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Summary

The Schwartz-Smith two-factor model (Schwartz & Smith, 2000) was commonly used in
the pricing of commodity futures in the last two decades. In 2016, (Filipovic & Larsson,
2016) introduced a polynomial diffusion framework which allows a more complex struc-
ture of spot price. This framework has been applied to electricity forwards (Kleisinger-
Yu et al., 2020), in which the spot price is modelled in a quadratic form of two factors.
PDSim aims to estimate futures prices as well as the latent state variables, and provides
well-designed visualisations. This application is available at https://github.com/peilun-he/
polynomial-diffusion-model-simulation-and-estimation.

Schwartz-Smith two-factor model

Under the Schwartz-Smith framework, the logarithm of spot price .S, is modelled as the sum
of two factors x, and &,,

log (S;) = x¢ + &5 (1)
where X, represents the short-term fluctuation and &, is the long-term equilibrium price level.
Additionally, we assume both yx, and &, follow a risk-neutral Ornstein-Uhlenbeck process,

dXt = (_th - Ax)dt + UXthX7 (2)
and
d&y = (pe — V& — Ag)dt + Ugdea (3)

where K, € R™ are the speed of mean-reversion parameters, pe € R is the mean level of the
long-term factor, o, ,0, € R™ are the volatility parameters, and )\X, )\5 € R are risk premiums.

The processes (W}*),~( and (Wf)tzo are correlated standard Brownian Motions with
E (dWXdW;) = pdt.
We set A, = A, = 0 in Equation 2 and Equation 3 to get the real processes. We use the

risk-neutral processes for futures pricing, and real processes for modelling state variables.

In discrete time, x, and &, are jointly normally distributed. Therefore, the spot price is
log-normally distributed. Moreover, under the arbitrage-free assumption, the futures price
(Ft7T) at current time ¢ must be equal to the expected value of spot price at maturity time T,

Ft,T = E*(ST|5I‘t)7
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where F, is a natural filtration and E*(-) is the expectation under the risk-neutral processes
from Equation 2 and Equation 3. Then we can get the linear Gaussian state space model:

z, =c+ Ex,_ | +w,, (4)

y, =d, + Fyz, + v, (5)

0 e*l‘éAt 0 T
wherear, = [¥].e= [ (1 Lnn| B =[5 s = w0 ()

~
T

(A(Ty — 1) AT, —t) F, = L nd m is the number of
1 g ey m y Ly — e*'Y(Tlft) e*'Y(Tm*t) a m Is e nu er o
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futures contracts. The function A(:) is given by

A e — A
A(t) = — ZX (1 — et § 51_ —t
(== 22—t 2 ey
1 /1— e 26t ) 1— =27t ) 1= e—(n-ﬁ-'y)t
+§( 2w X oy Jf+2T7"x“£P)-

w, and v, are multivariate Gaussian noises with mean 0 and covariance matrix ¥, and X,
respectively, where

176—2;1At 2 176—(n+7)At
Yo 2 %x wty  Ox0¢eP
w 1_8—(fc+'y)At 1_6—27At 2 )
vy Ox9¢P v ¢
and we assume X, is diagonal, 3, = diag(c?, 03, ..., 02,). Under this framework, ¢, E, 3,

and X, are deterministic but d, and F} are time-variant.

Polynomial diffusion model

In this section, we present a general framework of the polynomial diffusion model first, and
then we give the application in the two-factor model. The mathematical foundations and
applications of polynomial diffusion model in finance are provided in (Filipovic & Larsson,
2016).

Consider the stochastic differential equation
dX;, = b(Xy)dt + o(X,)dW,, (6)

where W, is a d-dimensional standard Brownian motion and map o : R — R%*? is continuous.
Define a := 0o '. For maps a : R? — §% and b : R* — R?, suppose we have a;; € Pol,
and b; € Pol;. S? is the set of all real symmetric d x d matrices and Pol,, is the set of all
polynomials of degree at most m. Then the solution of Equation 6 is a polynomial diffusion.

Moreover, we define the generator G associated to the polynomial diffusion X, as

§5(w) = 5Tr (a@) V2 f(2)) + b(z) V f(2) 1)

for z € R? and any f € C?, twice continuously differentiable functions. Let N be the
dimension of Pol,,, and H : R? — R¥ be a function whose components form a basis of Pol,,.
Then for any p € Pol,,, there exists a unique vector p € RY such that

p(z) = H(z)'p (8)

and p is the coordinate representation of p(x). Moreover, there exists a unique matrix
representation G € RV*Y of the generator G, such that G is the coordinate vector of Gp.
Hence, we have

gp(x) = H(z)" Gp. (9)
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Theorem 1: Let p(x) € Pol,, be a polynomial with coordinate representation p € RY satisfying
Equation 8, G € RV*N be a matrix representation of generator G satisfying Equation 9, and
X, € R? satisfies Equation 6. Then for 0 <t < T, we have

E (p(XT)‘?t) = H(Xt)T6<T_t>Gi)’

where J, is a natural o-algebra generated up tp time ¢.
The proof of Theorem 1 is given in (Filipovic & Larsson, 2016).

Next, we apply this theorem to the two-factor model. Assume the spot price .S, is modelled as
Sy = ay +agxy + azéy + agxi + asxeés + asél, (10)

where S, is a polynomial function with a degree n = 2-and x, = (;,&,) " is a vector of state
variables with x, and &, are the short-term and long-term factors defined in Equation 2 and
Equation 3 for risk-neutral processes. Then z, satisfies the stochastic differential equation
Equation 6, with

ba) = [, e oot = [T o] ate) = atapotedr = [T 2]

The basis H(x,) = (1, Xy, &, X3, X:&,€2) | has a dimension N = 6. The coordinate repre-
sentation B = (o, g, a3, ay, a5, 0g) . The generator G is given by

1 02 0] oy —KX; — A ’
xz)==Tr S Vaof(z)) + X Vf(x).
5t = 52 (| o2 r@) ], N ] v
By applying G to each element of H, (x,), we obtain the matrix representation
0 —kr 0 —2X, e — A¢ 0
G- 0 0 — 0 —Ay 2pe —2)
0 o0 0 —2K 0 0
0 0 0 0 —K— 0
0 0 0 0 0 —2~
Then, by Theorem 1, the futures price F} 1 is given by
Ft,T = E*(S7F,) = H(mt)Te(T_t)Gﬁ (11)
Therefore, we have the non-linear state-space model
Ty :c+Ext71 +wt7wt NN(Oa Ew)v (12)
and
Y = H(wt)Te(Tit)Gﬁ =+ Vgy Uy ~ N(Oa E’U) (13)
Filtering methods
In this section, we use the notation
s E(zy|F 1), Py = Cov(z,|F ),
a, = E(z,|F,), P, i= Cov(z,|F).
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Figure 1: Flowcharts of EKF
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Figure 2: Flowcharts of UKF

The Kalman Filter (KF) (Harvey, 1990) is a commonly used filtering method in estimating
hidden state variables. However, KF can only deal with the linear Gaussian state model. To
capture the non-linear dynamics in the PD model, we use Extended Kalman Filter (EKF)
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(Julier & Uhlmann, 1997) and Unscented Kalman Filter (UKF) (Julier & Uhlmann, 2004; Wan
& Van Der Merwe, 2000). Suppose we have a non-linear state-space model

zy = f(z;_1) + wy, w, ~ N(0,2,,),
Yy = h(z,) +vy,v, ~ N(0,3,).
The EKF linearises the state and measurement equations through the first-order Taylor series.
To run KF, we replace J; and J;, with E and F, respectively, where J; and J;, are the
Jacobians of f(-) and A(). In contrast, the UKF uses a set of carefully chosen points, called
sigma points, to represent the true distributions of state variables. Then, these sigma points
are propagated through the state equation. The flowchats of EKF and UKF are given in

Figure 1 and Figure 2. In this application, we use KF for the Schwartz-Smith model, and
EKF/UKF for the polynomial diffusion model.

Statement of need

This application is aimed at researchers who are pricing commodity futures by Schwartz-Smith
model or PD model. It has been designed with the following goals:

1. To provide a simulation tool for the polynomial diffusion model. Users can declare all
model specifications and parameters. The generated data is downloadable.

2. To provide two filtering methods, EKF and UKF, to estimate the futures prices and
hidden state variables. Currently, there is no filtering toolbox for the polynomial diffusion
model.

3. To provide well-designed visualisations. That includes the futures prices, the state
variables, the estimates of futures prices and state variables, and some downloadable
tables. Moreover, all these plots are interactive. Users can zoom in/out, highlight a
specific curve, download these plots, and so on.

4. To provide the estimation errors including root mean squared error (RMSE), mean
absolute error (MSE) and mean relative error (MRE). These measures are presented in
tables and plots.

5. To provide all functions listed above for the Schwartz-Smith model as a comparison.

Comparison with existing libraries

The R package “NFCP" (Aspinall et al., 2022) was developed for multi-factor pricing of
commodity futures, which is a generalisation of the Schwartz-Smith model. However, this
package doesn't accommodate the polynomial diffusion model. There are no R packages
available for PD models currently.

There are many packages in R for KF, for example, “dse”, "FKF", “sspir”, “dlm", “KFAS": “dse
can only take time-invariant state and measurement transition matrices; “FKF" emphasizes
computation speed but cannot run smoother; “sspir”, “dim” and "KFAS" have no deterministic
inputs in state and measurement equations. For the non-linear state-space model, the functions

“ukf” and “ekf” in package “bssm" run the EKF and UKF respectively. However, this package

was designed for Bayesian inference where a prior distribution of unknown parameters is
required. To achieve the best collaboration of filters and models, we developed functions of
KF, EKF and UKF within this code.
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