𝐼 + 𝐴𝐼𝑃2 log(2 + 𝑃)/𝑤.

A strict improvement would make successive momentum doublings require time gaps whose sum di-
verges.

The central mechanism combined retarded transport and source-acceleration kernels before taking
absolute values. It interpreted the integration by parts as follows:
VERBATIM EXCERPT

Is there a conservation law obstructing? Think physical: retarded Liénard–Wiechert field impulse
between near-parallel particles. IBP trades source acceleration for boundary and receiver
acceleration coupling.

Near estimates used phase-density bounds; far estimates counted particle labels visiting dyadic dis-
tance and angle bins. Signed increments were proposed to ensure velocity stability through first-exit
arguments. It used a directional-excursion bound to sharpen occupancy in a restricted angular range.
Conditional on those geometric estimates, the assistant derived incompatible exponent inequalities for a
receiver-acceleration coefficient exceeding its proposed threshold: writing 𝑤 = 𝑃𝑧 and the distance scale
as ℎ = 𝑃−𝐻 , the improved occupancy bound forced 𝐻 < 0.41𝑧, while the excessive coefficient required
𝐻 > 0.496𝑧.
The assistant compared its hit-measure and integration-by-parts approach with Pallard’s characteristic-
integral estimates, also presented in Luk and Strain [4, 3]. The review consequently concentrated on
retarded Jacobians, residence times, boundary-crossing cells, cone-tip integrability, and cancellation of
differentiated cutoffs. It also checked that final constants could be chosen independently of bootstrap
constants. Rechecking Luk and Strain’s formulation required matching their density normalization by
replacing 𝑓 with 𝑓 /(4𝜋), as well as meeting the theorem’s 𝐻5 hypotheses [3]. The proposed repair com-
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bined a constraint-preserving modification of distant fields, finite propagation, and Sobolev persistence
before invoking the theorem.

The assistant returned to the geometry and signed-impulse calculation to recheck occupancy esti-
mates, cutoff sums, and bootstrap dependencies.

5 A signed momentum estimate under repeated scrutiny

The final proposed continuation argument combined the source-label cancellation, angular-exit count-
ing, and corrected stability windows.

The proposed estimate for a receiver momentum trajectory was

|Δ𝑉𝑋 | ≤ 𝑀𝑃√𝐼 + 𝐴𝐼 𝑃2 log(2 + 𝑃)
𝑤 ,

where 𝐼 is the interval length, 𝑃 bounds particle energies, and the receiver energy stays comparable to 𝑤.
The assistant found that its absolute force estimates lost a factor √𝑤. The proposed remedy integrated
the signed force by parts along source labels in a narrow angular sector, combining acceleration and
transport kernels. It used conservation of energy and cone flux to obtain the accompanying integral
bounds.

Repeated audits concentrated on whether this cancellation survived cutoffs, angular summation, and
dependence on the bootstrap constants.

The assistant estimated at most 𝐶(𝑀, 𝐴) log(2 + 𝑃)𝐶/𝛿 exits of angular size 𝛿. The assistant used this
proposed count to strengthen occupation bounds in a restricted regime of high momenta and interme-
diate angles. The stability windows were shortened by a factor involving 𝑀2 + 𝐴 log(2 + 𝑃), because
the linear bootstrap term otherwise spoiled energy comparability. An exponent contradiction was then
intended to control the remaining receiver-acceleration coefficients.

Conditional on closing the proposed bootstrap, momentum doublings would require time gaps of
order 1/ log𝑃, precluding finite-time accumulation. The assistant invoked the Glassey–Strauss criterion
as formulated by Luk and Strain, with compact particle support and 𝐻5 fields [2, 3]. A divergence-
preserving field modification and restoration of a vacuum solution were proposed to meet those hy-
potheses. The assistant ended by asserting global smooth continuation. That assertion rests on the occu-
pation bound, direction-count estimate, and cutoff cancellations needed to close the signed momentum
bootstrap; the cited continuation theorem alone does not establish those estimates.

References

[1] Christophe Cheverry and Slim Ibrahim. The relativistic Vlasov–Maxwell system: Local smooth solvability for a weak
topology. Revista Matemática Iberoamericana 41(2) (2025), 551–602. https://doi.org/10.4171/RMI/1501.

[2] Robert T. Glassey and Walter A. Strauss. Singularity formation in a collisionless plasma could occur only at high
velocities. Archive for Rational Mechanics and Analysis 92(1) (1986), 59–90. https://doi.org/10.1007/BF0025
0732.

[3] Jonathan Luk and Robert M. Strain. A new continuation criterion for the relativistic Vlasov–Maxwell system. Com-
munications in Mathematical Physics 331(3) (2014), 1005–1027. https://doi.org/10.1007/s00220-014-210
8-8.

[4] Christophe Pallard. On the boundedness of the momentum support of solutions to the relativistic Vlasov–Maxwell
system. Indiana University Mathematics Journal 54(5) (2005), 1395–1410. https://doi.org/10.1512/iumj.200
5.54.2596.

https://doi.org/10.4171/RMI/1501
https://doi.org/10.1007/BF00250732
https://doi.org/10.1007/BF00250732
https://doi.org/10.1007/s00220-014-2108-8
https://doi.org/10.1007/s00220-014-2108-8
https://doi.org/10.1512/iumj.2005.54.2596
https://doi.org/10.1512/iumj.2005.54.2596


Relativistic Vlasov–Maxwell 6

[5] Denis Serre. Compensated integrability. Applications to the Vlasov–Poisson equation and other models in mathematical
physics. Journal de Mathématiques Pures et Appliquées 127 (2019), 67–88. https://doi.org/10.1016/j.matp
ur.2018.06.025.

[6] Xuecheng Wang. Global solution of the 3D Relativistic Vlasov-Maxwell system for large data with cylindrical symme-
try. Preprint, arXiv:2203.01199v1 (2022). https://arxiv.org/abs/2203.01199v1.

https://doi.org/10.1016/j.matpur.2018.06.025
https://doi.org/10.1016/j.matpur.2018.06.025
https://arxiv.org/abs/2203.01199v1

	1 Signed impulses and angular-event counts
	2 Repairing and auditing the signed momentum strategy
	3 Stress-testing the signed impulse argument
	4 Testing a candidate momentum bound
	5 A signed momentum estimate under repeated scrutiny

