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Summary

HOHQMesh (David A. Kopriva, Winters, Schlottke-Lakemper, Schoonover, et al., 2024)
generates unstructured all-quadrilateral and hexahedral meshes with high order boundary
information for use with spectral element solvers. Model input by the user requires only an
optional outer boundary curve plus any number of inner boundary curves that are built as
chains of simple geometric entities (lines and circles), user defined equations, and cubic splines.
Inner boundary curves can be designated as interface boundaries to force element edges along
them. Quadrilateral meshes are generated automatically with the mesh sizes guided by a
background grid and the model, without additional input by the user. Hexahedral meshes
are generated by extrusions of a quadrilateral mesh, including sweeping along a curve, and
can follow bottom topography. The mesh files that HOHQMesh generates include high order
polynomial interpolation points of arbitrary order.

Statement of Need

Spectral element methods (SEMs) use multiple degrees of freedom within elements to achieve
high order accuracy and can be applied to complex geometries. Details of SEMs can be found
in the books by Deville, Fischer and Mund (Deville et al., 2002), Karniadakis and Sherwin
(Karniadakis & Sherwin, 2005), Hesthaven and Warburton (Hesthaven & Warburton, 2008),
and Kopriva (David A. Kopriva, 2009).

Open source spectral element packages now exist to compute solutions of a wide range
of equations such as the compressible and incompressible Navier-Stokes, ideal and visco-
resistive magnetohydodynamics, Euler gas dynamics, and shallow water equations, and include
Nektar++ (Cantwell et al., 2015), SemTex (Blackburn et al., 2019), Sem2dPack (Ampuero,
2012), SPECFEM (Martire et al., 2021), Nek5000 (Fischer et al., 2008), HORSES3D (Ferrer et
al., 2023), FLEXI (Krais et al., 2021), FLUXO (Rueda-Ramirez et al., 2017), Trixi.jl (Ranocha
et al., 2022; Schlottke-Lakemper et al., 2021), and NUMA (Giraldo et al., 2013).

The features of SEMs are now well-established. Like low order finite element methods, they
can be applied to general geometries, but have exponential convergence in the polynomial
approximation order. Discontinuous Galerkin (DGSEM) versions applied to hyperbolic problems
have exponentially convergent dissipation and dispersion errors (Ainsworth, 2004), making
them well suited for wave propagation problems. Discontinuous Galerkin SEMs are also
especially suitable when material discontinuities are present. Approximations exist for high
order quadrilateral/hexahedral and triangle/tetrahedral elements.
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What some are now calling “classical” spectral element methods use tensor product bases on
quadrilateral or hexahedral meshes. These bases lead to very efficient implementations and
have high order quadratures that can be used to approximate the integrals found in weak forms
of the equations. Of the widely available spectral element packages, SemTex, Sem2dPack,
Nek5000, FLEXI, FLUXO, Trixi.jl, and HORSES3D primarily or exclusively use quadrilateral
and hexahedral meshes.

Unfortunately, unstructured meshes for quad/hex elements are difficult to generate even for
low order finite elements (Bommes et al., 2013). The advantages not withstanding, a major
impediment to the application of SEMs has been the availability of appropriate general purpose
mesh generation software that can generate elements of arbitrary order, especially in open-
source form. In 2002 Sherwin and Peiro (Sherwin & Peir6, 2002) wrote: “The development
of robust unstructured high-order methods is currently limited by the inability to consistently
generate valid computational meshes for complex geometries without user intervention.” This
has remained true particularly for quadrilateral and hexahedral meshes. For these reasons,
HOHQMesh was developed to generate all-quadrilateral and extruded hexahedral meshes
suitable for use with spectral element methods. HOHQMesh is a direct quadrilateral mesher,
which generates quadrilateral elements by the subdivision method of Schneiders (Schneiders,
2000) rather than indirectly from a triangular mesh or by curving a low order mesh. It also
sizes and curves the elements based on the length scales in the model, rather than try to
modify an existing low order mesh.

Examples of meshes generated by HOHQMesh have been published in (Winters & Kopriva,
2014), (David A. Kopriva & Gassner, 2016), (Acosta-Minoli et al., 2020), (Manzanero et
al., 2020), (Ersing & Winters, 2024), (Ranocha et al., 2024), (Marbona et al., 2024), plus
(Wintermeyer, 2018) and (Eriksson, 2024).

Features

HOHQMesh is designed to require minimal input from the user through the use of a control
file. . The model defines the geometry in terms of an outer and inner boundary curves.

HOHQMesh features include:

= Unstructured all-quadrilateral or hexahedral meshes

= Isoparametric polynomial boundary approximations of arbitrary order

= Automatic geometry-guided refinement

= Optional user specified local refinement

= Interior boundaries to separate regions of different properties

= Symmetric mesh generation

= Hexahedral meshes from extrusion, rotation, and sweeping of a quadrilateral mesh, with
or without scaling

= Bottom topography variations, defined through functional form or input topography
data, for extruded hexahedral meshes with automatic resolution of topographic features

HOHQMesh is available as an open-source software package under the MIT license and runs
on Linux, macOS, and Windows (David A. Kopriva, Winters, Schlottke-Lakemper, Schoonover,
et al., 2024).

Example

In 1959 the Malpasset dam in France failed and flooded the Reyran river valley down to
the Mediterranean sea (Hervouet & Petitjean, 1999),(Goutal, 1999). Fig 1 shows a mesh of
the valley and a portion of the Mediterranean with 2392 fourth order elements generated by
HOHQMesh in 0.44s on an Apple MacBook Pro with a 2.3 GHz Quad-Core Intel i7. A zoom
of the western portion of the mesh is shown in Fig. 2. The geometry model consists only of an
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s outer boundary, which was specified as a cubic spline, and no inner boundaries. Fig. 3 shows a
o spectral element computation of the water heights using the mesh of Fig. 1 in the package
o TrixiShallowWater.jl (Ersing et al., 2023), which is part of the Trixi.jl (Schlottke-Lakemper et
e al., 2021) ecosystem.

Figure 2: Western portion of the Reyran valley mesh
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Figure 3: Spectral element computation of the water heights at 1985s after the break of the Malpasset
dam

Related Software

Special purpose quad/hex spectral element grid generators for simple geometries are openly
available as part of some spectral element solvers. The preprocessor for FLEXI, HOPR, for
instance, will generate Cartesian boxes and meshes built from combinations of Cartesian boxes,
cylinders and spheres.

Spectral element solvers that currently can read meshes generated by HOHQMesh include

= FLUXO (Rueda-Ramirez et al., 2017)
= Trixi.jl (Schlottke-Lakemper et al., 2021)
= HORSES3D (Ferrer et al., 2023)

The preprocessor HOPR (Hindenlang et al., 2015) can also read and modify quad meshes
generated by HOHQMesh.

HOHQMesh can be used with the graphical front end HOHQMesh.jl (David A. Kopriva,
Winters, Schlottke-Lakemper, & Ranocha, 2024). It is a wrapper package that augments
HOHQMesh with interactive functionality giving a user the ability to create and visualize the
meshes without the need to compile from source.

Acknowledgements

This work was supported by a grant from the Simons Foundation (#426393, #961988, David
Kopriva). Andrew Winters was funded through Vetenskapsradet, Sweden grant agreement
2020-03642 VR. Michael Schlottke-Lakemper received funding through the DFG (Deutsch
Forschungsgemeinschaft, German Research Foundation) research unit FOR-5409 (project
number 463312734). Michael Schlottke-Lakemper and Hendrik Ranocha were supported by a
DFG individual grant (project number 528753982). Hendrik Ranocha was supported by the
Daimler und Benz Stiftung (Daimler and Benz foundation, project number 32-10/22).

Kopriva et al. (2024). HOHQMesh: An All Quadrilateral /Hexahedral Unstructured Mesh Generator for High Order Elements. Journal of Open 4
Source Software, ; VOL?(iISSUE?), 7418. https://doi.org/10.xxxxxx/draft.


https://doi.org/10.xxxxxx/draft

The Journal of Open Source Software

116

117

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

160

161

References

Acosta-Minoli, C., Carmona, P., & Mesa-Mazo, M. (2020). Simulation of pollutants transport in
rivers and its effect on the dynamics of a species by a high order method. Journal of Physics:
Conference Series, 1671, 012015. https://doi.org/10.1088/1742-6596/1671/1/012015

Ainsworth, M. (2004). Dispersive and dissipative behaviour of high order discontinuous
Galerkin finite element methods. Journal of Computational Physics, 198(1), 106—-130.
https://doi.org/10.1016/j.jcp.2004.01.004

Ampuero, J.-P. (2012). A spectral element method tool for 2D wave propagation and
earthquake source dynamics user'’s guide.

Blackburn, H. M., Lee, D., Albrecht, T., & Singh, J. (2019). Semtex: A spectral el-
ement—Fourier solver for the incompressible Navier-Stokes equations in cylindrical or
Cartesian coordinates. Computer Physics Communications, 245, 106804. https://doi.org/
10.1016/j.cpc.2019.05.015

Bommes, D., Lévy, B., Pietroni, N., Puppo, E., Silva, C., Tarini, M., & Zorin, D. (2013).
Quad-mesh generation and processing: A survey. Comput. Graph. Forum, 32(6), 51-76.
https://doi.org/10.1111/cgf.12014

Cantwell, C. D., Moxey, D., Comerford, A., Bolis, A., Rocco, G., Mengaldo, G., De Grazia, D.,
Yakovlev, S., Lombard, J.-E., Ekelschot, D., Jordi, B., Xu, H., Mohamied, Y., Eskilsson,
C., Nelson, B., Vos, P., Biotto, C., Kirby, R. M., & Sherwin, S. J. (2015). Nektar+-+:
An open-source spectral/hp element framework. Computer Physics Communications, 192,
205-219. https://doi.org/10:1016/j.cpc.2015.02.008

Deville, M. O., Fischer, P. F., & Mund, E. H. (2002). High order methods for incompressible
fluid flow. Cambridge University Press.

Eriksson, G. (2024). Efficient discretization of the Laplacian on complex geometries. https:
//doi.org/10.48550/arXiv.2404.09050

Ersing, P., & Winters, A. R. (2024). An entropy stable discontinuous Galerkin method for the
two-layer shallow water equations on curvilinear meshes. Journal of Scientific Computing,
98(3),/62¢ https: / /doi.org/10.1007 /s10915-024-02451-2

Ersing, P., Winters, A. R., Schlottke-Lakemper, M., & Ranocha, H. (2023). Shallow water
simulations with trixijl. https://github.com /trixi-framework/TrixiShallow\Water jl|

Ferrer, E., Rubio, G., Ntoukas, G., Laskowski, W., Marifio, O. A., Colombo, S., Mateo-Gabin,
A., Marbona, H., Manrique de Lara, F., Huergo, D., Manzanero, J., Rueda-Ramirez, A.
M., Kopriva, D. A., & Valero, E. (2023). A high-order discontinuous Galerkin solver for
flow simulations and multi-physics applications. Computer Physics Communications, 287,
108700. https://doi.org/10.1016/j.cpc.2023.108700

Fischer, P. F., Lottes, J. W., & Kerkemeier, S. G. (2008). NEK fast high-order scalable CFD
NEK: Fast high-order scalable CFD. https://nek5000.mcs.anl.gov

Giraldo, F. X., Kelly, J. F., & Constantinescu, E. M. (2013). Implicit-explicit formulations of a
three-dimensional nonhydrostatic unified model of the atmosphere (NUMA). SIAM Journal
on Scientific Computing, 35(5), B1162-B1194. https://doi.org/10.1137/120876034

Goutal, N. (1999). The Malpasset dam failure. An overview and test case definition. Proceed-
ings of the 4th CADAM Meeting, Zaragoza, Spain, 18-19.

Hervouet, J.-M., & Petitjean, A. (1999). Malpasset dam-break revisited with two-dimensional
computations. Journal of Hydraulic Research, 37(6), 777—788. https://doi.org/10.1080/
00221689909498511

Hesthaven, J. S., & Warburton, T. (2008). Nodal discontinuous Galerkin methods: Algorithms,

Kopriva et al. (2024). HOHQMesh: An All Quadrilateral/Hexahedral Unstructured Mesh Generator for High Order Elements. Journal of Open 5
Source Software, ;VOL?(;ISSUE?), 7418. https://doi.org/10.xxxxxx/draft.


https://doi.org/10.1088/1742-6596/1671/1/012015
https://doi.org/10.1016/j.jcp.2004.01.004
https://doi.org/10.1016/j.cpc.2019.05.015
https://doi.org/10.1016/j.cpc.2019.05.015
https://doi.org/10.1016/j.cpc.2019.05.015
https://doi.org/10.1111/cgf.12014
https://doi.org/10.1016/j.cpc.2015.02.008
https://doi.org/10.48550/arXiv.2404.09050
https://doi.org/10.48550/arXiv.2404.09050
https://doi.org/10.48550/arXiv.2404.09050
https://doi.org/10.1007/s10915-024-02451-2
https://github.com/trixi-framework/TrixiShallowWater.jl
https://doi.org/10.1016/j.cpc.2023.108700
https://nek5000.mcs.anl.gov
https://doi.org/10.1137/120876034
https://doi.org/10.1080/00221689909498511
https://doi.org/10.1080/00221689909498511
https://doi.org/10.1080/00221689909498511
https://doi.org/10.xxxxxx/draft

The Journal of Open Source Software

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209

analysis, and applications. Springer. https://doi.org/10.1007/978-0-387-72067-8

Hindenlang, F., Bolemann, T., & Munz, C.-D. (2015). Mesh curving techniques for high
order discontinuous galerkin simulations. In IDIHOM: Industrialization of high-order
methods-a top-down approach (pp. 133-152). Springer. https://doi.org/10.1007/
978-3-319-12886-3_8

Karniadakis, G. E., & Sherwin, S. J. (2005). Spectral/hp element methods for com-
putational fluid dynamics. Oxford University Press. https://doi.org/10.1093/acprof:
0s0/9780198528692.001.0001

Kopriva, David A. (2009). Implementing spectral methods for partial differential equations.
Springer. https://doi.org/10.1007/978-90-481-2261-5

Kopriva, David A., & Gassner, G. J. (2016). Geometry effects in nodal discontinuous Galerkin
methods on curved elements that are provably stable. Applied Mathematics and Computa-
tion, 272, 274-290. https://doi.org/10.1016/j.amc.2015.08.047

Kopriva, David A., Winters, A. R., Schlottke-Lakemper, M., & Ranocha, H. (2024). HO-
HQ@Mesh jl: A julia frontend to the fortran-based HOHQMesh mesh generator for high
order elements. https://github.com/trixi-framework/HOHQMeshjl. https://doi.org/10.
5281/zenodo.13959071

Kopriva, David A., Winters, A. R., Schlottke-Lakemper, M., Schoonover, J. A., & Ranocha,
H. (2024). HOHQMesh: An all quadrilateral/hexahedral unstructured mesh generator for
high order elements. https://github.com /trixi-framework/HOHQMesh. https://doi.org/
10.5281/zenodo.13959058

Krais, N., Beck, A., Bolemann, T., Frank, H., Flad, D., Gassner, G., Hindenlang, F., Hoffmann,
M., Kuhn, T., Sonntag, M., & Munz, C.-D. (2021). FLEXI: A high order discontinuous
galerkin framework for hyperbolic—parabolic conservation laws. Computers & Mathematics
with Applications, 81, 186-219. https://doi.org/10.1016/j.camwa.2020.05.004

Manzanero, J., Rubio, G., Kopriva, D. A., Ferrer, E., & Valero, E. (2020). Entropy-stable
discontinuous Galerkin approximation with summation—by—parts property for the incom-
pressible Navier-Stokes/Cahn—Hilliard system. Journal of Computational Physics, 408,
109363. https://doi.org/10:1016/j.jcp.2020.109363

Marbona, H., Rodriguez, D., Martinez-Cava, A., & Valero, E. (2024). Impact of harmonic
inflow variations on the size and dynamics of the separated flow over a bump. Phys. Rev.
Fluids, 9, 053901. https://doi.org/10.1103/PhysRevFluids.9.053901

Martire, L., Martin, R., Brissaud, Q., & Garcia, R. F. (2021). SPECFEM2D-DG, an open-
source software modelling mechanical waves in coupled solid—fluid systems: the linearized
Navier—Stokes approach. Geophysical Journal International, 228(1), 664—697. https:
//doi.org/10.1093/gji/ggab308

Ranocha, H., Schlottke-Lakemper, M., Winters, A. R., Faulhaber, E., Chan, J., & Gassner, G.
(2022). Adaptive numerical simulations with Trixi.jl: A case study of Julia for scientific
computing. Proceedings of the JuliaCon Conferences, 1(1), 77. https://doi.org/10.21105/
jcon.00077

Ranocha, H., Winters, A. R., Schlottke-Lakemper, M., Offner, P., Glaubitz, J., & Gassner,
G. J. (2024). On the robustness of high-order upwind summation-by-parts methods for
nonlinear conservation laws. Journal of Computational Physics, 113471. https://doi.org/
10.1016/j.jcp.2024.113471

Rueda-Ramirez, A., Schlottke-Lakemper, M., Gassner, G. J., Astanin, A., & Winters, A.
R. (2017). DGSEM for general advection-diffusion equations. https://github.com/
project-fluxo/fluxo

Schlottke-Lakemper, M., Winters, A. R., Ranocha, H., & Gassner, G. J. (2021). A purely

Kopriva et al. (2024). HOHQMesh: An All Quadrilateral/Hexahedral Unstructured Mesh Generator for High Order Elements. Journal of Open 6
Source Software, ;VOL?(;ISSUE?), 7418. https://doi.org/10.xxxxxx/draft.


https://doi.org/10.1007/978-0-387-72067-8
https://doi.org/10.1007/978-3-319-12886-3_8
https://doi.org/10.1007/978-3-319-12886-3_8
https://doi.org/10.1007/978-3-319-12886-3_8
https://doi.org/10.1093/acprof:oso/9780198528692.001.0001
https://doi.org/10.1093/acprof:oso/9780198528692.001.0001
https://doi.org/10.1093/acprof:oso/9780198528692.001.0001
https://doi.org/10.1007/978-90-481-2261-5
https://doi.org/10.1016/j.amc.2015.08.047
https://github.com/trixi-framework/HOHQMesh.jl
https://doi.org/10.5281/zenodo.13959071
https://doi.org/10.5281/zenodo.13959071
https://doi.org/10.5281/zenodo.13959071
https://github.com/trixi-framework/HOHQMesh
https://doi.org/10.5281/zenodo.13959058
https://doi.org/10.5281/zenodo.13959058
https://doi.org/10.5281/zenodo.13959058
https://doi.org/10.1016/j.camwa.2020.05.004
https://doi.org/10.1016/j.jcp.2020.109363
https://doi.org/10.1103/PhysRevFluids.9.053901
https://doi.org/10.1093/gji/ggab308
https://doi.org/10.1093/gji/ggab308
https://doi.org/10.1093/gji/ggab308
https://doi.org/10.21105/jcon.00077
https://doi.org/10.21105/jcon.00077
https://doi.org/10.21105/jcon.00077
https://doi.org/10.1016/j.jcp.2024.113471
https://doi.org/10.1016/j.jcp.2024.113471
https://doi.org/10.1016/j.jcp.2024.113471
https://github.com/project-fluxo/fluxo
https://github.com/project-fluxo/fluxo
https://github.com/project-fluxo/fluxo
https://doi.org/10.xxxxxx/draft

The Journal of Open Source Software

212

213

214

215

216

217

218

219

220

222

hyperbolic discontinuous Galerkin approach for self-gravitating gas dynamics. Journal of
Computational Physics, 442, 110467. https://doi.org/10.1016/j.jcp.2021.110467

Schneiders, R. (2000). Algorithms for quadrilateral and hexahedral mesh generation. Proceed-
ings of the VKI Lecture Series on Computational Fluid Dynamic, VKI-LS, 4.

Sherwin, S. J., & Peir6, J. (2002). Mesh generation in curvilinear domains using high-order
elements. International Journal for Numerical Methods in Engineering, 53(1), 207-223.
https://doi.org/10.1002/nme.397

Wintermeyer, N. (2018). A novel entropy stable discontinuous Galerkin spectral element
method for the shallow water equations on GPUs [PhD thesis, Universitit zu Kéln].
https://kups.ub.uni-koeln.de/9234/

Winters, A. R., & Kopriva, D. A. (2014). High-order local time stepping on moving DG
spectral element meshes. Journal of Scientific Computing, 58, 176-202. https://doi.org/
10.1007/s10915-013-9730-z

Kopriva et al. (2024). HOHQMesh: An All Quadrilateral/Hexahedral Unstructured Mesh Generator for High Order Elements. Journal of Open T
Source Software, ;VOL?(;ISSUE?), 7418. https://doi.org/10.xxxxxx/draft.


https://doi.org/10.1016/j.jcp.2021.110467
https://doi.org/10.1002/nme.397
https://kups.ub.uni-koeln.de/9234/
https://doi.org/10.1007/s10915-013-9730-z
https://doi.org/10.1007/s10915-013-9730-z
https://doi.org/10.1007/s10915-013-9730-z
https://doi.org/10.xxxxxx/draft

	Summary
	Statement of Need
	Features
	Example
	Related Software
	Acknowledgements
	References

