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Abstract. Aaronson and Ambainis conjectured that every bounded polynomial of low
degree on the discrete cube has an influential variable. They showed that the conjecture
implies that the acceptance probability of every quantum algorithm making T queries can
be approximated on most inputs by a classical algorithm making poly(T ) queries. We prove
their conjecture: every function f : {−1, 1}n → [−1, 1] of degree at most d ≥ 1 has a variable
of influence at least c Var(f)5/2/d6, where c > 0 is an absolute constant. In the original
formulation, for polynomials of degree at most d with values in [0, 1] on {0, 1}n and variance
at least ε, this gives a variable of influence at least (ε/d)7. The proof is elementary, with steps
inspired by works of others. Thus, as Aaronson and Ambainis anticipated, superpolynomial
quantum speedups in the query model require structure, such as a promise on the inputs.
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1. Introduction

Which problems can a quantum algorithm solve with exponentially fewer queries to its
input than any classical algorithm? For decision problems this is possible only if the input is
subject to a promise, since for total Boolean functions the quantum and the classical query
complexity are polynomially related [BBCMW]. In Simon’s problem [Sim] and in Shor’s
period finding [Sho], for instance, the input is promised to encode a periodic function, a
structure that only a minuscule fraction of all inputs have [AA14].

Aaronson and Ambainis made precise the idea that exponential speedups need such struc-
ture, through a conjecture which they describe as folklore:

Conjecture 1.5 (folklore) [AA14]. Let Q be a quantum algorithm that makes T queries to
a Boolean input X = (x1, . . . , xN ), and let ε > 0. Then there exists a deterministic classical
algorithm that makes poly(T, 1/ε, 1/δ) queries to the xi, and that approximates Q’s acceptance
probability to within an additive error ε on a 1− δ fraction of inputs.

Aaronson and Ambainis show that it is equivalent to the following statement [AA14, Theo-
rem 7.3]: if a problem has a fast quantum algorithm and its promise is satisfied by a constant
fraction of all inputs, then a fast classical algorithm solves it on most of these inputs.

Aaronson and Ambainis also reduced this conjecture to a statement about polynomials that
does not mention quantum algorithms: bounded polynomials of low degree have influential
variables. This is the Aaronson–Ambainis conjecture, which Section 1.1 states in their words.
The acceptance probability of a quantum algorithm that makes T queries is such a polynomial,
of degree at most 2T in the bits of its input and with values in [0, 1] [BBCMW]. If the
conjecture holds, a classical algorithm can simulate the quantum algorithm on most inputs
by querying a variable of large influence, fixing it, and repeating [AA14, Theorem 3.3].

The conjecture goes back to a lecture of Aaronson in 2008 [Aar08]. O’Donnell’s book
on the analysis of Boolean functions states it in the notes to Chapter 8 and observes that
“if true, this conjecture would have significant consequences for the limitations of efficient
quantum computation” [O’D, Section 8.7]. Before the present paper, the known bounds for
general bounded polynomials were exponential in the degree [AA14, DFKO, DMP, OZ], and
the conjecture had been proved only for special classes of polynomials; Section 1.4 describes
this earlier work. An elegant attempt at the conjecture was announced in [KK19], which
unfortunately was later withdrawn. We take a different approach.

In this paper we prove the conjecture of Aaronson and Ambainis: every function f on
{−1, 1}n with values in [−1, 1] and of degree at most d ≥ 1 has a variable j with

Infj(f) ≥ c
Var(f)5/2

d6
,

where Infj(f) is the influence of the jth variable and c > 0 is an absolute constant (The-
orem 1.1). In the normalisation of [AA14], a polynomial of degree at most d with values
in [0, 1] on {0, 1}n and variance at least ε has a variable of influence at least (ε/d)7 (Corol-
lary 1.2). The proof is elementary, with steps inspired by work of Tal [Tal]; of Gilmer, Saks
and Srinivasan [GSS]; of Agarwal and Ben-David [ABD]; of Reimer [Rei]; and of Lovett and
Zhang [LZ].
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Consequently the folklore conjecture holds: the acceptance probability of every quantum
algorithm that makes T queries can be approximated to within ε on all but a δ fraction of
the inputs by a deterministic classical algorithm that makes at most (4T )8ε−14δ−8 queries
(Section 1.3). The other consequences that Aaronson and Ambainis derive from their con-
jecture hold as well. For instance, separating BQP from AvgP, the class of problems solvable
in polynomial time on most inputs, relative to a random oracle would require a proof that
P 6= P#P [AA14, Theorem 3.5].

We now state the conjecture and our results precisely; Section 1.5 outlines the proof.

1.1. The conjecture. For a real polynomial p : RN → R, Aaronson and Ambainis [AA14]
let

Infi[p] := EX∈{0,1}N
[
(p(X)− p(Xi))2

]
be the influence of the ith variable, where Xi means X with the ith bit flipped, and they
state the following conjecture [AA14, Conjecture 1.7], which we quote.

Conjecture 1.7 (Bounded Polynomials Have Influential Variables). Let
p : RN → R be a polynomial of degree d. Suppose that 0 ≤ p(X) ≤ 1 for
all X ∈ {0, 1}N , and

EX∈{0,1}N
[
(p(X)− E[p])2

]
≥ ε.

Then there exists an i such that Infi[p] ≥ (ε/d)O(1).
Corollary 1.2 below proves it with the explicit exponent 7 in place of O(1).

1.2. Results. It is convenient to work on the cube Qn = {−1, 1}n with the uniform proba-
bility measure; E and Var denote expectation and variance with respect to it.

For x ∈ Qn and j ∈ [n] = {1, . . . , n} let xj be the point obtained from x by changing the
sign of the jth coordinate. For f : Qn → R put

Infj(f) := Ex

[(f(x)− f(xj)

2

)2]
.

Every function f : Qn → R can be written in exactly one way as f =
∑

T⊆[n] f̂(T )χT with
real coefficients f̂(T ), where χT (x) =

∏
i∈T xi. We say that f has degree at most d if f̂(T ) = 0

whenever |T | > d.

Theorem 1.1 (Main theorem). Let n ≥ 1 and d ≥ 1 be integers and let f : {−1, 1}n → [−1, 1]

be a function of degree at most d. Then there is a coordinate j ∈ [n] with

Infj(f) ≥
√
15

500π4
· Var(f)

5/2

d6
.

Remarks on Theorem 1.1. If Var(f) = 0 there is nothing to prove, and a function of
degree at most 0 is constant; so the content of the theorem concerns non-constant functions,
and for these the assumption d ≥ 1 is automatic.

The constant
√
15/(500π4) is approximately 7.95 · 10−5.

It can be multiplied by 4 if the bound of Agarwal and Ben-David [ABD] for the fractional
block sensitivity (recalled in Remark 6.9) is used in place of Theorem 6.8 below, and by a
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further factor 2 if an inequality of Filmus, Hatami, Keller and Lifshitz [FHKL] is used in
place of Corollary 6.10 below; see Remark 8.4.
The original normalisation. The next corollary is the statement in the normalisation of
[AA14]. We write Var[p] for the variance of p(X) when X is uniform on {0, 1}n.

Corollary 1.2. Let d ≥ 0 be an integer, and let p : Rn → R be a polynomial of degree at
most d such that 0 ≤ p(X) ≤ 1 for all X ∈ {0, 1}n and Var[p] > 0. Then n ≥ 1, d ≥ 1, and
there exists an i such that

Infi[p] ≥ 8
√
15

125π4
· Var[p]

5/2

d6
≥

(Var[p]
d

)7
.

In particular, Conjecture 1.7 of [AA14] holds in the following form: if Var[p] ≥ ε > 0, then
there exists an i such that

Infi[p] ≥ 8
√
15

125π4
· ε

5/2

d6
≥

(ε
d

)7
.

Remarks on Corollary 1.2. The corollary follows from Theorem 1.1 by the change of
variables Xi = (1−xi)/2 and a numerical estimate; the proof is given at the end of Section 8.

The exponent 7 only absorbs the constant: since Var[p] ≤ 1
4 , we have Var[p]5/2/d6 ≥

128 (Var[p]/d)6, and 128 · 8
√
15/(125π4) > 1

4 ≥ Var[p]/d.
Rows and mean absolute increments. The proof of Theorem 1.1 uses two properties
of the function f , which are expressed with the following notions. For S ⊆ [n] let xS be the
point obtained from x by changing the signs of the coordinates in S.

Definition (Rows). A row of a function f : Qn → R at a point x ∈ Qn is a vector a ∈ [0,∞)n

such that
|f(x)− f(xS)| ≤ a(S) :=

∑
i∈S

ai for every S ⊆ [n].

The number ‖a‖1 =
∑

i ai is the cost of the row.

Definition (Mean absolute increments). The mean absolute increment of f in the coordinate
j is

Lj(f) := Ex|f(x)− f(xj)|,
and L(f) =

∑n
j=1 Lj(f).

The number 1
2Lj(f) is known as the L1 influence of the coordinate j on f [BB, FHKL].

For a polynomial p on {0, 1}N , Aaronson and Ambainis write Inf1i [p] = E|p(X)− p(Xi)| for
the corresponding quantity [AA14, Section 1.3].

If a row ax is chosen at every point x ∈ Qn, the vectors ax are the rows of a matrix with
non-negative entries, with one row for each point of Qn and one column for each coordinate;
hence the name, and the cost of a row is its row sum. Taking S = {j} in the definition of a
row gives axj ≥ |f(x)− f(xj)|, so the mean of the jth column is at least Lj(f).

A function f : Qn → [−1, 1] of degree at most d has a row of cost at most π2d2 at every
point (Theorem 6.8), and it satisfies L(f) ≤ 4d2 (Corollary 6.10). This row bound is due to
Agarwal and Ben-David [ABD, Theorem 1.7], with the better constant π2/2 in place of π2
(see Remark 6.9). That L(f) is bounded by a polynomial in d was first proved by Bačkurs
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and Bavarian [BB], and Filmus, Hatami, Keller and Lifshitz proved L(f) ≤ 2d2 [FHKL,
Theorem 3.3].

The next two theorems concern arbitrary real functions with a row of bounded cost at
every point; no bound for the values of f is assumed in them.

Theorem 1.3 (Mean absolute increments). Let n ≥ 0, let f : Qn → R be a function with
Var(f) > 0, and let K be a real number such that for every x ∈ Qn there is a row ax of f at
x with ‖ax‖1 ≤ K. Then n ≥ 1 and K > 0, and there is a coordinate j ∈ [n] with

Ex|f(x)− f(xj)| ≥ Var(f)3/2

6K2
.

Theorem 1.4 (Influences). Let n ≥ 0, let f : Qn → R be a function with Var(f) > 0, and let
K be a real number such that for every x ∈ Qn there is a row ax of f at x with ‖ax‖1 ≤ K.
Let L(f) =

∑n
k=1 Lk(f). Then n ≥ 1 and 0 < L(f) ≤ K, and there is a coordinate j ∈ [n]

with
Infj(f) ≥

√
15

125
· Var(f)

5/2

L(f)K2
.

In particular, Infj(f) ≥ (
√
15/125) Var(f)5/2/K3 for this coordinate j.

Remarks on Theorems 1.3 and 1.4. These are Theorems 7.10 and 8.3 below, where the
inequalities are also stated in a form without square roots.

Theorem 1.1 follows from Theorem 1.4 with K = π2d2 (Theorem 6.8) and L(f) ≤ 4d2

(Corollary 6.10).
Boolean functions. Theorems 1.3 and 1.4 are derived from an inequality for Boolean func-
tions with a row at every point, the all-pairs inequality (Proposition 5.2), which is described
in Section 1.5. For Boolean functions themselves this inequality has a further consequence,
Theorem 1.5 below. For a Boolean function g : Qn → {0, 1} the difference |g(x)− g(xS)| is 1

or 0, so a row of g at x is a vector λ ∈ [0,∞)n with λ(S) ≥ 1 for every set S that changes
the value of g, that is, with g(xS) 6= g(x).

Rows of Boolean functions are also called fractional certificates [Tal, GSS, KT]: the rows
with entries in {0, 1} are exactly the indicator vectors of the certificates of g at x, that is, of
the sets C ⊆ [n] such that g is constant on {y : yi = xi for all i ∈ C}.

We write Ij(g) = Prx[g(x) 6= g(xj)] for the influence of the coordinate j on the Boolean
function g; thus Ij(g) = 4 Infj(g).

Here and below, 1{g(x)=1} denotes the number which is 1 if g(x) = 1 and 0 otherwise, and
similarly for other conditions in place of g(x) = 1.

Theorem 1.5 (Two-sided inequality). Let g : Qn → {0, 1} be non-constant, and for every
x ∈ Qn let λx be a row of g at x. Then

4 Ex

[1{g(x)=1}

‖λx‖1

]
Ex

[1{g(x)=0}

‖λx‖1

]
≤ max

j∈[n]
Ij(g).

Remarks on Theorem 1.5. This is Theorem 5.4 below.
There is equality if g(x) = 1 exactly when x1 = 1 and λx = (1, 0, . . . , 0) for all x (Exam-

ple 5.5).
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We call the inequality two-sided because the sets g−1(1) and g−1(0) enter in the same way.
For a non-constant Boolean function g with a row of cost at most K at every point it gives a

coordinate j with Infj(g) ≥ Var(g)/K2 (Section 9.5). If every point of g−1(1) has a certificate
of size at most c1 and every point of g−1(0) one of size at most c0, the theorem, applied to
the indicator vectors of these certificates, gives maxj Ij(g) ≥ 4Pr[g = 1]Pr[g = 0]/(c0c1);
this special case also follows from the inequality of O’Donnell, Saks, Schramm and Servedio
[OSSS] for decision trees and the classical bound D(g) ≤ c0c1 for the least depth D(g) of
a decision tree that computes g. Section 9.1 compares Theorem 1.5 with the inequality of
[OSSS].

1.3. Motivation and consequences. The conjecture comes from quantum query com-
plexity. By a lemma of Beals, Buhrman, Cleve, Mosca and de Wolf [BBCMW] (stated as
Lemma 3.2 in [AA14]), the acceptance probability of a quantum algorithm that makes T
queries to a Boolean input X ∈ {0, 1}N is a real multilinear polynomial in X of degree at
most 2T , and it takes values in [0, 1].

Aaronson and Ambainis relate their Conjecture 1.7 to the following conjecture, which they
describe as folklore [AA14, Conjecture 1.5]:

Let Q be a quantum algorithm that makes T queries to a Boolean input
X = (x1, . . . , xN ), and let ε > 0. Then there exists a deterministic classical al-
gorithm that makes poly(T, 1/ε, 1/δ) queries to the xi, and that approximates
Q’s acceptance probability to within an additive error ε on a 1− δ fraction of
inputs.

Aaronson and Ambainis derive three consequences from Conjecture 1.7 [AA14, Theo-
rem 1.8]. To state them, let Dε(f) be the minimum number of queries made by a deter-
ministic algorithm that evaluates a Boolean function f : {0, 1}N → {0, 1} correctly on at
least a 1 − ε fraction of the inputs. Let Qε(f) be the corresponding minimum for quantum
algorithms, which evaluate f with bounded error on such a fraction of the inputs, as in the
proof of [AA14, Corollary 3.4].

Finally, let AvgP be the class of languages for which there exists a polynomial-time algo-
rithm that solves a 1− o(1) fraction of the instances of each size [AA14, Section 1.1].

Theorem 1.8 of [AA14] reads:
Assume Conjecture 1.7. Then

(i) Conjecture 1.5 holds.
(ii) Dε+δ(f) ≤ (Qε(f)/δ)

O(1) for all Boolean functions f : {0, 1}N → {0, 1}
and all ε, δ > 0.

(iii) If P = P#P, then BQPA ⊂ AvgPA with probability 1 for a random
oracle A.

These three implications are proved in [AA14] as Theorem 3.3, Corollary 3.4 and Theorem 3.5.
Because we prove Conjecture 1.7 (Corollary 1.2), the three statements (i), (ii) and (iii)

hold.
For (i), the proof of [AA14, Theorem 3.3] with the exponent 7 gives a deterministic classical

algorithm that makes at most (4T )8ε−14δ−8 queries. Indeed, the acceptance probability has
degree at most 2T , so its total influence is at most 2T [AA14, Lemma 3.1]; as long as
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the variance of the polynomial obtained by fixing the bits queried so far exceeds ε2δ/2,
Corollary 1.2 gives a variable of influence greater than (ε2δ/(4T ))7, which the algorithm
queries next; and by Markov’s inequality the algorithm stops within 4T/(δ(ε2δ/(4T ))7) =

(4T )8ε−14δ−8 queries, except with probability at most δ/2.
As is noted in [AA14, Section 1.1], statement (ii) is a quantum counterpart of a theorem

of Smyth, which bounds the approximate decision-tree complexity of a Boolean function by
a quantity that is quadratic in its approximate certificate complexity [Smy02, Smy].

Girish, Mittal, Nehoran and Raz [GMNR] replace the uniform distribution on the inputs
by other distributions: for a fixed p ∈ (0, 1) and every n ≥ 1 they let µp be the product
distribution on {0, 1}n under which the coordinates are independent and each is equal to 1

with probability p, and νp the uniform distribution on the strings in {0, 1}n of Hamming
weight bpnc. Let D stand for µp or for νp.

In our notation, the statement AA(D) of [GMNR, Definition 4.1] reads as follows.
There are constants c, C > 0 and a function S : (0, 14 ] × {1, 2, . . . } → [0, 1]

with S(v, d) ≥ c (v/d)C such that for all n, d ≥ 1 and all v ∈ (0, 14 ], every
f : {0, 1}n → [0, 1] that is given by a multilinear polynomial of degree at most
d and whose variance with respect to D is at least v has a coordinate i with

EX∼D
[
(f(X)− f(Xi))2

]
≥ S(v, d).

It is proved in [GMNR, Theorem 4.3] that the statements AA(µp) and AA(νq) are equiv-
alent for all p, q ∈ (0, 1).

It is proved in [GMNR, Theorem 4.14] that each of them implies the following, again in
our notation, for every p ∈ (0, 1), for D = µp as well as for D = νp.

There is a polynomial P such that for all n, T ≥ 1, all ε ∈ (0, 1) and every
quantum algorithm that makes at most T queries to an input X ∈ {0, 1}n,
with acceptance probability Q(X), there is a deterministic classical algorithm
that makes at most P (T, 1/ε) queries and whose output Q̃(X) ∈ [0, 1] satisfies

EX∼D|Q̃(X)−Q(X)| ≤ ε.

The statement AA(µ1/2) concerns the uniform distribution, and it holds by Corollary 1.2,
with S(v, d) = (v/d)7.

Hence, by [GMNR, Theorem 4.3], the statements AA(µp) and AA(νp) hold for every
p ∈ (0, 1), and so does the conclusion of [GMNR, Theorem 4.14].

In summary, by Corollary 1.2 the statements (i)–(iii) above hold, and for every p ∈ (0, 1)

so do AA(µp), AA(νp) and the simulation of [GMNR, Theorem 4.14]. Moreover, by [BDST,
Claim A.1], Corollary 1.2 implies the conjecture of Blanc, Docter, Strassle and Tan on
query weights [BDST, Conjecture 1]; so their Theorem 11 holds without that assumption: if
PromiseBPP = PromiseBQP, then PromiseBQPA ⊆ PromiseHeurBPPA with probability 1 for
a random oracle A [BDST, Theorem 11].

1.4. Earlier work. We recall what was known, in the notation of the papers cited.
Boolean functions. O’Donnell, Saks, Schramm and Servedio [OSSS] proved, in the formu-

lation of [AA14, Theorem 1.9], that a Boolean function f : {0, 1}N → {0, 1} with Pr[f = 1]
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Pr[f = 0] ≥ ε has a variable with Infi[f ] ≥ 4ε/D(f), where D(f) is the decision-tree com-
plexity of f .

By a theorem of Nisan and Szegedy [NS] the decision-tree complexity of a Boolean function
is bounded by a polynomial in its degree, so the Aaronson–Ambainis conjecture was known
for polynomials that take only the values 0 and 1 on the cube; see the introduction of [LZ].

As is pointed out in [AA14], this does not settle the case of bounded polynomials, because
the acceptance probability of a quantum algorithm need not approximate a total Boolean
function.

Exponential dependence on the degree. As observed in [AA14], a theorem of Dinur, Friedgut,
Kindler and O’Donnell [DFKO] implies the conjecture with the weaker bound Infi[p] ≥
ε3/2O(d) in place of (ε/d)O(1).

Defant, Mastyło and Pérez [DMP] derive the bound

max
j

Infj(f) ≥ Var(f)2

d4e4d

for functions f : {−1, 1}n → [−1, 1] of degree d; see also [OZ].
Special classes. Montanaro [Mon] proved the Aaronson–Ambainis conjecture for multilin-

ear forms all of whose coefficients have the same absolute value; here a multilinear form is a
polynomial in k blocks of variables in which every monomial is a product of k variables, one
from each block (see also [AA14, Section 1.3]).

Ivanisvili [Iva] proved it for polynomials whose Fourier coefficients have the same absolute
value on each level, as an application of inequalities of Bohnenblust–Hille type on the cube
whose constants grow polynomially in the degree; see also [STV], and [DMP] for the relation
between such inequalities and the conjecture.

Bansal, Sinha and de Wolf [BSW] proved that every completely bounded block-multilinear
form of degree d with constant variance has a variable with influence at least 1/poly(d).
Escudero Gutiérrez [EG] gave another proof of this result and proved the conjecture for
homogeneous Fourier completely bounded polynomials.

O’Donnell and Zhao [OZ] showed that the conjecture holds if and only if it holds for
one-block decoupled functions.

Bhattacharya [Bha, Theorem 6.4] showed that the conjecture is true for a non-negligible
fraction of the random restrictions of a given polynomial, assuming that its variance is not
too low.

Restricted quantum algorithms. Two recent papers prove statements of the kind of Conjec-
ture 1.5 of [AA14], which is quoted above, for quantum algorithms with limited adaptivity,
without the use of Conjecture 1.7.

Blanc, Docter, Strassle and Tan [BDST] prove that for every quantum algorithm that
makes t queries in d rounds, the queries of each round being made in parallel, and for
all ε, δ > 0 there is a classical algorithm that makes 2O(d2) · (t log(1/δ)/ε)O(d) queries and
approximates the acceptance probability of the quantum algorithm to within an additive
error ε on a 1 − δ fraction of the inputs [BDST, Theorem 1]. For a bounded number d
of rounds this number of queries is polynomial in t, 1/ε and log(1/δ), whereas the number
obtained from Corollary 1.2 through [AA14, Theorem 3.3] is polynomial in t, 1/ε and 1/δ,
for every quantum algorithm.
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Liu and Mutreja [LM] prove Conjecture 1.5 for three classes of quantum algorithms (see
[LM, Theorem 1.2], which is stated there informally): algorithms that make a single layer of
parallel quantum queries; algorithms in which such a layer is preceded by a bounded, slowly
growing number of adaptive quantum queries or by polynomially many adaptive classical
queries; and algorithms with a constant number of adaptive layers of parallel queries.

Fractional certificates. Fractional certificates of Boolean functions were introduced inde-
pendently by Tal [Tal] and by Gilmer, Saks and Srinivasan [GSS]; see the introduction of
[KT]. Up to a constant factor, the least cost of a fractional certificate at a point is the
randomized certificate complexity which Aaronson had introduced earlier [Aar]; see [GSS,
Appendix A].

For a function f : {0, 1}n → [0, 1], a point x and ε > 0, Lovett and Zhang [LZ] define
the ε-fractional certificate complexity of f at x as the least number k for which there is a
probability distribution π on [n] such that

π(B) ≥ 1

k
for every set B of coordinates with |f(x⊕B)− f(x)| ≥ ε,

where x⊕B is x with the bits in B flipped.
They prove that it is at most poly(d, 1/ε, log n) at every point if f is computed by a

polynomial of degree d [LZ, Theorem 2].
The fractional certificates of the present paper are the rows of Definition 2.3, which is

recalled in Section 1.2. A row a of cost K > 0 at x gives, for every ε > 0, an ε-fractional
certificate in the sense of Lovett and Zhang, namely π = a/K with k = K/ε; the relation of
rows to the other notions is described after Definition 2.3.

For rows a bound in terms of the degree alone is known: Agarwal and Ben-David [ABD,
Theorem 3.3] proved that the fractional block sensitivity (recalled in Remark 6.9) of every
f : {−1, 1}n → [−1, 1] is at most π2

4 deg(f)2, adapting a method of Anshu, Ben-David and
Kundu [ABK] which expands on earlier work of Tal [Tal].

For Boolean functions the bound deg(f)2 is due to Kulkarni and Tal [KT].
By linear programming duality the bound of Agarwal and Ben-David gives rows of cost

at most π2

2 deg(f)2 at every point (Remark 6.9). The statement about rows is [ABD, Theo-
rem 1.7], where it is formulated for functions with values in [0, 1], with the constant π2

4 .
Section 6 contains a complete proof of the bound with a constant that is larger by a factor

2, and discusses the relation with [ABD].
From fractional certificates to the Aaronson–Ambainis conjecture. Lovett and Zhang also

show that the Aaronson–Ambainis conjecture would follow from their bound together with a
conjectured extension of Talagrand’s concentration inequality to the L∞ norm [LZ, Section 5].

Their conjectured inequality [LZ, Conjecture 37] concerns two subsets X and Y of the
cube neither of which has an influential variable, and it asserts that some point of X is close
in the L∞ norm to the convex hull of Y .

Their derivation applies it to a sublevel set and a superlevel set of f ; it uses that a fractional
certificate at a point bounds from below the L∞ distance from this point to the convex hull
of the set of points at which the value of f differs from its value there by at least ε [LZ,
Lemma 28].
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Conjecture 37 of Lovett and Zhang is not true as stated: for the tribes function g of width
w with 2w tribes, every point of X = g−1(1) has L∞ distance 1/w from the convex hull of
Y = g−1(0), while all the influences of X and of Y in the sense of [LZ, Definition 36] are
at most 1/(2w − 1) (Section 9.1). The proof of Theorem 1.1 follows the plan of Lovett and
Zhang in passing to the level sets of f , but it replaces their Conjecture 37 by the all-pairs
inequality for Boolean functions (Proposition 5.2), in which the rows at the points of value
1 and at the points of value 0 enter in the same way; this inequality is applied at every level
and integrated over the levels, so that no single level is chosen (Section 7.5).

1.5. Overview of the proof. In this overview, g : Qn → {0, 1} is a Boolean function,
O = g−1(1), N = g−1(0), and

bj(g) := #{x ∈ O : xj ∈ N} = 2n−1 Ij(g) (j ∈ [n]).

The antipode of x is x̄ = −x, and Z(g) = {u ∈ O : ū ∈ N}.
The proof of Theorem 1.1 is a chain of six links. The first three concern Boolean functions,

the fourth concerns bounded functions of low degree, and the last two concern real functions
with a row of bounded cost at every point.
Link 1: a bijection theorem and the determinant inequality (Section 3). A 1-wing at x ∈ O
is a set A ⊆ [n] such that xS ∈ O for every S ⊆ A.

Theorem 3.1 states that for every choice of a 1-wing Ax at each x ∈ O there is a bijection
τ : O → O such that τ(x) differs from x in every coordinate of Ax, and such that for every j
the number of x ∈ O with τ(x)j = xj is at most bj(g).

Without the last condition, the existence of such a bijection is equivalent to the Butterfly
Lemma of Reimer [Rei]; see Remark 3.10.

The proof studies the determinant of the matrix with entries
∏

i:xi=zi
si (x, z ∈ O), a

polynomial in indeterminates s1, . . . , sn: we show that it is not zero, that every monomial of
lowest total degree occurring in it has degree at most bj(g) in sj , and that at least one such
monomial comes from a permutation of O compatible with the wings.

If positive lengths ℓ1, . . . , ℓn are assigned to the coordinates, the bijection yields the deter-
minant inequality (Corollary 3.2)∑

u∈Z(g)

Dg(u,Au; ℓ) ≤
n∑

j=1

ℓj bj(g),

where Dg(u,A; ℓ) is the least total length of a set G of coordinates, disjoint from A, such
that ūG ∈ O.
Link 2: the antipodal inequality (Section 4). Let a row λx of g be given at every point x, and
let w ∈ (0,∞)n. Theorem 4.3 states that∑

u∈Z(g)

( n∑
j=1

wjλ
u
j λ

ū
j

)−1
≤

n∑
j=1

bj(g)

wj
.

It follows from the determinant inequality with ℓj = 1/wj : the two rows at u and at ū
single out a 1-wing A at u for which Dg(u,A; ℓ) is at least the reciprocal on the left.
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Link 3: from antipodal pairs to all pairs (Section 5). Every pair (x, y) ∈ O × N is a pair
of antipodal points of exactly one subcube of Qn. Applying the antipodal inequality to the
restrictions of g to all subcubes and adding up gives the all-pairs inequality (Proposition 5.2)∑

x∈O

∑
y∈N

( ∑
j:xj ̸=yj

wjλ
x
jλ

y
j

)−1
≤ 2n−1

n∑
j=1

bj(g)

wj
.

Two applications of the Cauchy–Schwarz inequality and an explicit choice of the weights
w remove the weights from an inequality of this kind (Lemma 5.3).

For the all-pairs inequality itself the result is Theorem 1.5. That theorem is not used in
the proof of Theorem 1.1; the lemma is used again in Link 5.
Link 4: the row bound (Section 6). If f : Qn → [−1, 1] has degree at most d, then for every
x there is a vector a ∈ [0,∞)n with ‖a‖1 ≤ π2d2 and

|f(x)− f(y)| ≤
∑

i:xi ̸=yi

ai for all y

(Theorem 6.8).
The proof combines Markov’s inequality for the derivative of a polynomial, a composition

with Chebyshev polynomials, and linear programming duality.
The bound is known with a better constant, and the proof follows the method of Agarwal

and Ben-David [ABD]; see Remark 6.9.
An intermediate step of this proof, the block inequality (Lemma 6.4), also shows that∑
j |f(x)− f(xj)| ≤ 4d2 at every point x (Corollary 6.10).

Link 5: integration over the level (Section 7). Let f : Qn → R be a function with a row ax of
cost at most K at every point x. For w ∈ (0,∞)n put

sxy =
∑

j:xj ̸=yj

wj a
x
j a

y
j .

For a level t let gt = 1{f>t}. If f(x) 6= t, the vector ax, divided by |f(x)− t|, is a row of gt
at x. With these rows, and with the row (1, . . . , 1) at the points x with f(x) = t, the all-pairs
inequality for gt gives ∑

x,y: f(y)<t<f(x)

(f(x)− t) (t− f(y))

sxy
≤ 2n−1

n∑
j=1

bj(gt)

wj
.

We integrate this inequality over t. On the left, the integral of (f(x) − t)(t − f(y)) over
the levels t between f(y) and f(x) is (f(x)− f(y))3/6. On the right, the integral of bj(gt) is
2n−1Lj(f).

The result is the integrated all-pairs inequality (Proposition 7.4)∑
x,y: f(y)<f(x)

(f(x)− f(y))3

6 sxy
≤ 4n−1

n∑
j=1

Lj(f)

wj
.

We keep the pairs with f(y) ≤ r < f(x), for a real number r, and remove the weights with
the lemma of Link 3. This gives the third-moment inequality (Theorem 7.6)

E
[
(max(f − r, 0))3

]
· Pr[f ≤ r] ≤ 3

2
K2 max

j∈[n]
Lj(f).
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Applied at a median m of f , and also to −f , it shows that
E|f −m|3 ≤ 6K2max

j∈[n]
Lj(f).

Since Var(f)3/2 ≤ E|f −m|3, this is Theorem 1.3.
Link 6: averaging (Section 8). To pass from the numbers Lj(f) to the influences, consider
the coordinates k with

5L(f) Infk(f) < 2 Var(f)Lk(f).

The sum of their influences is at most 2
5 Var(f). Let h be the function obtained from f by

averaging over these coordinates.
Then the function h has a row of cost at most K at every point, and

Var(h) ≥ 3
5 Var(f), Lj(h) ≤ Lj(f) for every j,

Lj(h) = 0 for the coordinates j over which we have averaged.

By Theorem 1.3, applied to h, there is a coordinate j with Lj(h) ≥ Var(h)3/2/(6K2). Since
Lj(h) > 0, we have not averaged over j, and so

5L(f) Infj(f) ≥ 2 Var(f)Lj(f) ≥ 2 Var(f)Lj(h).

This gives Theorem 1.4.
With the two results of Link 4, Theorem 1.4 gives Theorem 1.1.
In summary,
bijection theorem (Theorem 3.1) =⇒ determinant inequality (Corollary 3.2)

=⇒ antipodal inequality (Theorem 4.3) =⇒ all-pairs inequality (Proposition 5.2)
=⇒ integrated all-pairs inequality (Proposition 7.4)
=⇒ third-moment inequality (Theorem 7.6) =⇒ Theorem 1.3 ( =Theorem 7.10)
=⇒ Theorem 1.4 ( =Theorem 8.3),

Theorem 1.4 + row bound (Theorem 6.8) + Corollary 6.10 =⇒ Theorem 1.1.
The arguments are elementary: besides linear algebra over a polynomial ring and the

Cauchy–Schwarz inequality, we use Markov’s inequality for the derivative of a polynomial at
an endpoint of an interval, the separation of a compact convex set from the non-negative
orthant, and integrals of polynomials over intervals.

2. Notation and definitions

2.1. The cube. Let n ≥ 0 be an integer, [n] = {1, . . . , n}, and Qn = {−1, 1}n; the cube Q0

consists of one point.
For x ∈ Qn and S ⊆ [n] the point xS ∈ Qn is defined by

(xS)i = −xi (i ∈ S), (xS)i = xi (i /∈ S).

We write xj = x{j} and x̄ = x[n] = −x, the antipode of x. Clearly (xS)T = xS△T , where 4
is the symmetric difference.

For x, z ∈ Qn put
∆(x, z) = {i ∈ [n] : xi 6= zi}, ag(x, z) = {i ∈ [n] : xi = zi} = [n] \∆(x, z),
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the sets of coordinates in which x and z differ and agree. Thus
z = x∆(x,z) = x̄ ag(x,z), ∆(x, xS) = S, ag(x̄, xS) = S. (2.1)

For a vector a ∈ Rn and S ⊆ [n] we write a(S) =
∑

i∈S ai, and ‖a‖1 =
∑n

i=1|ai|; for
a ∈ [0,∞)n this is a([n]).

Probabilities, expectations and variances (Pr, E, Var) are taken over a uniformly random
point of the cube, each of the 2n points having probability 2−n; thus Ef = 2−n

∑
x∈Qn

f(x)

and Var(f) = E[(f − Ef)2] for f : Qn → R. For every S ⊆ [n] the map x 7→ xS is a bijection
of Qn which preserves the measure.

Conventions. An empty sum is 0 and an empty product is 1; the determinant of the
matrix with no rows and no columns is 1. We take reciprocals of positive real numbers only;
whenever a reciprocal is written, the positivity of the number is proved first. The cardinality
of a finite set X is written |X| or #X.

2.2. Functions and degree. For T ⊆ [n] let χT (x) =
∏

i∈T xi. Since x2i = 1 on Qn, we
have χTχU = χT△U , and EχV = 0 for V 6= ∅ (the map x 7→ xi with i ∈ V changes the sign
of χV ), while χ∅ = 1. Hence

E[χTχU ] =

{
1, if T = U,

0, otherwise.
The 2n functions χT are therefore linearly independent in the space of all functionsQn → R,

which has dimension 2n, and so they form a basis: every f : Qn → R has a unique expansion
f =

∑
T⊆[n]

f̂(T )χT , f̂(T ) = E[fχT ] ∈ R. (2.2)

Let d ≥ 0 be an integer. The function f has degree at most d if f̂(T ) = 0 for all T with
|T | > d.

The functions of degree at most d form a linear space. If f has degree at most d and h has
degree at most e, then fh has degree at most d+ e, because |T4U | ≤ |T |+ |U |. A function
of degree at most 0 is constant.

The influence of the coordinate j on f : Qn → R is

Infj(f) = Ex

[(f(x)− f(xj)

2

)2]
.

The mean absolute increment of f in the coordinate j is
Lj(f) = Ex|f(x)− f(xj)|,

and we write L(f) =
∑n

j=1 Lj(f) for the sum of these numbers.
We shall use the following identity several times. For every function h : Qn → R and every

real number c,
E
[
(h− c)2

]
= Var(h) + (Eh− c)2 ≥ Var(h), (2.3)

because h− c = (h− Eh) + (Eh− c) and E[h− Eh] = 0.
The influences and the mean absolute increments are related as follows. For h(x) =

|f(x)− f(xj)| and c = 0 the equality in (2.3) and Var(h) ≥ 0 give (Eh)2 ≤ E[h2], that is,
Lj(f)

2 ≤ 4 Infj(f) for every j ∈ [n]. (2.4)
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2.3. Boolean functions. A Boolean function is a function g : Qn → {0, 1}. For such a
function we put

O = O(g) = {x ∈ Qn : g(x) = 1}, N = N (g) = {x ∈ Qn : g(x) = 0},
and, for j ∈ [n],

Ij(g) = Pr
x

[
g(x) 6= g(xj)

]
, bj(g) = #{x ∈ O : xj ∈ N}.

The zone of g is the set Z(g) = {u ∈ O : ū ∈ N} of points of O whose antipode lies in N .

Lemma 2.1. For every Boolean function g on Qn and every j ∈ [n] we have bj(g) =

2n−1 Ij(g).

Proof. Let Ej = {x ∈ Qn : g(x) 6= g(xj)}, so that Ij(g) = 2−n|Ej |. The involution x 7→ xj

maps Ej onto itself and exchanges Ej ∩O and Ej ∩N . Hence |Ej | = 2|Ej ∩O| = 2 bj(g). □

Definition 2.2 (Wings). Let g be a Boolean function on Qn and x ∈ O. A set A ⊆ [n] is a
1-wing of g at x if xS ∈ O for every S ⊆ A.

The empty set is a 1-wing at every x ∈ O, and a subset of a 1-wing at x is a 1-wing at x.

Definition 2.3 (Rows). Let f : Qn → R and x ∈ Qn. A row of f at x is a vector a ∈ [0,∞)n

such that
|f(x)− f(xS)| ≤ a(S) for every S ⊆ [n].

The number ‖a‖1 is the cost of the row.

By (2.1), the condition says that |f(x)− f(y)| ≤ a(∆(x, y)) for every y ∈ Qn.
If g is a Boolean function and x ∈ Qn, a set S ⊆ [n] with g(xS) 6= g(x) is called a sensitive

block of g at x. The difference |g(x)−g(xS)| is 1 if S is a sensitive block at x and 0 otherwise;
so a vector λ ∈ [0,∞)n is a row of g at x if and only if

λ(S) ≥ 1 for every sensitive block S of g at x, (2.5)
in agreement with the definition given in the introduction.

For Boolean functions, rows are the fractional certificates introduced by Tal [Tal] and by
Gilmer, Saks and Srinivasan [GSS]. For a function f with values in [−1, 1], a vector a is a
row of f at x exactly when a/2 is a fractional certificate of f at x in the sense of Agarwal
and Ben-David [ABD, Section 3.1]. A row bounds every change |f(x) − f(xS)| at once,
whereas the ε-fractional certificates of Lovett and Zhang [LZ] constrain only the sets S with
|f(x)− f(xS)| ≥ ε.

We record three simple facts.

Lemma 2.4. Let g be a Boolean function on Qn.
(i) The vector (1, . . . , 1) ∈ Rn is a row of g at every point.
(ii) If g is not constant, then n ≥ 1 and every row λ of g at every point satisfies ‖λ‖1 ≥ 1.
(iii) If f : Qn → R, t ∈ R, g = 1{f>t}, x ∈ Qn with f(x) 6= t, and a is a row of f at x,

then a/|f(x)− t| is a row of g at x.
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Proof. (i) A sensitive block is not empty, so it contains some i, and the sum in (2.5) is at
least 1.

(ii) The cube Q0 has one point, so n ≥ 1. Let x ∈ Qn. Since g is not constant there is y
with g(y) 6= g(x), and S = ∆(x, y) is a sensitive block at x. Hence ‖λ‖1 ≥ λ(S) ≥ 1.

(iii) Let S be a sensitive block of g at x. Then exactly one of the numbers f(x), f(xS)
is greater than t, and f(x) 6= t; so t lies between them and |f(x) − f(xS)| ≥ |f(x) − t| > 0.
Therefore a(S) ≥ |f(x) − f(xS)| ≥ |f(x) − t|, which is (2.5) for the vector a/|f(x) − t|; its
entries are non-negative. □

Example 2.5. Let n = 2 and let g be the function with O = {(1, 1)}. At x = (1, 1) every
non-empty set is a sensitive block, so the rows at x are the vectors λ with λ1 ≥ 1 and λ2 ≥ 1;
the least cost is 2, and the only 1-wing at x is the empty set.

At (−1, 1) the only sensitive block is {1}, and (1, 0) is a row of cost 1; similarly (0, 1) is a
row at (1,−1). At (−1,−1) the only sensitive block is {1, 2}, and (12 ,

1
2) is a row of cost 1.

Further Z(g) = {(1, 1)}, b1(g) = b2(g) = 1 and I1(g) = I2(g) = 1
2 . With these rows the

left-hand side of the inequality of Theorem 1.5 is

4 ·
(1
4
· 1
2

)
·
(3
4
· 1

)
=

3

8
,

and the right-hand side is 1
2 .

3. A bijection theorem and the determinant inequality

This section contains the combinatorial core of the paper: a theorem about permutations
of the set O = g−1(1) of a Boolean function g (Theorem 3.1), and its consequence, the
determinant inequality (Corollary 3.2), which is the first link of the proof chain.

At every point x of O we fix a 1-wing Ax, a set of coordinates that can be changed at
x in any combination without leaving O. The bijection theorem permutes the points of O
so that every point changes all the coordinates of its wing (property (a)), while for every
coordinate j at most bj(g) points keep their jth coordinate (property (b)); here bj(g) is the
number of edges in the direction j along which g changes. Summing over the points gives
the determinant inequality: from the antipode of a point u whose antipode lies outside O,
the coordinates that u keeps lead back into O without using the wing at u, and property (b)
bounds how often each coordinate is used. Section 4 turns this into the antipodal inequality.

The permutation of the bijection theorem is read off from a term of lowest degree of a
determinant. The matrix M has rows and columns indexed by O, and its entry at (x, z) is
the product of indeterminates si over the coordinates i in which x and z agree; a permutation
of O contributes to detM a monomial in which the exponent of sj is the number of points
that keep their jth coordinate. Combining the rows of pairs of points that differ in one
coordinate shows that detM has many factors 1 − s2j , so that in its terms of lowest degree
the exponent of sj is at most bj(g) (Section 3.3). Combining the rows of the points of each
wing gives a matrix with zeros at the entries that property (a) forbids, without changing the
terms of lowest degree; a permutation that produces such a term in the new determinant has
both properties (Section 3.4). Section 3.5 contains examples and the relation to Reimer’s
Butterfly Lemma.
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3.1. Statements.

Theorem 3.1 (Bijection theorem). Let n ≥ 0, let g be a Boolean function on Qn, and for
every x ∈ O = g−1(1) let Ax be a 1-wing of g at x. Then there is a bijection τ : O → O such
that

(a) τ(x)i 6= xi for every x ∈ O and every i ∈ Ax, and
(b) #{x ∈ O : τ(x)j = xj} ≤ bj(g) for every j ∈ [n].

Let ℓ ∈ (0,∞)n; we think of ℓj as the length of the coordinate j. For u ∈ Z(g) and a
1-wing A of g at u put

Dg(u,A; ℓ) := min
{
ℓ(G) : G ⊆ [n] \A, ūG ∈ O

}
.

The minimum is taken over a non-empty finite family of sets, because ū [n]\A = uA ∈ O.
In words, Dg(u,A; ℓ) is the least total length of a set of coordinates outside the wing whose

change brings the antipode of u back into O.

Corollary 3.2 (Determinant inequality). Let g be a Boolean function on Qn, let ℓ ∈ (0,∞)n,
and for every u ∈ Z(g) let Au be a 1-wing of g at u. Then∑

u∈Z(g)

Dg(u,Au; ℓ) ≤
n∑

j=1

ℓj bj(g).

Proof of Corollary 3.2 from Theorem 3.1. Put Ax = ∅ for x ∈ O \ Z(g); the empty set is a
1-wing. Let τ be the bijection of Theorem 3.1 for the wings Ax (x ∈ O), and for y ∈ O put
Gy = ag(y, τ(y)).

By (a), Gy ∩ Ay = ∅, and by (2.1), ȳGy = τ(y) ∈ O. Hence for y ∈ Z(g) the set Gy

belongs to the family over which Dg(y,Ay; ℓ) is the minimum, so that Dg(y,Ay; ℓ) ≤ ℓ(Gy).
For y ∈ O \ Z(g) we use only ℓ(Gy) ≥ 0. Therefore∑

u∈Z(g)

Dg(u,Au; ℓ) ≤
∑
y∈O

ℓ
(
ag(y, τ(y))

)
=

n∑
j=1

ℓj ·#{y ∈ O : τ(y)j = yj} ≤
n∑

j=1

ℓj bj(g),

where we exchanged the order of summation and then used (b) and ℓj ≥ 0. □
The rest of this section is the proof of Theorem 3.1.

3.2. Lowest monomials. Let s1, . . . , sn be indeterminates and let Z[s] be the ring of poly-
nomials in them with integer coefficients. For a vector m of non-negative integers and for a
set S ⊆ [n] we write

sm =

n∏
i=1

smi
i , |m| =

n∑
i=1

mi, sS =
∏
i∈S

si.

A monomial sm occurs in q ∈ Z[s] if its coefficient in q is not zero. A lowest monomial of q
is a monomial sm which occurs in q and satisfies |m| ≤ |m′| for every monomial sm′ occurring
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in q. A non-zero polynomial has at least one lowest monomial, and the zero polynomial has
none.

We write q(0) for the constant coefficient of q, and degj q for the degree of a non-zero
polynomial q in the variable sj . The ring Z[s] has no zero divisors, and for non-zero p, q ∈ Z[s]
we have

degj(pq) = degj p+ degj q.

The matrices of this section have their rows and their columns indexed by the same finite
set X, and entries in a commutative ring, which is Z[s] or R. We use the Leibniz formula

detB =
∑
τ

sgn(τ)
∏
x∈X

B[x, τ(x)], (3.1)

in which the sum is over all permutations τ of X and sgn(τ) ∈ {1,−1} is the sign of τ , and
the rule det(BC) = detB · detC; see [Lang, Chapter XIII, §4].

By (3.1), the determinant of a diagonal matrix is the product of its diagonal entries, and a
ring homomorphism, applied to all entries of a matrix, maps the determinant of the matrix
to the determinant of the new matrix.

The first lemma says that a factor with constant coefficient 1 does not change the lowest
monomials. It will be applied to powers of 1 − s2j (Lemma 3.6) and to the determinants of
the matrices P and U of Lemma 3.8.

Lemma 3.3. Let u, q ∈ Z[s] with u(0) = 1. Then uq and q have the same lowest monomials.

Proof. Write ua and qb for the coefficients of sa in u and of sb in q. We first show:
if |m| ≤ |m′| for every monomial sm′ occurring in q, then sm has the same
coefficient in uq as in q.

(3.2)

Indeed, the coefficient of sm in uq is
∑

a+b=m ua qb. If a 6= 0 then |b| < |m|, so sb does
not occur in q and qb = 0. Only the term with a = 0 and b = m remains, and it equals
u0 qm = qm.

Let sm be a lowest monomial of q. By (3.2) its coefficient in uq is qm 6= 0. Suppose that a
monomial sm′ with |m′| < |m| occurs in uq. Every monomial occurring in q has total degree
at least |m| > |m′|, so (3.2) applies to m′: the coefficient of sm′ in uq is qm′ , which is 0

because |m′| < |m|. This is a contradiction. So sm is a lowest monomial of uq.
Conversely, let sm be a lowest monomial of uq. Then uq 6= 0, so q 6= 0, and q has a

lowest monomial sm0 . By the previous paragraph sm0 occurs in uq; hence |m| ≤ |m0|, and
|m0| ≤ |m′| for every sm′ occurring in q. By (3.2) the coefficient of sm in q equals its coefficient
in uq, which is not zero. So sm occurs in q and has the least total degree there. □

3.3. The agreement matrix. Fix a Boolean function g on Qn. The agreement matrix of g
is the matrix M with rows and columns indexed by O and entries

M [x, z] = sag(x,z) =
∏

i:xi=zi

si (x, z ∈ O).

If O = ∅, all matrices in this section are empty and have determinant 1; nothing below
requires O 6= ∅.
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Since M [x, z] =
∏

i si ·
∏

i:xi ̸=zi
s−1
i , the matrix M is, up to the factor

∏
i si and the

substitution of 1/si for the weights, a principal submatrix of the Varchenko matrix of the
arrangement of the n coordinate hyperplanes in Rn [Var]: the regions of this arrangement
correspond to the points of Qn, and the entry of the Varchenko matrix at two regions is the
product of the weights of the hyperplanes that separate them.

Varchenko proved that the determinant of his matrix is a product of factors of the form(
1−

∏
i∈I w

2
i

)b, where wi is the weight of the ith hyperplane, I runs over certain sets of hy-
perplanes, and the exponents b are non-negative integers; see [HKY], where the determinants
of such submatrices are studied for the vertex sets of partial cubes.

The divisibility of detM in Lemma 3.5 below is of this kind. We use only the properties
of M that are proved below.

We first check that detM is not the zero polynomial, so that it has lowest monomials.

Lemma 3.4. Let g be a Boolean function on Qn and M its agreement matrix. Then
detM 6= 0.

Proof. Let c = 2n, and substitute c for every si. The substitution is a ring homomorphism
Z[s] → R, so it maps detM to the determinant of the real matrix B with entries B[x, z] =

c|ag(x,z)|.
The diagonal entries of B are cn, and for z 6= x we have |ag(x, z)| ≤ n − 1. A row has

|O| − 1 < 2n = c off-diagonal entries. So for every x ∈ O∑
z∈O, z ̸=x

B[x, z] ≤ (|O| − 1) cn−1 < cn = B[x, x].

A real square matrix B with non-negative entries in which every diagonal entry exceeds
the sum of the other entries of its row has detB 6= 0: if Bv = 0 with v 6= 0, choose x with
|vx| largest; then

B[x, x]|vx| =
∣∣∣∑
z ̸=x

B[x, z]vz

∣∣∣ ≤
∑
z ̸=x

B[x, z]|vx| < B[x, x]|vx|,

which is impossible.
Hence the image of detM is not zero, and so detM 6= 0. □
The next two lemmas bound the exponent of sj in a lowest monomial of detM . For j ∈ [n]

let
Upj = {x ∈ O : xj = 1, xj ∈ O}, ej = |Upj |.

Lemma 3.5. For every j ∈ [n] there is Rj ∈ Z[s] with detM = (1− s2j )
ejRj.

Proof. Step 1: an identity for the entries. For all x, z ∈ Qn,
sag(x,z) = sj s

ag(xj ,z) if xj = zj , sag(x
j ,z) = sj s

ag(x,z) if xj 6= zj , (3.3)
because x and xj agree with z in the same coordinates i 6= j, and exactly one of the two
agrees with z in the coordinate j.

Step 2: the matrix E. Let E be the matrix indexed by O with E[x, y] = 1 if x ∈ Upj and
y = xj , and E[x, y] = 0 otherwise. Then E2 = 0: a non-zero product E[x, y]E[y, z] would
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need y = xj with xj = 1, so yj = −1, and also y ∈ Upj , so yj = 1. Hence, with I the identity
matrix,

(I + sjE)(I − sjE) = I. (3.4)
Step 3: the row operation. Next, (EM)[x, z] = M [xj , z] if x ∈ Upj , and (EM)[x, z] = 0

otherwise. So the row of a point x /∈ Upj in (I − sjE)M is its row in M , and for x ∈ Upj ,
by (3.3),(

(I − sjE)M
)
[x, z] =M [x, z]− sjM [xj , z] =

{
0, if zj = xj ,

(1− s2j )M [x, z], if zj 6= xj .

Step 4: determinants. In matrix form, (I − sjE)M = ΛM̃ , where Λ is the diagonal matrix
with entry 1 − s2j at the points of Upj and 1 at the other points, and where M̃ [x, z] = 0 if
x ∈ Upj and zj = xj , and M̃ [x, z] =M [x, z] otherwise.

Taking determinants,
det(I − sjE) · detM = (1− s2j )

ej det M̃.

Multiplying by det(I + sjE) and using (3.4) we get detM = (1− s2j )
ejRj with

Rj = det(I + sjE) · det M̃. □

Lemma 3.6. Every lowest monomial sm of detM satisfies mj ≤ bj(g) for every j ∈ [n].

Proof. Fix j and let Rj be as in Lemma 3.5.
Step 1: degj detM ≤ |O|. Every entry of M has degree at most 1 in sj , and by the Leibniz

formula detM is a signed sum of products of |O| entries; so degj detM ≤ |O|.
Step 2: |O| = 2ej+bj(g). The set O is the disjoint union of Upj , of {x ∈ O : xj = −1, xj ∈

O}, which is the image of Upj under the injective map x 7→ xj , and of {x ∈ O : xj ∈ N},
which has bj(g) elements; so |O| = 2ej + bj(g).

Step 3: degj Rj ≤ bj(g). By Lemma 3.4, detM 6= 0 and hence Rj 6= 0. Since degj(1 −
s2j )

ej = 2ej , we get
2ej + degj Rj = degj detM ≤ |O| = 2ej + bj(g),

that is, degj Rj ≤ bj(g).
Step 4: lowest monomials. The polynomial (1 − s2j )

ej has constant coefficient 1. By
Lemma 3.3, sm is a lowest monomial of Rj ; in particular it occurs in Rj , and therefore
mj ≤ degj Rj ≤ bj(g). □

3.4. Row operations along the wings. The following identity describes the effect, on one
entry of M , of combining the rows of the points xS , S ⊆ A.

Lemma 3.7 (Wing identity). For all x, z ∈ Qn and every set A ⊆ [n],∑
S⊆A

∏
i∈S

(−si) · sag(x
S ,z) =


∏

i∈A(1− s2i ) · sag(x,z), if ag(x, z) ∩A = ∅,

0, if ag(x, z) ∩A 6= ∅.
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Proof. Put φi = si and γi = 1 if xi = zi, and put φi = 1 and γi = si if xi 6= zi. Then
sag(x,z) =

∏
i∈[n] φi. Changing the sign of the ith coordinate of x exchanges agreement and

disagreement with z in that coordinate, so
sag(x

S ,z) =
∏
i∈S

γi ·
∏
i/∈S

φi.

For S ⊆ A the term of S on the left-hand side is therefore∏
i∈S

(−siγi) ·
∏

i∈A\S

φi ·
∏
i/∈A

φi,

and the sum over all S ⊆ A is ∏
i∈A

(
φi − siγi

)
·
∏
i/∈A

φi.

For i ∈ A the factor φi − siγi equals si − si = 0 if xi = zi, and 1 − s2i if xi 6= zi. If some
i ∈ A has xi = zi, the product is 0. Otherwise every factor with i ∈ A is 1− s2i , and φi = 1

for all i ∈ A, so that
∏

i/∈A φi = sag(x,z). □
From now on a 1-wing Ax of g at x is fixed for every x ∈ O, as in Theorem 3.1.
Define matrices P , U , Q indexed by O, with entries in Z[s], by

P [x,w] =

{∏
i∈∆(x,w)(−si), if ∆(x,w) ⊆ Ax,

0, otherwise,

U [x, x] =
∏
i∈Ax

(1− s2i ), U [x,w] = 0 for w 6= x,

Q[x, z] =

{
sag(x,z), if ag(x, z) ∩Ax = ∅,
0, otherwise.

In matrix form the wing identity reads PM = UQ.

Lemma 3.8. Let g, the wings Ax and the matrices P , U , Q be as above.
(i) PM = UQ.
(ii) detP and detU have constant coefficient 1.
(iii) detQ 6= 0, and every lowest monomial sm of detQ satisfies mj ≤ bj(g) for every

j ∈ [n].

Proof. (i) Fix x, z ∈ O. By definition,

(PM)[x, z] =
∑
w

∏
i∈∆(x,w)

(−si) ·M [w, z],

where the sum is over the points w ∈ O with ∆(x,w) ⊆ Ax.
The map w 7→ ∆(x,w) is a bijection from this set of points onto the set of all subsets of

Ax: it is injective because w = x∆(x,w), and it is onto because for S ⊆ Ax the point xS lies
in O and ∆(x, xS) = S. That xS ∈ O is the wing property of Ax; this is the only place in
the proof of Theorem 3.1 where it is used. Hence

(PM)[x, z] =
∑
S⊆Ax

∏
i∈S

(−si) · sag(x
S ,z),
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and by Lemma 3.7 with A = Ax this equals U [x, x] ·Q[x, z] = (UQ)[x, z].
(ii) The map q 7→ q(0) is a ring homomorphism Z[s] → Z, so (detP )(0) is the determinant

of the integer matrix with entries P [x,w](0). Now P [x, x] = 1, the empty product (note that
∆(x, x) = ∅ ⊆ Ax), and for w 6= x the entry P [x,w] is 0 or the product of the −si over the
non-empty set ∆(x,w), so that P [x,w](0) = 0. Thus (detP )(0) = det I = 1.

Also
detU =

∏
x∈O

∏
i∈Ax

(1− s2i )

has constant coefficient 1.
(iii) By (i),

detP · detM = detU · detQ.
Here detP 6= 0 by (ii) and detM 6= 0 by Lemma 3.4, so the left-hand side is not zero, and
therefore detQ 6= 0.

Let sm be a lowest monomial of detQ. By Lemma 3.3 with u = detU it is a lowest
monomial of detU · detQ = detP · detM , and by Lemma 3.3 with u = detP it is a lowest
monomial of detM . Now Lemma 3.6 gives mj ≤ bj(g). □
Proof of Theorem 3.1. By the Leibniz formula (3.1),

detQ =
∑
τ

sgn(τ)
∏
x∈O

Q[x, τ(x)],

where the sum is over all permutations τ of O.
Every entry of Q is 0 or a monomial with coefficient 1. So the product belonging to τ is 0

unless
ag(x, τ(x)) ∩Ax = ∅ for every x ∈ O, (3.5)

and if (3.5) holds, it is the single monomial
∏

x∈O s
ag(x,τ(x)), in which sj has the exponent

#{x ∈ O : τ(x)j = xj}.
By Lemma 3.8(iii), detQ has a lowest monomial sm, and mj ≤ bj(g) for all j. The

coefficient of sm in detQ is not zero, so for at least one permutation τ the product belonging
to τ is not zero and is equal to sm.

This τ satisfies (3.5), which is (a), and
#{x ∈ O : τ(x)j = xj} = mj ≤ bj(g) for every j ∈ [n],

which is (b). □

3.5. Examples and the relation to Reimer’s Butterfly Lemma.

Example 3.9. (1) Let g be the constant function 1 on Qn. Then bj(g) = 0 for all j, and (b)
says that τ(x)j 6= xj for all x and j; so τ is the antipodal map x 7→ x̄, whatever the wings
are.

For n = 1 the agreement matrix has diagonal entries s1 and off-diagonal entries 1; its
determinant is s21 − 1, and the only lowest monomial is 1, the monomial of the antipodal
map.

(2) Let n = 2 and g(x) = 1 if and only if x1 = 1. Then O = {p, q} with p = (1, 1) and
q = (1,−1), the set {2} is a 1-wing at p and at q, and b1(g) = 2, b2(g) = 0.
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The agreement matrix has diagonal entries s1s2 and off-diagonal entries s1, so that detM =

s21(s
2
2 − 1). The only lowest monomial is s21; it is the monomial of the transposition τ of p

and q. This τ satisfies (a) for the wings Ap = Aq = {2}, and in (b) there is equality for both
coordinates.

Moreover Z(g) = O, and Dg(p, {2}; ℓ) = Dg(q, {2}; ℓ) = ℓ1, since the only admissible set
is G = {1}. So the determinant inequality reads 2ℓ1 ≤ 2ℓ1.

(3) For the function g of Example 2.5 the matrix M has the single entry s1s2, the bijection
is the identity, and in (b) there is equality: 1 ≤ bj(g) = 1 for j = 1, 2.

Remark 3.10 (Relation to Reimer’s Butterfly Lemma). Part (a) of Theorem 3.1, without
part (b), is equivalent to the Butterfly Lemma, which Reimer used to prove the van den
Berg–Kesten conjecture [Rei].

We recall the lemma in the formulation of Smyth [Smy, Lemma 2.4], transcribed to Qn

and specialised to the case in which the ambient subcube is the whole cube.
A butterfly is a pair B = (a, b) of points of Qn with body a and tip b; its red and yellow

sets are
Red(B) = {bS : S ⊆ ∆(a, b)},

Yellow(B) = {y ∈ Qn : yi 6= bi for all i ∈ ∆(a, b)},

the subcubes spanned by a and b, and by a and b̄.
The lemma states that if B is a family of butterflies with distinct tips, and Red(B) and

Yellow(B) are the unions of the red and of the yellow sets of its members, then |B| ≤ |Red(B)∩
Yellow(B)|.

The lemma follows from (a). Let O = Red(B) and g = 1O. If b is the tip of B = (a, b) ∈ B,
then Ab = ∆(a, b) is a 1-wing of g at b, because bS ∈ Red(B) ⊆ O for S ⊆ Ab; this is well
defined since the tips are distinct. Put Ax = ∅ for the other points x of O.

A bijection τ with (a) maps the tip b of B to a point of O which differs from b in every
coordinate of ∆(a, b), that is, to a point of Red(B) ∩ Yellow(B). Since τ is injective, |B| ≤
|Red(B) ∩Yellow(B)|.

(a) follows from the lemma. Let g and the wings Ax be as in Theorem 3.1, and for x ∈ O
let Bx be the butterfly with tip x and body xAx . Then Red(Bx) = {xS : S ⊆ Ax} ⊆ O, and
Yx := O∩Yellow(Bx) is the set of points of O which differ from x in every coordinate of Ax.

For every T ⊆ O the lemma, applied to the family {Bx : x ∈ T}, gives |T | ≤
∣∣⋃

x∈T Yx
∣∣.

By Hall’s theorem on distinct representatives [Hall] there is an injective map τ : O → O with
τ(x) ∈ Yx for all x. It is a bijection because O is finite, and it satisfies (a).

Reimer’s proof of the lemma [Rei, Section 2] is also by linear algebra. In the presentation of
Borgs, Chayes and Randall [BCR, Section 5], where the lemma is stated in terms of cylinders
[BCR, Lemma 4.1], vectors which are tensor products over the coordinates are attached to
the points, and the lemma is deduced from the linear independence of these vectors; the main
step is carried out over the field with two elements.

The proof of Theorem 3.1 given above works instead with a matrix over a polynomial ring,
and it obtains the bijection from a term of lowest degree of the determinant.
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Part (b), the control of the number of points which keep their jth coordinate, is what
Theorem 3.1 adds to the Butterfly Lemma. The determinant inequality (Corollary 3.2) uses
both parts.

4. The antipodal inequality

The determinant inequality (Corollary 3.2) bounds a sum, over the points u of the zone,
of the distances Dg(u,Au; ℓ), for an arbitrary choice of wings. In this section the wings are
chosen with the help of rows of g in the sense of Definition 2.3.

A row at u shows that a set of coordinates of small total weight is a 1-wing at u, and a
row at the antipode ū shows that it is expensive to return from ū to O without using the
coordinates of this wing. The result is a lower bound for Dg(u,Au; ℓ) by the reciprocal of
a bilinear expression in the two rows (Lemma 4.2). Summing it over u and applying the
determinant inequality gives the antipodal inequality (Theorem 4.3).

This use of the rows at a point and at its antipode has a precedent in the proof of the dual
inequality by Kahn, Saks and Smyth [KSS, Section 2], where a certificate at a point and a
certificate at its antipode in a subcube give the two wings of a butterfly.

The antipodal inequality (Theorem 4.3) is used in Section 5: applied to the restrictions of
g to all subcubes, it gives the all-pairs inequality (Proposition 5.2).

We first check that the expressions whose reciprocals are taken are positive. The lemma
which shows this is due to Kulkarni and Tal [KT, Lemma 6.2]; we include its short proof.

Lemma 4.1 (Overlap). Let g be a Boolean function on Qn, let p, q ∈ Qn with g(p) 6= g(q),
let λ be a row of g at p and µ a row of g at q. Then∑

j∈∆(p,q)

min(λj , µj) ≥ 1.

In particular, λjµj > 0 for some j ∈ ∆(p, q), and
∑

j∈∆(p,q)wjλjµj > 0 for every w ∈ (0,∞)n.

Proof. Let ∆ = ∆(p, q) and S = {j ∈ ∆ : λj ≤ µj}. Then min(λj , µj) is λj for j ∈ S and µj
for j ∈ ∆ \ S, so ∑

j∈∆
min(λj , µj) = λ(S) + µ(∆ \ S).

Since q = p∆, we have q∆\S = pS .
If g(pS) 6= g(p), then S is a sensitive block at p and λ(S) ≥ 1. Otherwise g(q∆\S) =

g(pS) = g(p) 6= g(q), so ∆ \ S is a sensitive block at q and µ(∆ \ S) ≥ 1. In both cases the
sum is at least 1.

In particular min(λj , µj) > 0 for some j ∈ ∆, and the remaining statements follow because
all λiµi are non-negative. □

Lemma 4.2 (Pointwise step). Let g be a Boolean function on Qn, u ∈ Z(g), λ a row of g at
u, µ a row of g at ū, and ℓ ∈ (0,∞)n. Then

∑
j λjµj/ℓj > 0, and with

ω :=
( n∑
j=1

λjµj
ℓj

)−1
, A := {j ∈ [n] : ℓj < ω µj},

the set A is a 1-wing of g at u and Dg(u,A; ℓ) ≥ ω.
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Proof. We have g(u) = 1 6= 0 = g(ū) and ∆(u, ū) = [n], so the sum is positive by Lemma 4.1
with wj = 1/ℓj . By the definition of ω,

n∑
j=1

λj ·
ωµj
ℓj

= 1, and ωµj
ℓj

> 1 for j ∈ A. (4.1)

Step 1: λ(A) < 1. If λj = 0 for all j ∈ A this is clear. Otherwise, by (4.1),

λ(A)
Sec. 2.1
=

∑
j∈A

λj
(4.1)
<

∑
j∈A

λj
ωµj
ℓj

Def. 2.3
≤

∑
j∈[n]

λj
ωµj
ℓj

(4.1)
= 1.

Step 2: A is a 1-wing at u. For S ⊆ A we have λ(S) ≤ λ(A) < 1. Since λ is a row at u,
the set S is not a sensitive block at u; that is, g(uS) = g(u) = 1.

Step 3: Dg(u,A; ℓ) ≥ ω. Let G ⊆ [n] \ A with ūG ∈ O. Since g(ū) = 0, the set G is a
sensitive block at ū, so µ(G) ≥ 1. Since G is disjoint from A, we have ℓj ≥ ωµj for all j ∈ G.
Hence ℓ(G) ≥ ω µ(G) ≥ ω. □

Theorem 4.3 (Antipodal inequality). Let g be a Boolean function on Qn, let w ∈ (0,∞)n,
and for every x ∈ Qn let λx be a row of g at x. Then

∑
j wjλ

u
j λ

ū
j > 0 for every u ∈ Z(g),

and ∑
u∈Z(g)

( n∑
j=1

wj λ
u
j λ

ū
j

)−1
≤

n∑
j=1

bj(g)

wj
.

Proof. Put ℓj = 1/wj . For each u ∈ Z(g), Lemma 4.2 with λ = λu and µ = λū gives the
positivity and a 1-wing Au of g at u with

Dg(u,Au; ℓ) ≥
( n∑
j=1

λuj λ
ū
j

ℓj

)−1
=

( n∑
j=1

wj λ
u
j λ

ū
j

)−1
.

We sum over u ∈ Z(g) and apply Corollary 3.2 to the wings Au:∑
u∈Z(g)

( n∑
j=1

wj λ
u
j λ

ū
j

)−1 Lem. 4.2
≤

∑
u∈Z(g)

Dg(u,Au; ℓ)
Cor. 3.2
≤

n∑
j=1

ℓj bj(g) =

n∑
j=1

bj(g)

wj
. □

Example 4.4. Let n ≥ 1 and g(x) = 1 if and only if x1 = 1. A set S is a sensitive block, at
any point, if and only if 1 ∈ S; so the vector (1, 0, . . . , 0) is a row of g at every point. Take
λx = (1, 0, . . . , 0) for all x. Then Z(g) = O has 2n−1 points,

∑
j wjλ

u
j λ

ū
j = w1, b1(g) = 2n−1

and bj(g) = 0 for j ≥ 2. Both sides of the antipodal inequality are equal to 2n−1/w1.

5. The all-pairs inequality and the two-sided inequality

In the first part of this section, we apply the antipodal inequality (Theorem 4.3) to the
restrictions of g to all subcubes; the sum of the resulting inequalities is an inequality for all
pairs (x, y) ∈ O ×N . This reduction of a statement about all pairs of points to statements
about the antipodal pairs of the subcubes is the one by which the van den Berg–Kesten–
Reimer inequality is derived from the Butterfly Lemma [Rei, Section 3] (see also [BCR,
Section 4]), and by which Kahn, Saks and Smyth derive the dual inequality [KSS, Section 2].
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In the second part the weights w are removed: the Cauchy–Schwarz inequality, applied to
a sum over the pairs, leads to an expression in w which can be minimised explicitly.

The all-pairs inequality (Proposition 5.2) and the removal of the weights (Lemma 5.3) are
used in Section 7.

5.1. From antipodal pairs to all pairs. For F ⊆ [n] and z, u ∈ Qn let γF (z, u) ∈ Qn be
the point with

γF (z, u)i = ui (i ∈ F ), γF (z, u)i = zi (i /∈ F ).

For fixed z the points γF (z, u), u ∈ Qn, form the subcube through z in which the coordinates
in F are free.

Lemma 5.1 (Gluing). Let F ⊆ [n].
(i) γF (z, uS) = γF (z, u)

S∩F for all z, u ∈ Qn and S ⊆ [n]. In particular γF (z, ū) =

γF (z, u)
F , and γF (z, uj) is equal to γF (z, u)j if j ∈ F and to γF (z, u) if j /∈ F .

(ii) For every function φ : Qn → R,∑
z∈Qn

∑
u∈Qn

φ
(
γF (z, u)

)
= 2n

∑
x∈Qn

φ(x).

Proof. (i) For i /∈ F both points have the ith coordinate zi. For i ∈ F both have the ith
coordinate −ui if i ∈ S, and ui if i /∈ S. The special cases are S = [n] and S = {j}.

(ii) Consider the map Φ(z, u) =
(
γF (z, u), γF (u, z)

)
from Qn×Qn to itself. Let x = γF (z, u)

and x′ = γF (u, z). The point γF (x, x′) agrees with x′, hence with z, in the coordinates of
F , and with x, hence with z, in the other coordinates; so γF (x, x

′) = z. In the same way
γF (x

′, x) = u.
Thus Φ(Φ(z, u)) = (z, u), and Φ is a bijection. Therefore∑

(z,u)∈Qn×Qn

φ
(
γF (z, u)

)
=

∑
(x,x′)∈Qn×Qn

φ(x) = 2n
∑
x∈Qn

φ(x). □

Proposition 5.2 (All-pairs inequality). Let g be a Boolean function on Qn, let w ∈ (0,∞)n,
and for every x ∈ Qn let λx be a row of g at x. Then

∑
j∈∆(x,y)wjλ

x
jλ

y
j > 0 for all x ∈ O

and y ∈ N , and ∑
x∈O

∑
y∈N

( ∑
j∈∆(x,y)

wj λ
x
j λ

y
j

)−1
≤ 2n−1

n∑
j=1

bj(g)

wj
. (5.1)

Proof. The positivity is contained in Lemma 4.1.
Step 1: one set of free coordinates. Fix F ⊆ [n]. For x ∈ Qn put

TF (x) =
(∑
j∈F

wj λ
x
j λ

xF

j

)−1
if g(x) = 1 and g(xF ) = 0, TF (x) = 0 otherwise.

In the first case the sum is positive by Lemma 4.1, because ∆(x, xF ) = F .
We show that ∑

x∈Qn

TF (x) ≤
∑
j∈F

bj(g)

wj
. (5.2)
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Fix z ∈ Qn. Let gz be the Boolean function gz(u) = g(γF (z, u)) on Qn (this is the
restriction of g to the subcube through z with free coordinates F , written as a function
on the whole cube which does not depend on the coordinates outside F ; so the antipodal
inequality applies without renumbering the coordinates), and for u ∈ Qn let µu ∈ [0,∞)n be
the vector with

µuj = λ
γF (z,u)
j (j ∈ F ), µuj = 0 (j /∈ F ).

Then µu is a row of gz at u. Indeed, let S be a sensitive block of gz at u and x = γF (z, u).
By Lemma 5.1(i), g(xS∩F ) = gz(u

S) 6= gz(u) = g(x); so S ∩ F is a sensitive block of g at x,
and µu(S) = λx(S ∩ F ) ≥ 1.

We apply Theorem 4.3 to gz with the weights w and the rows µu:∑
u∈Z(gz)

( n∑
j=1

wj µ
u
j µ

ū
j

)−1
≤

n∑
j=1

bj(gz)

wj
. (5.3)

The left-hand side of (5.3). Let u ∈ Qn and x = γF (z, u). By Lemma 5.1(i), γF (z, ū) = xF .
Hence u ∈ Z(gz) if and only if g(x) = 1 and g(xF ) = 0, and∑

j

wj µ
u
j µ

ū
j =

∑
j∈F

wj λ
x
j λ

xF

j .

So the left-hand side is
∑

u∈Qn
TF (γF (z, u)).

The right-hand side of (5.3). For x ∈ Qn let βj(x) = 1 if g(x) = 1 and g(xj) = 0, and
βj(x) = 0 otherwise; thus bj(g) =

∑
x∈Qn

βj(x).
If j /∈ F , then gz(u

j) = gz(u) for all u by Lemma 5.1(i), and so bj(gz) = 0. If j ∈ F , then
gz(u

j) = g(γF (z, u)
j), and so

bj(gz) =
∑
u∈Qn

βj
(
γF (z, u)

)
.

Therefore (5.3) reads∑
u∈Qn

TF
(
γF (z, u)

)
≤

∑
j∈F

1

wj

∑
u∈Qn

βj
(
γF (z, u)

)
.

This holds for every z ∈ Qn. Adding over all z, we get

2n
∑
x∈Qn

TF (x)
Lem. 5.1(ii)

=
∑
z∈Qn

∑
u∈Qn

TF
(
γF (z, u)

)
≤

∑
j∈F

1

wj

∑
z∈Qn

∑
u∈Qn

βj
(
γF (z, u)

)
Lem. 5.1(ii)

= 2n
∑
j∈F

bj(g)

wj
,

which is (5.2) multiplied by 2n.
Step 2: all sets of free coordinates. We add (5.2) over all F ⊆ [n]. On the left, fix x ∈ Qn.

The map F 7→ xF is a bijection from the set of all subsets of [n] onto Qn, with inverse
y 7→ ∆(x, y). So

∑
F TF (x) = 0 if g(x) = 0, and if g(x) = 1, then∑

F⊆[n]

TF (x) =
∑
y∈N

( ∑
j∈∆(x,y)

wj λ
x
j λ

y
j

)−1
.

Summing over x gives the left-hand side of (5.1).
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On the right, every j ∈ [n] belongs to exactly 2n−1 of the subsets of [n], because F 7→
F4{j} exchanges the subsets which contain j and those which do not. Hence∑

F⊆[n]

∑
j∈F

bj(g)

wj
= 2n−1

∑
j

bj(g)

wj
. □

5.2. Removing the weights. We use the Cauchy–Schwarz inequality for finite families of
real numbers, (∑

i

aibi

)2
≤

(∑
i

a2i

)(∑
i

b2i

)
.

The following lemma contains the step in which the weights are removed. It is formulated
for two finite families of non-negative vectors, because it is applied twice: to the rows of a
Boolean function in the proof of Theorem 5.4, and to multiples of the rows of a real function
in the proof of Theorem 7.6.

Lemma 5.3 (Removing the weights). Let A and B be non-empty finite sets. For every x ∈ A

let λx ∈ [0,∞)n, for every y ∈ B let µy ∈ [0,∞)n, and for every (x, y) ∈ A×B let J(x, y) be
a subset of [n]. Let C ≥ 0 be a real number. Suppose that for every w ∈ (0,∞)n the following
two conditions are satisfied:

(i)
∑

j∈J(x,y)wjλ
x
jµ

y
j > 0 for all (x, y) ∈ A×B;

(ii)
∑
x∈A

∑
y∈B

( ∑
j∈J(x,y)

wj λ
x
j µ

y
j

)−1
≤ C

n∑
j=1

1

wj
.

Then ‖λx‖1 > 0 for every x ∈ A, ‖µy‖1 > 0 for every y ∈ B, and(∑
x∈A

1

‖λx‖1

)(∑
y∈B

1

‖µy‖1

)
≤ C.

Proof. Let x ∈ A. Since B is not empty, there is a y ∈ B, and by (i) with w = (1, . . . , 1)

there is a j with λxjµ
y
j > 0; so ‖λx‖1 ≥ λxj > 0. In the same way ‖µy‖1 > 0 for every y ∈ B.

Put
v(x) =

1

‖λx‖1
(x ∈ A), u(y) =

1

‖µy‖1
(y ∈ B).

Further let
VA =

∑
x∈A

v(x), VB =
∑
y∈B

u(y), Xj =
∑
x∈A

v(x)2λxj , Yj =
∑
y∈B

u(y)2µyj (j ∈ [n]).

The numbers Xj and Yj are non-negative, and VA > 0 and VB > 0, because A and B are not
empty.

Since v(x)2‖λx‖1 = v(x) for every x ∈ A, and u(y)2‖µy‖1 = u(y) for every y ∈ B,
n∑

j=1

Xj =
∑
x∈A

v(x)2‖λx‖1 =
∑
x∈A

v(x) = VA,

n∑
j=1

Yj = VB. (5.4)

Step 1: the Cauchy–Schwarz inequality over the pairs. Fix w ∈ (0,∞)n, and for (x, y) ∈
A×B let sxy =

∑
j∈J(x,y)wjλ

x
jµ

y
j , which is positive by (i). Writing v(x)u(y) = v(x)u(y)

√
sxy ·
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(1/
√
sxy), we get from the Cauchy–Schwarz inequality

(VAVB)
2 =

(∑
x∈A

∑
y∈B

v(x)u(y)
)2

≤
(∑
x∈A

∑
y∈B

v(x)2u(y)2 sxy

)(∑
x∈A

∑
y∈B

1

sxy

)
.

By (ii), the second factor is at most C
∑

j 1/wj .
In the first factor we have sxy ≤

∑n
j=1wjλ

x
jµ

y
j , because the terms with j /∈ J(x, y) are

non-negative; hence∑
x∈A

∑
y∈B

v(x)2u(y)2 sxy ≤
∑
x∈A

∑
y∈B

v(x)2u(y)2
n∑

j=1

wjλ
x
jµ

y
j

=

n∑
j=1

wj

(∑
x∈A

v(x)2λxj

)(∑
y∈B

u(y)2µyj

)
=

n∑
j=1

wjXjYj .

All the factors are non-negative, so that

(VAVB)
2 ≤ C

( n∑
j=1

wjXjYj

)( n∑
j=1

1

wj

)
for every w ∈ (0,∞)n. (5.5)

Step 2: the choice of the weights. Let rj =
√
XjYj and R =

∑
j rj . For ε > 0 the weights

wj = 1/(rj +ε) are positive, and wjXjYj = r2j/(rj +ε) ≤ rj and 1/wj = rj +ε. So (5.5) gives

(VAVB)
2 ≤ C R (R+ nε) for every ε > 0,

and letting ε→ 0 we obtain
(VAVB)

2 ≤ C R2.

(The weights 1/rj , which minimise the right-hand side of (5.5) when all rj are positive,
are not available if some rj is 0.)

Step 3: the Cauchy–Schwarz inequality over the coordinates. By the Cauchy–Schwarz
inequality and (5.4),

R2 =
( n∑
j=1

√
Xj

√
Yj

)2
≤

( n∑
j=1

Xj

)( n∑
j=1

Yj

)
= VAVB.

Conclusion. Steps 2 and 3 give (VAVB)
2 ≤ C VAVB. Since VAVB > 0 we may divide, and

get VAVB ≤ C, which is the assertion. □
For the rows of a Boolean function, Lemma 5.3 and the all-pairs inequality (Proposition 5.2)

give the two-sided inequality.

Theorem 5.4 (Two-sided inequality). Let g : Qn → {0, 1} be non-constant, and for every
x ∈ Qn let λx be a row of g at x. Then ‖λx‖1 ≥ 1 for every x, and

4 Ex

[1{g(x)=1}

‖λx‖1

]
Ex

[1{g(x)=0}

‖λx‖1

]
≤ max

j∈[n]
Ij(g).

Proof. By Lemma 2.4(ii), n ≥ 1 and ‖λx‖1 ≥ 1 for every x. Put
Imax = max

j∈[n]
Ij(g), C = 4n−1 Imax .

By Lemma 2.1, bj(g) = 2n−1 Ij(g) ≤ 2n−1 Imax for every j.
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We apply Lemma 5.3 to the sets A = O and B = N , which are not empty because g is
not constant, to the vectors λx (x ∈ O) and µy = λy (y ∈ N ), to the sets J(x, y) = ∆(x, y),
and to the constant C ≥ 0.

Let w ∈ (0,∞)n. Condition (i) of the lemma holds by Proposition 5.2. By (5.1) and
bj(g) ≤ 2n−1 Imax,∑

x∈O

∑
y∈N

( ∑
j∈∆(x,y)

wj λ
x
j λ

y
j

)−1
≤ 2n−1

n∑
j=1

2n−1 Imax

wj
= C

n∑
j=1

1

wj
,

which is condition (ii). The lemma therefore gives(∑
x∈O

1

‖λx‖1

)(∑
y∈N

1

‖λy‖1

)
≤ C = 4n−1 Imax .

Finally,

4 Ex

[1{g(x)=1}

‖λx‖1

]
Ex

[1{g(x)=0}

‖λx‖1

]
= 4 · 4−n

(∑
x∈O

1

‖λx‖1

)(∑
y∈N

1

‖λy‖1

)
≤ 4 · 4−n · 4n−1 Imax = Imax . □

Example 5.5 (Equality). Let n ≥ 1 and g(x) = 1 if and only if x1 = 1, with the rows λx =

(1, 0, . . . , 0) of Example 4.4. Then ‖λx‖1 = 1 for all x, the two expectations in Theorem 5.4 are
equal to 1

2 , and I1(g) = 1; so both sides of the two-sided inequality are equal to 1. In (5.1) there
is equality as well: every pair (x, y) ∈ O×N has 1 ∈ ∆(x, y) and

∑
j∈∆(x,y)wjλ

x
jλ

y
j = w1, so

the left-hand side is 2n−1·2n−1/w1, and the right-hand side is 2n−1 b1(g)/w1 with b1(g) = 2n−1.

6. The row bound

In this section we prove that a function f : Qn → [−1, 1] of degree at most d has, at every
point x, a row of cost at most π2d2 (Theorem 6.8). The idea, which is that of the proof of
Agarwal and Ben-David [ABD] (see Remark 6.9), is as follows.

By linear programming duality, it suffices to bound the total sensitivity
∑

S κS |f(x)−f(xS)|
of every fractional packing κ of blocks, in which the blocks through any one coordinate have
total weight at most 1. A fractional packing is approximated by a list of blocks in which
every coordinate occurs at most N times.

For such a list we construct a bounded function G of low degree in new variables, one for
each block of the list, such that, at the point where all new variables are equal to 1, changing
the sign of one new variable has the same effect as flipping the corresponding block in f .

The construction composes f with a Chebyshev polynomial, which takes the value 1 at a
coordinate through which no block is flipped and the value −1 at a coordinate through which
exactly one block is flipped, and stays in [−1, 1] otherwise. Markov’s inequality then bounds
the sum of the changes of G.

The inequality for lists of blocks (Lemma 6.4) has a second consequence, which is recorded
at the end of the section: at every point x, the sum of the numbers |f(x)− f(xj)| is at most
4d2 (Corollary 6.10). It is used in Section 8.
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Both results are known, with better constants (Remark 6.9); they are proved here to make
the paper self-contained. A reader who accepts Theorem 6.8 and Corollary 6.10 may skip
this section: nothing else from it is used in the proof of Theorem 1.1.

6.1. Chebyshev polynomials and Markov’s inequality at an endpoint. The Cheby-
shev polynomials T0, T1, T2, . . . are defined by

T0(t) = 1, T1(t) = t, Tk+1(t) = 2t Tk(t)− Tk−1(t) (k ≥ 1).

We use the following standard facts (see [BE]), valid for every integer k ≥ 0.
(C1) Tk is a polynomial with real coefficients of degree at most k.
(C2) Tk(cos θ) = cos(kθ) for every real θ.
(C3) |Tk(t)| ≤ 1 for t ∈ [−1, 1]; Tk(1) = 1; and Tk(cos(π/k)) = −1 if k ≥ 1.
(C4) T ′

k(1) = k2.
Indeed, (C1) is clear from the recurrence.

(C2) holds for k = 0 and k = 1, and the step from k − 1 and k to k + 1 is the identity
cos((k + 1)θ) + cos((k − 1)θ) = 2 cos θ cos(kθ).

(C3) follows from (C2), because every t ∈ [−1, 1] is of the form cos θ, 1 = cos 0, and
cos(k · π/k) = −1.

For (C4), differentiate the recurrence and put t = 1: by (C3),
T ′
k+1(1) = 2 + 2T ′

k(1)− T ′
k−1(1) for k ≥ 1.

The numbers k2 satisfy the same recurrence,
(k + 1)2 = 2 + 2k2 − (k − 1)2,

and the initial values agree: T ′
0(1) = 0 and T ′

1(1) = 1.
Markov’s inequality states that a real polynomial p of degree at most D with |p| ≤ 1 on

[−1, 1] satisfies |p′| ≤ D2 on [−1, 1]; see [BE]. We need it only at an endpoint, where it has
the following short proof.

Lemma 6.1 (Markov’s inequality at an endpoint). Let D ≥ 0 be an integer and let p be a
polynomial with real coefficients of degree at most D such that |p(t)| ≤ 1 for all t ∈ [−1, 1].
Then |p′(1)| ≤ D2. Consequently, if q is a polynomial with real coefficients of degree at most
D such that |q(s)| ≤ 1 for all s ∈ [0, 2], then |q′(0)| ≤ D2.

Proof. Step 1: the nodes. If D = 0 then p is constant and p′(1) = 0. Let D ≥ 1, and put
ηk = cos(kπ/D) for k = 0, 1, . . . , D. Since the cosine is strictly decreasing on [0, π],

1 = η0 > η1 > · · · > ηD = −1.

Step 2: the interpolation formula. For k = 0, . . . , D let

ψk(t) =
∏
i ̸=k

t− ηi
ηk − ηi

,

where i runs over {0, . . . , D} \ {k}. These are polynomials of degree D with ψk(ηk) = 1 and
ψk(ηi) = 0 for i 6= k.
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If r is a polynomial of degree at most D, then r −
∑

k r(ηk)ψk has degree at most D and
vanishes at the D + 1 points η0, . . . , ηD, so it is the zero polynomial. Hence

r′(1) =

D∑
k=0

r(ηk)ψ
′
k(1) for every polynomial r of degree at most D. (6.1)

Step 3: the signs. Next we show that
(−1)kψ′

k(1) > 0 for every k ∈ {0, . . . , D}. (6.2)
For k = 0, all factors of ψ0 are equal to 1 at t = 1, so

ψ′
0(1) =

D∑
i=1

1

1− ηi
> 0.

For k ≥ 1 the polynomial ψk has the factor t− η0 = t− 1, and therefore

ψ′
k(1) =

∏
i ̸=0,k(1− ηi)∏
i ̸=k(ηk − ηi)

.

The numerator is positive. In the denominator the factor ηk − ηi is negative for the k indices
i < k and positive for the indices i > k, so the denominator has the sign (−1)k. This proves
(6.2).

Step 4: comparison with TD. By (C1) and (C2), the polynomial TD has degree at most D
and TD(ηk) = cos(kπ) = (−1)k. Applying (6.1) to p and to TD, and using |p(ηk)| ≤ 1, (6.2)
and (C4), we get

|p′(1)| ≤
D∑

k=0

|ψ′
k(1)| =

D∑
k=0

(−1)kψ′
k(1) = T ′

D(1) = D2.

Step 5: the interval [0, 2]. For the last statement apply the first one to p(t) = q(1 − t):
its degree is at most D, the number 1 − t runs over [0, 2] when t runs over [−1, 1], and
p′(1) = −q′(0). □

6.2. Bounded functions and their multilinear extensions. Let h : Qn → R have the
expansion h =

∑
V⊆[n] ĥ(V )χV of (2.2). Its multilinear extension is the function

h̃(u) =
∑
V⊆[n]

ĥ(V )
∏
i∈V

ui (u ∈ Rn),

which agrees with h on Qn.
The extension is bounded on the solid cube, because its values there are averages of values

of h.

Lemma 6.2 (Extension). If |h(z)| ≤ 1 for all z ∈ Qn, then |h̃(u)| ≤ 1 for all u ∈ [−1, 1]n.

Proof. Fix u ∈ [−1, 1]n and put Wu(z) =
∏n

i=1
1+ziui

2 for z ∈ Qn; these numbers are non-
negative.
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Let V ⊆ [n]. The sum over z ∈ Qn of the product Wu(z)χV (z) is the product of the sums
over the single coordinates zi ∈ {−1, 1}:∑

z∈Qn

Wu(z)χV (z) =
∏
i∈V

(1 + ui
2

− 1− ui
2

) ∏
i/∈V

(1 + ui
2

+
1− ui

2

)
=

∏
i∈V

ui.

For V = ∅ this gives
∑

zWu(z) = 1. Multiplying by ĥ(V ) and summing over V we get

h̃(u) =
∑
z

Wu(z)h(z).

Hence
|h̃(u)| ≤

∑
z

Wu(z)|h(z)| ≤
∑
z

Wu(z) = 1. □

6.3. The sensitivity lemma. In the next two lemmas new variables are indexed by [k], and
1 = (1, . . . , 1) ∈ Qk. Thus 1b is the point of Qk whose bth coordinate is −1 and whose other
coordinates are 1.

The next lemma is the form in which Markov’s inequality is used.

Lemma 6.3 (Sensitivity). Let k ≥ 0 and D ≥ 0 be integers and let G : Qk → [−1, 1] be a
function of degree at most D. Then

k∑
b=1

|G(1)−G(1b)| ≤ 4D2.

Proof. Let G =
∑

U⊆[k] Ĝ(U)χU , with Ĝ(U) = 0 for |U | > D. Since χU (1) = 1, while χU (1
b)

equals −1 if b ∈ U and 1 if b /∈ U , we have G(1) − G(1b) = 2
∑

U∋b Ĝ(U). Hence, for every
R ⊆ [k], ∑

b∈R

(
G(1)−G(1b)

)
= 2

∑
U⊆[k]

Ĝ(U) |U ∩R|. (6.3)

Fix R, and for real s let u(s) ∈ Rk be the point with u(s)b = 1− s for b ∈ R and u(s)b = 1

for b /∈ R. Put
φR(s) = G̃(u(s)) =

∑
U⊆[k]

Ĝ(U) (1− s)|U∩R|.

This is a polynomial in s of degree at most D, because |U ∩ R| ≤ |U | ≤ D whenever
Ĝ(U) 6= 0. For s ∈ [0, 2] the point u(s) lies in [−1, 1]k, so |φR(s)| ≤ 1 by Lemma 6.2.

Lemma 6.1 gives |φ′
R(0)| ≤ D2. Since φ′

R(0) = −
∑

U Ĝ(U)|U ∩R|, we conclude from (6.3)
that ∣∣∣∑

b∈R

(
G(1)−G(1b)

)∣∣∣ ≤ 2D2 for every R ⊆ [k].

Applying this to the set R+ of all b with G(1)−G(1b) ≥ 0 and to its complement R−, we
obtain

k∑
b=1

|G(1)−G(1b)| =
∑
b∈R+

(
G(1)−G(1b)

)
−

∑
b∈R−

(
G(1)−G(1b)

)
≤ 4D2. □
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6.4. The block inequality. We now carry out the construction described at the beginning
of the section.

Lemma 6.4 (Block inequality). Let d ≥ 0 be an integer, let f : Qn → [−1, 1] be a function
of degree at most d, and let x ∈ Qn. Let S1, . . . , Sk be subsets of [n], not necessarily distinct,
and let N ≥ 0 and m ≥ 1 be integers such that every i ∈ [n] lies in at most N of the sets
S1, . . . , Sk and

N
(
1− cos(π/m)

)
≤ 2.

Then
k∑

b=1

|f(x)− f(xSb)| ≤ 4 d2m2.

Proof. Put c = 1− cos(π/m), so that c ≥ 0 and Nc ≤ 2. For w ∈ Qk and i ∈ [n] let

cnti(w) = #{b ∈ [k] : i ∈ Sb, wb = −1} =
∑

b: i∈Sb

1− wb

2
, θi(w) = Tm

(
1− c cnti(w)

)
.

Let f =
∑

V⊆[n] f̂(V )χV with f̂(V ) = 0 for |V | > d, and define G : Qk → R by

G(w) = f̃
(
x1θ1(w), . . . , xnθn(w)

)
=

∑
V⊆[n]

f̂(V )
∏
i∈V

xi θi(w).

The function G has the following four properties.
(a) |G(w)| ≤ 1 for all w ∈ Qk. Since 0 ≤ cnti(w) ≤ N , the number 1 − c cnti(w) lies in

[1 − Nc, 1] ⊆ [−1, 1], so |θi(w)| ≤ 1 by (C3). Thus the point (xiθi(w))i∈[n] lies in [−1, 1]n,
and (a) follows from Lemma 6.2 applied to f .

(b) G has degree at most dm. As a function of w ∈ Qk, 1− c cnti has degree at most 1, so
its jth power has degree at most j, and by (C1) the function θi has degree at most m. For
|V | ≤ d the product

∏
i∈V xiθi is a constant multiple of a product of at most d functions of

degree at most m, so it has degree at most dm.
(c) G(1) = f(x). Indeed cnti(1) = 0 and θi(1) = Tm(1) = 1 for every i, so G(1) = f̃(x) =

f(x).
(d) G(1b) = f(xSb) for every b ∈ [k]. The only coordinate of 1b equal to −1 is the bth one,

so cnti(1
b) is 1 if i ∈ Sb and 0 otherwise. By (C3), θi(1b) = Tm(cos(π/m)) = −1 if i ∈ Sb, and

θi(1
b) = Tm(1) = 1 otherwise. Hence xiθi(1b) = (xSb)i for all i, and G(1b) = f̃(xSb) = f(xSb).

By (a) and (b), Lemma 6.3 applies to G with D = dm; by (c) and (d) its conclusion is the
assertion. □

6.5. Fractional packings. A fractional packing on [n] is a family κ = (κS)S⊆[n] of real
numbers such that

κS ≥ 0 for all S ⊆ [n],
∑
S∋i

κS ≤ 1 for all i ∈ [n].

A fractional packing is approximated by lists of blocks; in the limit the block inequality
gives the following bound.
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Lemma 6.5 (Packing bound). Let d ≥ 0 be an integer, let f : Qn → [−1, 1] be a function of
degree at most d, let x ∈ Qn, and let κ be a fractional packing on [n]. Then∑

S⊆[n]

κS |f(x)− f(xS)| ≤ π2d2.

Proof. Write tS = |f(x)− f(xS)|, Λ =
∑

S κStS and C0 =
∑

S tS . Let M ≥ 1 be an integer,
and put

N =M2, kS = bM2κSc (S ⊆ [n]), m = dπM/2e.
Step 1: a list of blocks. Consider the list of blocks in which every set S ⊆ [n] occurs exactly

kS times. A coordinate i lies in ∑
S∋i

kS ≤ M2
∑
S∋i

κS ≤ N

blocks of the list.
Further m ≥ 1 and

πM/2 ≤ m < πM/2 + 1.

Since 1− cosϑ = 2 sin2(ϑ/2) ≤ ϑ2/2 for real ϑ,

N
(
1− cos(π/m)

)
≤ M2π2

2m2
≤ 2.

Step 2: the block inequality. Lemma 6.4 therefore gives∑
S⊆[n]

kS tS ≤ 4d2m2 ≤ d2(πM + 2)2.

As M2κS < kS + 1 and tS ≥ 0, it follows that

M2Λ ≤
∑
S

(kS + 1) tS ≤ d2(πM + 2)2 + C0, that is, Λ ≤ d2
(
π +

2

M

)2
+
C0

M2
.

Step 3: the limit. This holds for every integer M ≥ 1, and C0 does not depend on M .
Letting M → ∞ we get Λ ≤ π2d2. □

6.6. Duality. The passage from packings to rows is an instance of linear programming du-
ality. We derive it from the following separation lemma, whose short proof we include.

For a finite set S we write RS for the space of real vectors v = (vs)s∈S , with the inner
product 〈v, v′〉 =

∑
s vsv

′
s and the Euclidean norm |v| = 〈v, v〉1/2.

Lemma 6.6 (Separation from the orthant). Let S be a finite set and let C ⊆ RS be a non-
empty compact convex set which contains no vector with all coordinates non-negative. Then
there is a vector κ ∈ [0,∞)S such that∑

s∈S
κs vs < 0 for every v ∈ C.

Proof. Step 1: the distance to the orthant. For a real number ξ let ξ− = max(−ξ, 0), and for
v ∈ RS let ρ(v) =

∑
s(v

−
s )

2.
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If ξ is real and ζ ≥ 0, then (ξ − ζ)2 ≥ (ξ−)2: this is clear for ξ ≥ 0, and for ξ < 0 we have
ζ − ξ ≥ −ξ > 0. Hence

ρ(v) ≤ |v − p|2 for all v ∈ RS and p ∈ [0,∞)S . (6.4)

Step 2: a nearest point. The function ρ is continuous, and ρ(v) = 0 if and only if all
coordinates of v are non-negative. Since C is compact and not empty, ρ attains its minimum
on C at some point y ∈ C, and ρ(y) > 0 by the hypothesis on C.

Let κ be the vector with κs = y−s ≥ 0. Then y + κ has the non-negative coordinates
max(ys, 0), and

|κ|2 = ρ(y), 〈κ, y〉 = −ρ(y),
the latter because y−s ys = −(y−s )

2 for every s.
Step 3: the inequality. Let v ∈ C and 0 < ε ≤ 1. The point y + ε(v − y) belongs to C,

because C is convex. By the minimality of ρ(y) and by (6.4) with p = y + κ,
ρ(y) ≤ ρ

(
y + ε(v − y)

)
≤ |ε(v − y)− κ|2 = ε2|v − y|2 − 2ε〈κ, v − y〉+ ρ(y).

Hence 〈κ, v − y〉 ≤ ε
2 |v − y|2 for all ε ∈ (0, 1], so that 〈κ, v − y〉 ≤ 0, and

〈κ, v〉 ≤ 〈κ, y〉 = −ρ(y) < 0. □

Proposition 6.7 (Duality). Let n ≥ 0, let (tS)S⊆[n] be a family of real numbers and let K
be a real number. Suppose that∑

S⊆[n]

κS tS ≤ K for every fractional packing κ on [n].

Then there is a vector a ∈ [0,∞)n with ‖a‖1 ≤ K and tS ≤ a(S) for every S ⊆ [n].

Proof. The family κ = 0 is a fractional packing, so K ≥ 0. Let
P = {a ∈ [0,∞)n : ‖a‖1 ≤ K}.

This set contains 0, it is convex, and it is compact, being closed and contained in [0,K]n.
Let S be the set of all subsets of [n], and let C ⊆ RS be the image of P under the map

a 7→ (a(S)− tS)S∈S . This map is the sum of a linear map and a constant, so C is non-empty,
compact and convex.

If some vector of C has all coordinates non-negative, then the corresponding a ∈ P has
the required properties. Suppose that this is not the case. By Lemma 6.6 there is a family
κ = (κS)S⊆[n] of non-negative numbers with∑

S⊆[n]

κS
(
a(S)− tS

)
< 0 for every a ∈ P. (6.5)

Put ϑ =
∑

S κStS and σi =
∑

S∋i κS ≥ 0 for i ∈ [n]. Since∑
S

κS a(S) =

n∑
i=1

aiσi,

the inequality (6.5) says that
n∑

i=1

aiσi < ϑ for every a ∈ P. (6.6)
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For a = 0 this gives ϑ > 0. We distinguish two cases.
Case A: σi = 0 for all i ∈ [n]. Then every non-negative multiple of κ is a fractional

packing, in particular κ′ = K+1
ϑ κ. But

∑
S κ

′
StS = K + 1 > K, contrary to the hypothesis.

Case B: σi > 0 for some i ∈ [n]. Choose j ∈ [n] with σj = maxi σi > 0. Then κ′ = κ/σj is
a fractional packing, because

∑
S∋i κ

′
S = σi/σj ≤ 1 for all i. The hypothesis gives ϑ/σj ≤ K,

that is, ϑ ≤ Kσj .
On the other hand, the vector a with aj = K and ai = 0 for i 6= j belongs to P , and (6.6)

gives Kσj < ϑ, a contradiction.
Both cases are impossible, and the proposition is proved. □

6.7. The row bound.

Theorem 6.8 (Row bound). Let n ≥ 0 and d ≥ 0 be integers and let f : Qn → [−1, 1] be
a function of degree at most d. Then for every x ∈ Qn there is a row a of f at x with cost
‖a‖1 ≤ π2d2.

Proof. Fix x and apply Proposition 6.7 to the numbers tS = |f(x)−f(xS)| and to K = π2d2.
Its hypothesis is Lemma 6.5. The resulting vector a ∈ [0,∞)n satisfies ‖a‖1 ≤ π2d2 and
|f(x)− f(xS)| ≤ a(S) for all S ⊆ [n], so it is a row of f at x (Definition 2.3). □

Remark 6.9 (The bound of Agarwal and Ben-David). Theorem 6.8 is known, with a better
constant.

For f : {−1, 1}n → [−1, 1], Agarwal and Ben-David [ABD] define the sensitivity of a block
B at x as |f(x)− f(xB)|/2, and the fractional block sensitivity fbs(f) as the largest value of∑

B wB|f(x)− f(xB)|/2 over all points x and all fractional packings w.
They prove [ABD, Theorem 3.3] that

fbs(f) ≤ π2

4
deg(f)2.

In the notation of Lemma 6.5 this is the bound π2

2 d
2 in place of π2d2, and by Proposition 6.7

it gives rows of cost at most π2

2 d
2.

The statement about rows is [ABD, Theorem 1.7], where it is formulated for functions
f : {0, 1}n → [0, 1] of degree at most d, with the bound π2

4 d
2.

Their proof follows the strategy of Anshu, Ben-David and Kundu [ABK] for Boolean
functions.

It composes f with Chebyshev polynomials of affine functions of new variables, N of them
for each coordinate, so that the blocks become disjoint, and then applies, through block
sensitivity, the inequality

∑
i|f(x)− f(xi)|/2 ≤ deg(f)2 for bounded functions, which is due

to Filmus, Hatami, Keller and Lifshitz [FHKL, Theorem 3.3].
The proof given above uses the same composition with Chebyshev polynomials, with one

new variable for each block, and it uses Lemma 6.3 in place of the inequality of [FHKL].
Lemma 6.3 is weaker than that inequality by a factor 2, which accounts for the factor 2

between the two bounds. That the classical inequality of Markov, which is what Lemma 6.3
uses, gives the inequality of [FHKL] with this weaker constant is remarked in [FHKL, Sec-
tion 3].
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6.8. The increments at a point. Lemma 6.3 bounds the sum of the numbers |G(1)−G(1b)|,
the increments of G at the point 1. The block inequality (Lemma 6.4), applied to blocks
with one element, gives the same bound at every point.

This is the second property of bounded functions of low degree, besides the row bound
(Theorem 6.8), that enters the proof of Theorem 1.1.

Corollary 6.10 (Sensitivity at every point). Let n ≥ 0 and d ≥ 0 be integers, and let
f : Qn → [−1, 1] be a function of degree at most d. Then

n∑
j=1

|f(x)− f(xj)| ≤ 4 d2 for every x ∈ Qn.

Consequently L(f) =
∑n

j=1 Lj(f) ≤ 4 d2.

Proof. Fix x ∈ Qn. We apply Lemma 6.4 with k = n, with the sets Sb = {b} for b ∈ [n], and
with N = 1 and m = 1. Every i ∈ [n] lies in exactly one of these sets, and N

(
1−cos(π/m)

)
=

1− cosπ = 2. Since xSb = xb, the conclusion of the lemma is the first assertion.
The second assertion follows by taking the expectation over x. □
Corollary 6.10 is the inequality of Filmus, Hatami, Keller and Lifshitz [FHKL, Theo-

rem 3.3], which is recalled in Remark 6.9, with the constant 4 in place of 2; if their inequality
is used, the bound 4d2 can be replaced by 2d2 (see Remark 8.4).

That the sum of the L1 influences of a bounded function is bounded by a polynomial in
its degree was asked by Aaronson and Ambainis [AA14, Section 1.3] and was first proved by
Bačkurs and Bavarian [BB].

7. Real functions: integration over the level

The all-pairs inequality of Section 5 concerns Boolean functions. In this section it is
transferred to real functions through their level functions, following the plan of Lovett and
Zhang [LZ, Section 5], which is recalled in Section 1.4 and compared step by step with the
present argument in Section 7.5.

Let f : Qn → R be a function with a row at every point. For a real number t, the level
function gt = 1{f>t} is Boolean, and at every point x with f(x) 6= t the row of f at x, divided
by |f(x) − t|, is a row of gt. We apply the all-pairs inequality to every gt and integrate
over t. The result is the integrated all-pairs inequality (Proposition 7.4): it bounds a sum
over the pairs of points x, y with f(y) < f(x), in which each pair contributes a multiple
of (f(x) − f(y))3, by a sum over the coordinates, in which the coordinate j contributes a
multiple of the mean absolute increment Lj(f).

Removing the weights with Lemma 5.3, we obtain an inequality between a third moment
of f and the largest of the numbers Lj(f) (Theorem 7.6), and from it a lower bound for
the largest Lj(f) in terms of the variance of f (Theorem 7.10). The arguments use only the
existence of rows of bounded cost: neither the degree of f nor a bound for its values appears
before Corollary 7.11.
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7.1. Level functions and their rows. Throughout this section, n ≥ 0 is an integer,
f : Qn → R is a function, and for every x ∈ Qn a row ax of f at x is given (Definition 2.3).

For w ∈ (0,∞)n and x, y ∈ Qn we put

sxy(w) :=
∑

j∈∆(x,y)

wj a
x
j a

y
j . (7.1)

For a real number ξ we write ξ+ = max(ξ, 0). One of the numbers ξ+ and (−ξ)+ is equal
to |ξ|, and the other is 0; hence

|ξ| = ξ+ + (−ξ)+ and |ξ|3 = (ξ+)3 +
(
(−ξ)+

)3 for every real ξ. (7.2)
For a real number t let gt = 1{f>t}, that is,

gt(x) = 1 if f(x) > t, gt(x) = 0 if f(x) ≤ t.

For t ∈ R and x ∈ Qn let

λt,x =
ax

|f(x)− t|
if f(x) 6= t, λt,x = (1, . . . , 1) if f(x) = t.

By Lemma 2.4(iii) and (i), the vector λt,x is a row of gt at x.
At a point x with f(x) = t any other row of gt would serve as well: the terms in which

such a point occurs are discarded in the proof of Lemma 7.2.
The first lemma evaluates the bilinear expression of the all-pairs inequality (Proposi-

tion 5.2) for these rows, and it shows that the denominators which occur in this section
are positive.

Lemma 7.1. Let w ∈ (0,∞)n.
(i) If t ∈ R and x, y ∈ Qn satisfy f(y) < t < f(x), then∑

j∈∆(x,y)

wj λ
t,x
j λt,yj =

sxy(w)

(f(x)− t) (t− f(y))
.

(ii) sxy(w) > 0 for all x, y ∈ Qn with f(y) < f(x).

Proof. (i) Here f(x) 6= t and f(y) 6= t, and |f(x)− t| = f(x)− t and |f(y)− t| = t− f(y). So

λt,xj λt,yj =
axj a

y
j

(f(x)− t) (t− f(y))
for every j ∈ [n],

and the identity follows from (7.1).
(ii) Let f(y) < f(x), and put t = (f(x) + f(y))/2, so that f(y) < t < f(x). Then

gt(x) = 1 6= 0 = gt(y), and λt,x and λt,y are rows of gt at x and at y.
By Lemma 4.1, the left-hand side of the identity in (i) is positive. The denominator on its

right-hand side is positive as well, and therefore sxy(w) > 0. □
The next lemma is the all-pairs inequality for the level function gt, written in terms of f .

Lemma 7.2 (The all-pairs inequality at a level). Let w ∈ (0,∞)n. Then for every real
number t ∑

x,y∈Qn

f(y)<f(x)

(f(x)− t)+ (t− f(y))+

sxy(w)
≤ 2n−1

n∑
j=1

bj(gt)

wj
. (7.3)
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Proof. The denominators are positive by Lemma 7.1(ii).
Fix t. For the function gt we have O = {x : f(x) > t} and N = {y : f(y) ≤ t}.

Proposition 5.2, applied to gt with the weights w and the rows λt,x, states that∑
x: f(x)>t

∑
y: f(y)≤t

( ∑
j∈∆(x,y)

wj λ
t,x
j λt,yj

)−1
≤ 2n−1

n∑
j=1

bj(gt)

wj
,

and that all the terms on the left-hand side are positive.
We discard the terms with f(y) = t. For the remaining terms we have f(y) < t < f(x),

and by Lemma 7.1(i) the term of the pair (x, y) is equal to (f(x)− t)(t−f(y))/sxy(w). Hence∑
x,y∈Qn

f(y)<t<f(x)

(f(x)− t) (t− f(y))

sxy(w)
≤ 2n−1

n∑
j=1

bj(gt)

wj
. (7.4)

The left-hand sides of (7.3) and (7.4) are equal. Indeed, let f(y) < f(x). If f(y) < t < f(x),
then (f(x)− t)+ = f(x)− t and (t− f(y))+ = t− f(y). Otherwise t ≤ f(y) or t ≥ f(x); then
(t− f(y))+ = 0 or (f(x)− t)+ = 0, and the pair (x, y) contributes 0 to the sum in (7.3). □

7.2. Integration over the level. We now integrate (7.3) over t. By definition, bj(gt) is the
number of points x with gt(x) = 1 and gt(x

j) = 0, that is,

bj(gt) =
∑
x∈Qn

1{f(xj)≤t<f(x)} (j ∈ [n], t ∈ R). (7.5)

So, as functions of t, the left-hand side of (7.3) is a finite linear combination of functions
t 7→ (u − t)+(t − v)+ with real numbers u and v, and the right-hand side is a finite linear
combination of functions t 7→ 1{p≤t<q} with real numbers p and q.

These functions are piecewise polynomial, and they vanish outside a bounded interval.
Their integrals over R, written

∫
R . . . dt, are therefore integrals of polynomials over bounded

intervals, and an inequality between two such functions which holds for every t may be
integrated.

The next lemma contains the three computations that are needed.

Lemma 7.3. The following identities hold.
(i) For all real numbers u and v,∫

R
(u− t)+ (t− v)+ dt =

(
(u− v)+

)3
6

.

(ii) For all real numbers p and q,∫
R
1{p≤t<q} dt = (q − p)+.

(iii) For every j ∈ [n], ∑
x∈Qn

(
f(x)− f(xj)

)+
= 2n−1 Lj(f).
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Proof. (i) Let u ≤ v. Then the integrand vanishes for every t: its first factor is 0 if t ≥ u,
and its second factor is 0 if t < u, because then t < v. The right-hand side is 0 as well.

Let v < u, and put δ = u − v. The integrand vanishes for t ≤ v and for t ≥ u, and it is
equal to (u− t)(t− v) for v ≤ t ≤ u. With the substitution t = v + ρ the integral becomes∫ δ

0
(δ − ρ) ρ dρ =

δ3

2
− δ3

3
=

δ3

6
.

(ii) The set of all t with p ≤ t < q is the interval [p, q) if p < q, and it is empty otherwise.
(iii) The map x 7→ xj is a bijection of Qn, and (xj)j = x. Hence∑

x∈Qn

(
f(xj)− f(x)

)+
=

∑
x∈Qn

(
f(x)− f(xj)

)+
,

and by (7.2)

2
∑
x∈Qn

(
f(x)− f(xj)

)+
=

∑
x∈Qn

((
f(x)− f(xj)

)+
+

(
f(xj)− f(x)

)+)
=

∑
x∈Qn

|f(x)− f(xj)| = 2n Lj(f). □

The integration gives the following inequality, which is the analogue of the all-pairs in-
equality (Proposition 5.2) for real functions. We state it with all its hypotheses.

Proposition 7.4 (Integrated all-pairs inequality). Let n ≥ 0, let f : Qn → R, let w ∈ (0,∞)n,
and for every x ∈ Qn let ax be a row of f at x. Then the numbers sxy(w) =

∑
j∈∆(x,y)wja

x
j a

y
j

are positive for all x, y ∈ Qn with f(y) < f(x), and∑
x,y∈Qn

f(y)<f(x)

(f(x)− f(y))3

6 sxy(w)
≤ 4n−1

n∑
j=1

Lj(f)

wj
. (7.6)

Proof. The positivity is Lemma 7.1(ii). The inequality (7.3) holds for every real t, and we
integrate it over t.

The left-hand side. Let f(y) < f(x). By Lemma 7.3(i) with u = f(x) and v = f(y), the
integral of the term of the pair (x, y) in (7.3) is (f(x)− f(y))3/(6 sxy(w)). So the integral of
the left-hand side of (7.3) is the left-hand side of (7.6).

The right-hand side. For every j ∈ [n],∫
R
bj(gt) dt

(7.5)
=

∑
x∈Qn

∫
R
1{f(xj)≤t<f(x)} dt

Lem. 7.3(ii)
=

∑
x∈Qn

(
f(x)− f(xj)

)+
Lem. 7.3(iii)

= 2n−1 Lj(f).

So the integral of the right-hand side of (7.3) is 2n−1
∑

j 2
n−1Lj(f)/wj , which is the right-

hand side of (7.6). □
If f is constant, in particular if n = 0, there are no pairs x, y with f(y) < f(x), and the

left-hand side of (7.6) is 0.
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Example 7.5. Let n ≥ 1 and f(x) = x1. Then |f(x)− f(xS)| is 2 if 1 ∈ S and 0 otherwise,
so ax = (2, 0, . . . , 0) is a row of f at every point x.

We have f(y) < f(x) if and only if x1 = 1 and y1 = −1; there are 4n−1 such pairs, and for
each of them (f(x) − f(y))3 = 8 and sxy(w) = 4w1. Further L1(f) = 2, and Lj(f) = 0 for
j ≥ 2. So the left-hand side of (7.6) is 4n−1/(3w1), and the right-hand side is 2 · 4n−1/w1.

7.3. The third-moment inequality. In the integrated all-pairs inequality (Proposition 7.4)
the weights are removed with Lemma 5.3. We keep only the pairs (x, y) in which f(x) lies
above a threshold r and f(y) does not. The result bounds the product of the third moment
of the part of f above r and the probability that f ≤ r.

Theorem 7.6 (Third-moment inequality). Let n ≥ 0, let f : Qn → R, and let K be a real
number such that for every x ∈ Qn there is a row ax of f at x with ‖ax‖1 ≤ K. Let M ≥ 0

be a real number such that Lj(f) ≤M for every j ∈ [n]. Then, for every real number r,

E
[
((f − r)+)3

]
· Pr[f ≤ r] ≤ 3

2
K2M, (7.7)

E
[
((r − f)+)3

]
· Pr[f ≥ r] ≤ 3

2
K2M. (7.8)

Proof. The right-hand sides are non-negative, because M ≥ 0. We prove (7.7) in three steps,
and then deduce (7.8) from it.

Fix r, and put
A = {x ∈ Qn : f(x) > r}, B = {y ∈ Qn : f(y) ≤ r}.

Since (f(x)− r)+ is equal to f(x)− r for x ∈ A and to 0 for x /∈ A,

E
[
((f − r)+)3

]
= 2−n

∑
x∈A

(f(x)− r)3, Pr[f ≤ r] = 2−n|B|. (7.9)

If A or B is empty, then the left-hand side of (7.7) is 0, and the inequality holds. From
now on let A and B be non-empty.

Step 1: the pairs in A×B. Let w ∈ (0,∞)n, x ∈ A and y ∈ B. Then f(y) ≤ r < f(x). So
sxy(w) > 0 by Lemma 7.1(ii), and

(f(x)− f(y))3 ≥ (f(x)− r)3 > 0.

All the terms of the sum in (7.6) are positive. We keep those of the pairs in A×B, multiply
by 6, and use Lj(f) ≤M . In this way Proposition 7.4 gives, for every w ∈ (0,∞)n,∑

x∈A

∑
y∈B

(f(x)− r)3

sxy(w)
≤

∑
x∈A

∑
y∈B

(f(x)− f(y))3

sxy(w)
≤

∑
x,y∈Qn

f(y)<f(x)

(f(x)− f(y))3

sxy(w)

≤ 6 · 4n−1
n∑

j=1

Lj(f)

wj
≤ 6 · 4n−1M

n∑
j=1

1

wj
. (7.10)

Step 2: removing the weights. We apply Lemma 5.3 to the sets A and B, to the vectors

λx =
ax

(f(x)− r)3
(x ∈ A), µy = ay (y ∈ B),
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to the sets J(x, y) = ∆(x, y), and to the constant C = 6 · 4n−1M . For these data,∑
j∈J(x,y)

wj λ
x
j µ

y
j =

sxy(w)

(f(x)− r)3
> 0 (x ∈ A, y ∈ B),

so condition (i) of the lemma holds, and condition (ii) is (7.10).
The cost of the vector λx is ‖ax‖1/(f(x)− r)3. The lemma therefore shows that the costs

‖ax‖1 for x ∈ A and ‖ay‖1 for y ∈ B are positive, and that(∑
x∈A

(f(x)− r)3

‖ax‖1

)(∑
y∈B

1

‖ay‖1

)
≤ 6 · 4n−1M. (7.11)

Step 3: the bound for the costs. For every point z of A or of B we have 0 < ‖az‖1 ≤ K; so
K > 0 and 1/‖az‖1 ≥ 1/K. All the terms in (7.11) are positive, and therefore

1

K2

(∑
x∈A

(f(x)− r)3
)
|B| ≤ 6 · 4n−1M.

With (7.9) this gives

E
[
((f − r)+)3

]
· Pr[f ≤ r] = 4−n

(∑
x∈A

(f(x)− r)3
)
|B| ≤ 4−n · 6 · 4n−1K2M =

3

2
K2M,

which is (7.7).
The inequality (7.8). For every x the vector ax is also a row of the function −f at x,

and Lj(−f) = Lj(f) for every j. So (7.7) holds for −f and −r in place of f and r. Since
(−f)− (−r) = r − f , and since −f ≤ −r if and only if f ≥ r, this is (7.8). □

A special case concerns two sets on which the values of f are separated by a gap, that is,
subsets of a superlevel set and of a sublevel set of f . These are the sets to which Lovett and
Zhang apply their conjectured inequality (Section 1.4).

Corollary 7.7 (Separated sets). Let f , K and M be as in Theorem 7.6. Let r and θ > 0 be
real numbers, and let X and Y be subsets of Qn such that f(x) ≥ r + θ for all x ∈ X and
f(y) ≤ r for all y ∈ Y . Then

2 θ3 · |X|
2n

· |Y |
2n

≤ 3K2M.

Proof. We have ((f − r)+)3 ≥ θ3 on X, and ((f − r)+)3 ≥ 0 everywhere; so E[((f − r)+)3] ≥
θ3|X|/2n. Further Pr[f ≤ r] ≥ |Y |/2n. The assertion follows from (7.7), multiplied by 2. □

7.4. The mean absolute increments. We apply the third-moment inequality (Theo-
rem 7.6) at a median of f , on both sides, and compare the third absolute moment of f
about the median with the variance. Two elementary facts are needed: the existence of a
median, and an inequality between the second and the third absolute moment.

Lemma 7.8 (Median). Let n ≥ 0 and f : Qn → R. Then there is a real number m such that

Pr[f ≤ m] ≥ 1

2
and Pr[f ≥ m] ≥ 1

2
.
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Proof. The function f has finitely many values, and its largest value vmax satisfies Pr[f ≤
vmax] = 1. Let m be the least value v of f with Pr[f ≤ v] ≥ 1

2 . Then Pr[f ≤ m] ≥ 1
2 .

If m is the least value of f , then Pr[f ≥ m] = 1. Otherwise let v′ be the largest value of
f that is less than m. Then f(x) < m if and only if f(x) ≤ v′, and Pr[f ≤ v′] < 1

2 by the
choice of m. Hence Pr[f ≥ m] = 1− Pr[f < m] > 1

2 . □
The second fact will be applied to the function z = f −m.

Lemma 7.9 (Second and third moments). Let n ≥ 0. For every function z : Qn → R,(
E[z2]

)3 ≤
(
E[|z|3]

)2
.

Proof. We use the Cauchy–Schwarz inequality of Section 5 twice, for families of numbers
indexed by the points x ∈ Qn: first for the numbers |z(x)|1/2 and |z(x)|3/2, and then for the
numbers 1 and |z(x)|. After division by 4n the two inequalities read(

E[z2]
)2 ≤ E[|z|] · E[|z|3],

(
E[|z|]

)2 ≤ E[z2].

We square the first inequality and insert the second:(
E[z2]

)4 ≤
(
E[|z|]

)2 (E[|z|3])2 ≤ E[z2] ·
(
E[|z|3]

)2
.

If E[z2] > 0, we divide by this number. If E[z2] = 0, there is nothing to prove. □
We can now prove the main result of this section, which is Theorem 1.3 of the introduction.

Theorem 7.10 (Mean absolute increments). Let n ≥ 0, let f : Qn → R be a function with
Var(f) > 0, and let K be a real number such that for every x ∈ Qn there is a row ax of f at
x with ‖ax‖1 ≤ K. Then n ≥ 1 and K > 0, and there is a coordinate j ∈ [n] with

Var(f)3 ≤ 36K4 Lj(f)
2, that is, Ex|f(x)− f(xj)| ≥ Var(f)3/2

6K2
.

Proof. Step 0: preliminaries. Since Var(f) > 0, the function f is not constant. So n ≥ 1,
and for every x ∈ Qn there is a point y with f(y) 6= f(x), whence

0 < |f(x)− f(y)| ≤ ax(∆(x, y)) ≤ ‖ax‖1 ≤ K. (7.12)
In particular K > 0.

Choose j ∈ [n] such that Lj(f) is as large as possible, and put M = Lj(f). Then M ≥ 0,
and Lk(f) ≤M for every k ∈ [n]. Let m be a number with the properties of Lemma 7.8.

Step 1: the third moment about the median. The expectation in (7.7) is non-negative, and
Pr[f ≤ m] ≥ 1

2 . So (7.7) with r = m gives
1

2
E
[
((f −m)+)3

]
≤ E

[
((f −m)+)3

]
· Pr[f ≤ m] ≤ 3

2
K2M.

In the same way, (7.8) with r = m and Pr[f ≥ m] ≥ 1
2 give 1

2 E[((m− f)+)3] ≤ 3
2K

2M .
We add the two inequalities, multiply by 2, and use the second relation in (7.2) with

ξ = f(x)−m:
E
[
|f −m|3

]
= E

[
((f −m)+)3

]
+ E

[
((m− f)+)3

]
≤ 6K2M. (7.13)
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Step 2: the variance. By (2.3) with c = m we have Var(f) ≤ E[(f −m)2]. By Lemma 7.9
with z = f −m, and by (7.13),

Var(f)3
(2.3)
≤

(
E[(f −m)2]

)3 Lem. 7.9
≤

(
E[|f −m|3]

)2 (7.13)
≤ 36K4M2.

Since M = Lj(f), this is the first form of the assertion. The second form follows by taking
square roots, because K > 0 and Lj(f) ≥ 0. □

With the row bound (Theorem 6.8) we obtain a statement about bounded functions of low
degree.

Corollary 7.11. Let n ≥ 0 and d ≥ 0 be integers, and let f : Qn → [−1, 1] be a function of
degree at most d with Var(f) > 0. Then n ≥ 1 and d ≥ 1, and there is a coordinate j ∈ [n]

with
Ex|f(x)− f(xj)| ≥ Var(f)3/2

6π4 d4
.

Proof. A function of degree at most 0 is constant, so d ≥ 1. By Theorem 6.8, the function f
has a row of cost at most π2d2 at every point. Theorem 7.10 with K = π2d2 gives n ≥ 1 and
the assertion, because K2 = π4d4. □

Corollary 7.11 is a quantitative form of the L1 version of the conjecture, the version in
which Aaronson and Ambainis first stated it; see [AA14, Conjecture 6.1], where E|p − Ep|
takes the place of the variance (note that Var(f) ≥ (E|f − Ef |)2).

They prove that the two versions are equivalent [AA14, Proposition 6.2]. One half of their
argument is the inequality (2.4), which we use now.

Together with (2.4), Corollary 7.11 gives a coordinate j with

Infj(f) ≥ Lj(f)
2

4
≥ Var(f)3

144π8 d8
.

Here Var(f) ≤ E[f2] ≤ 1 by (2.3) with c = 0, and therefore

Infj(f) ≥ 1

144π8

(Var(f)
d

)8
.

So a bound of the kind required in the conjecture of Section 1.1 already follows at this point.
Section 8 improves the exponents 3 and 8 of the first of the two bounds to the exponents 5

2

and 6 of Theorem 1.1.

Remark 7.12. (1) Every function f : Qn → R has a row at every point x. Indeed, let c =

maxy|f(x)−f(y)|. The vector (c, . . . , c) is a row of f at x, because |f(x)−f(xS)| ≤ c ≤ c |S|
for every non-empty set S, and |f(x)− f(xS)| = 0 for S = ∅.

So the hypothesis on the rows in Proposition 7.4 and in Theorems 7.6 and 7.10 can be met
for every f ; what matters is the cost of the rows.

(2) The cost cannot be small compared with the oscillation of f : as in (7.12), every row
a of f at x satisfies ‖a‖1 ≥ a(∆(x, y)) ≥ |f(x)− f(y)| for every y. Hence a number K as in
Theorem 7.10 is at least max f −min f .

(3) No bound for the values of f is assumed in Theorems 7.6 and 7.10, and their statements
are compatible with scaling.
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Let c > 0. Then c ax is a row of cf at x, and the passage from f , ax andK to cf , c ax and cK
multiplies Var(f) by c2 and Lj(f) by c. So both sides of the inequality Var(f)3 ≤ 36K4Lj(f)

2

are multiplied by c6.

7.5. Relation to the argument of Lovett and Zhang. In the argument by which Lovett
and Zhang derive the conjecture from their conjectured inequality [LZ, Claim 38], the function
f has values in [0, 1], the number t is the mean of f , and the two sets are

X = {x : f(x) ≤ t− α}, Y = {x : f(x) ≥ t+ α},
where the number α > 0, which is at most of the order of the variance of f , is chosen at the
end. The argument has four steps, and they are related to this section as follows.

The first step is that a fractional certificate at a point of X bounds from below the L∞
distance from this point to the convex hull of Y [LZ, Lemma 28]. Section 7.1 takes its place:
a row of f at x, divided by |f(x) − t|, is a row of gt at x if f(x) 6= t. This is used at every
level t, and not only near the mean.

The second step is the conjectured inequality [LZ, Conjecture 37], which would give a
coordinate that is influential for X or for Y ; it is not true as stated (see Section 9.1). Here
the all-pairs inequality is applied to gt instead (Lemma 7.2). The two sets are now {f > t}
and {f ≤ t}, with no gap between them, and the inequality involves all the pairs of points,
one from each set.

In [LZ] the sets X and Y are large because the variance of f is not small [LZ, Claim 30].
Here Theorem 7.6 is applied at a median m of f , so that Pr[f ≤ m] and Pr[f ≥ m] are
at least 1

2 (Section 7.4). Corollary 7.7 is the form of Theorem 7.6 for two sets which are
separated by a gap, as X and Y are.

The last step of [LZ] passes from the set to the function: α is chosen in such a way that
few values of f lie just above the level t − α, and for such an α the coordinate is influential
for f . This step has no counterpart here. The inequality of Lemma 7.2 is integrated over all
levels (Section 7.2), and the integral of its right-hand side is expressed by the increments of
f itself. No level is chosen.

As in [LZ], the conclusion is a lower bound for the mean of |f(x)−f(xj)| for some coordinate
j (Theorem 7.10).

8. Averaging and the proof of the main theorem

Theorem 7.10 gives a coordinate j for which the mean absolute increment Lj(f) is large.
The main theorem (Theorem 1.1) concerns the influences Infj(f), which are means of squares.
In this section we pass from the one to the other.

The idea is the following. Call a coordinate k light if Infk(f) is small compared with Lk(f),
in the sense made precise in the proof of Theorem 8.3.

The influences of the light coordinates have a small sum, so the function h obtained from
f by averaging over the light coordinates retains a fixed fraction of the variance of f .

Averaging increases neither the cost of the rows nor the mean absolute increments, and for
the coordinates over which one has averaged the mean absolute increments vanish.

So Theorem 7.10, applied to h, produces a coordinate j that is not light and for which
Lj(f) is large. For such a coordinate Infj(f) is large (Theorem 8.3).
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Together with the row bound (Theorem 6.8) and Corollary 6.10, this gives Theorem 1.1.

8.1. Averaging over coordinates. For a function f : Qn → R and a coordinate j ∈ [n],
the average of f over the coordinate j is the function Avj f : Qn → R with

(Avj f)(x) =
f(x) + f(xj)

2
(x ∈ Qn).

The following lemma lists the properties of this function that we need.

Lemma 8.1 (Averaging over one coordinate). Let n ≥ 1, let f : Qn → R and j ∈ [n], and
put h = Avj f .

(i) Eh = Ef , and Var(f) = Var(h) + Infj(f).
(ii) Infk(h) ≤ Infk(f) and Lk(h) ≤ Lk(f) for every k ∈ [n].
(iii) Lj(h) = 0.
(iv) Let K be a real number, and for every x ∈ Qn let ax be a row of f at x with

‖ax‖1 ≤ K. Then, for every x ∈ Qn, the vector bx = (ax + ax
j
)/2 is a row of h at x,

and ‖bx‖1 ≤ K.

Proof. The map x 7→ xj is a bijection of Qn which preserves the measure; so Ex[φ(x
j)] =

Ex[φ(x)] for every function φ : Qn → R. Moreover (xj)j = x, and therefore
h(xj) = h(x) for every x ∈ Qn. (8.1)

(i) The first statement holds because Ex[f(x
j)] = Ef .

For the second, let ν = Ef = Eh. Fix x ∈ Qn, and put p = h(x) − ν and q = (f(x) −
f(xj))/2. Then f(x)−ν = p+q and f(xj)−ν = p−q, and since (p+q)2+(p−q)2 = 2p2+2q2,

(f(x)− ν)2 + (f(xj)− ν)2 = 2 (h(x)− ν)2 + 2
(f(x)− f(xj)

2

)2
.

Taking the expectation over x, we get 2Var(f) = 2Var(h) + 2 Infj(f).
(ii) Let k ∈ [n]. Fix x ∈ Qn, and put

P = f(x)− f(xk), Q = f(xj)− f
(
(xj)k

)
.

Since (xk)j = (xj)k, we have h(x)− h(xk) = (P +Q)/2. Hence, using (P +Q)2 ≤ 2P 2 +2Q2

for the second inequality,

|h(x)− h(xk)| ≤ |P |+ |Q|
2

,
(h(x)− h(xk)

2

)2
≤ 1

2

(P
2

)2
+

1

2

(Q
2

)2
.

We take the expectation over x. The number Q is obtained from P by the substitution of
xj for x; so

Ex|Q| = Ex|P | = Lk(f) and Ex

[
(Q/2)2

]
= Ex

[
(P/2)2

]
= Infk(f).

This gives Lk(h) ≤ Lk(f) and Infk(h) ≤ Infk(f).
(iii) This follows from (8.1).
(iv) The entries of bx are non-negative, and ‖bx‖1 = (‖ax‖1 + ‖axj‖1)/2 ≤ K.
Let S ⊆ [n]. Since (xS)j = (xj)S ,

h(x)− h(xS) =

(
f(x)− f(xS)

)
+

(
f(xj)− f((xj)S)

)
2

.



A PROOF OF THE AARONSON–AMBAINIS CONJECTURE 49

The vector ax is a row of f at x, and ax
j is a row of f at xj . Therefore

|h(x)− h(xS)| ≤ ax(S) + ax
j
(S)

2
= bx(S). □

For a set R ⊆ [n], the average of f over the coordinates in R is the function AvR f : Qn → R
with

(AvR f)(x) = 2−|R|
∑
T⊆R

f(xT ) (x ∈ Qn).

Thus Av∅ f = f .
The averages over sets are obtained by averaging over one coordinate at a time:

AvR∪{j} f = Avj
(
AvR f

)
for R ⊆ [n] and j ∈ [n] \R. (8.2)

Indeed, the subsets of R∪{j} are the sets T and T ∪{j} with T ⊆ R, and xT∪{j} = (xj)T

for these T . So

(AvR∪{j} f)(x) = 2−|R|−1
∑
T⊆R

(
f(xT ) + f

(
(xj)T

))
=

(AvR f)(x) + (AvR f)(x
j)

2
.

By (8.2), the properties of Lemma 8.1 pass to averages over sets. The next lemma states
them in the form in which they are used in the proof of Theorem 8.3.

Lemma 8.2 (Averaging over a set of coordinates). Let n ≥ 0, let f : Qn → R, and let K be
a real number such that for every x ∈ Qn there is a row of f at x of cost at most K. Let
R ⊆ [n], and put h = AvR f . Then:

(i) for every x ∈ Qn there is a row of h at x of cost at most K;
(ii) Var(f) ≤ Var(h) +

∑
i∈R Infi(f);

(iii) Infk(h) ≤ Infk(f) and Lk(h) ≤ Lk(f) for every k ∈ [n];
(iv) Li(h) = 0 for every i ∈ R.

Proof. We use induction on |R|. If R = ∅, then h = f , and the four statements are clear.
Let R = R′ ∪ {j} with j /∈ R′, and suppose that the lemma holds for R′ and the function

h′ = AvR′ f . By (8.2), h = Avj h
′. We apply Lemma 8.1 to the function h′ and the coordinate

j.
(i) By the statement (i) for R′, the function h′ has a row of cost at most K at every point.

By Lemma 8.1(iv), so has h.
(ii) By Lemma 8.1(i) and by the statement (iii) for R′,

Var(h′) = Var(h) + Infj(h
′) ≤ Var(h) + Infj(f).

Together with the statement (ii) for R′ this gives

Var(f) ≤ Var(h′) +
∑
i∈R′

Infi(f) ≤ Var(h) +
∑
i∈R

Infi(f).

(iii) By Lemma 8.1(ii) and by the statement (iii) for R′, we have Infk(h) ≤ Infk(h
′) ≤

Infk(f) and Lk(h) ≤ Lk(h
′) ≤ Lk(f) for every k.

(iv) By Lemma 8.1(iii), Lj(h) = 0. For i ∈ R′, the statement (iv) for R′ and Lemma 8.1(ii)
give 0 ≤ Li(h) ≤ Li(h

′) = 0. □
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8.2. From mean absolute increments to influences. The following theorem is Theo-
rem 1.4 of the introduction. Like Theorem 7.10, it assumes no bound for the values of f .

Theorem 8.3 (Influences). Let n ≥ 0, let f : Qn → R be a function with Var(f) > 0, and let
K be a real number such that for every x ∈ Qn there is a row ax of f at x with ‖ax‖1 ≤ K.
Let L(f) =

∑n
k=1 Lk(f). Then n ≥ 1 and 0 < L(f) ≤ K, and there is a coordinate j ∈ [n]

with

3 Var(f)5 ≤ 3125L(f)2K4 Infj(f)
2, that is, Infj(f) ≥

√
15

125
· Var(f)

5/2

L(f)K2
.

In particular, Infj(f) ≥ (
√
15/125) Var(f)5/2/K3 for this coordinate j.

Proof. Step 0: the number L(f). By Theorem 7.10, n ≥ 1 and K > 0, and there is a
coordinate j0 ∈ [n] with Var(f)3 ≤ 36K4Lj0(f)

2. Since Var(f) > 0, this shows that Lj0(f) >

0, and so L(f) ≥ Lj0(f) > 0.
For the upper bound let x ∈ Qn. Definition 2.3 with S = {k} gives |f(x)− f(xk)| ≤ axk for

every k ∈ [n], and therefore
n∑

k=1

|f(x)− f(xk)| ≤ ‖ax‖1 ≤ K for every x ∈ Qn.

Taking the expectation over x, we get L(f) ≤ K.
Step 1: the light coordinates. We write V = Var(f) and L = L(f), and we put

R =
{
k ∈ [n] : 5L Infk(f) < 2V Lk(f)

}
.

All the numbers Lk(f) are non-negative, and their sum is L. Hence

5L
∑
k∈R

Infk(f) ≤ 2V
∑
k∈R

Lk(f) ≤ 2V L,

and since L > 0 it follows that ∑
k∈R

Infk(f) ≤ 2

5
V. (8.3)

Step 2: averaging. Let h = AvR f . By Lemma 8.2(ii) and (8.3),

Var(h) ≥ V −
∑
k∈R

Infk(f) ≥ 3

5
V > 0.

By Lemma 8.2(i), the function h has a row of cost at most K at every point. So Theo-
rem 7.10 applies to h, with the same number K: there is a coordinate j ∈ [n] with(3

5
V
)3

≤ Var(h)3 ≤ 36K4 Lj(h)
2. (8.4)

Step 3: the coordinate j is not light. By (8.4) we have Lj(h) > 0, and so j /∈ R by
Lemma 8.2(iv). By the definition of R, this means that 2V Lj(f) ≤ 5L Infj(f). Since
Lj(h) ≤ Lj(f) by Lemma 8.2(iii), we get

0 < 2V Lj(h) ≤ 2V Lj(f) ≤ 5L Infj(f). (8.5)
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Step 4: conclusion. We multiply (8.4) by (2V )2 and use (8.5):
108

125
V 5 =

(3
5
V
)3

(2V )2 ≤ 36K4
(
2V Lj(h)

)2
≤ 36K4

(
5L Infj(f)

)2
= 900L2K4 Infj(f)

2.

Multiplying by 125/36, we obtain 3V 5 ≤ 3125L2K4 Infj(f)
2, which is the first form of the

assertion.
The second form follows by taking square roots, because LK2 > 0 and Infj(f) ≥ 0, and

because
√

3/3125 =
√
15/125. Since L ≤ K, the last statement of the theorem follows from

the second form. □

8.3. Proof of the main theorem.

Proof of Theorem 1.1. Let n ≥ 1 and d ≥ 1, and let f : Qn → [−1, 1] be a function of degree
at most d. If Var(f) = 0, then every j ∈ [n] has the required property, because Infj(f) ≥ 0;
and [n] is not empty.

Let Var(f) > 0. By Theorem 6.8, for every x ∈ Qn there is a row ax of f at x with
‖ax‖1 ≤ π2d2. By Corollary 6.10, L(f) ≤ 4d2.

Theorem 8.3 with K = π2d2 shows that L(f) > 0, and it gives a coordinate j ∈ [n] with

Infj(f) ≥
√
15

125
· Var(f)5/2

L(f) (π2d2)2
≥

√
15

125
· Var(f)

5/2

4d2 · π4d4
=

√
15

500π4
· Var(f)

5/2

d6
. □

It remains to prove Corollary 1.2, the form of the theorem in the normalisation of [AA14],
which was stated in Section 1.

Proof of Corollary 1.2 from Theorem 1.1. Since Var[p] > 0, the polynomial p is not constant
on {0, 1}n; hence n ≥ 1 and d ≥ 1. For x ∈ Qn put

f(x) := 2 p
(1− x1

2
, . . . ,

1− xn
2

)
− 1.

The map x 7→ X = ((1− x1)/2, . . . , (1− xn)/2) is a bijection from Qn onto {0, 1}n which
carries xi to Xi and the uniform measure to the uniform measure. Hence |f | ≤ 1 on Qn,
Var(f) = 4Var[p], and

Infi(f) = Ex

[(f(x)− f(xi)

2

)2]
= EX

[
(p(X)− p(Xi))2

]
= Inf i[p].

The function f has degree at most d: expanding p gives f as a real linear combination of
products

∏
i x

ki
i with

∑
i ki ≤ d, and on Qn such a product equals χT with T = {i : ki odd},

a set of size at most d.
Theorem 1.1 therefore gives an i with

Infi[p] = Inf i(f) ≥
√
15

500π4
· (4Var[p])

5/2

d6
=

8
√
15

125π4
· Var[p]

5/2

d6
,

because 45/2 = 32 and 32/500 = 8/125.
For the second inequality we show that

8
√
15

125π4
· v

5/2

d6
≥

(v
d

)7
for every real number v with 0 < v ≤ 1

4 . (8.6)
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Put t = v/d; then 0 < t ≤ 1
4 , because d ≥ 1. We have

v5/2

d6
=

t6

v7/2
≥ 128 t6,

since v7/2 ≤ 4−7/2 = 1
128 .

Moreover
√
15 > 7

2 , and π4 < 100 because π2 < 10. So the left-hand side of (8.6) is at
least

8 · 7
2

125 · 100
· 128 t6 =

3584

12500
t6 ≥ 1

4
t6 ≥ t7.

Since 0 ≤ p ≤ 1 on {0, 1}n we have p2 ≤ p there, so Var[p] ≤ E[p]−E[p]2 ≤ 1
4 . Hence (8.6)

applies to v = Var[p], and this is the second inequality of the corollary.
For the last sentence of the corollary let Var[p] ≥ ε > 0. Then Var[p]5/2 ≥ ε5/2, which

gives the first inequality, and ε ≤ 1
4 , so that (8.6) applies to v = ε and gives the second. □

Remark 8.4 (The constants). The proof of Theorem 1.1 uses two properties of a function
f : Qn → [−1, 1] of degree at most d: it has a row of cost at most π2d2 at every point, and∑

j |f(x)− f(xj)| ≤ 4d2 at every point x. For both properties better constants are known.
(1) By [ABD, Theorem 1.7], applied to the function (1 + f)/2 (equivalently, by [ABD,

Theorem 3.3] and Proposition 6.7), the function f has, at every point, a row of cost at most
π2

2 d
2 (Remark 6.9).

If these rows are used in the proof of Theorem 1.1, that is, if Theorem 8.3 is applied with
K = π2

2 d
2, the result is

Infj(f) ≥
√
15

125
· Var(f)5/2

4d2 (π2d2/2)2
=

√
15

125π4
· Var(f)

5/2

d6
,

and the first bound of Corollary 1.2 becomes

Infi[p] ≥ 32
√
15

125π4
· Var[p]

5/2

d6
.

Thus the constants of Theorem 1.1 and of Corollary 1.2 are multiplied by 4.
(2) The inequality of Filmus, Hatami, Keller and Lifshitz [FHKL, Theorem 3.3], which is

recalled in Remark 6.9, gives
∑

j |f(x)−f(xj)| ≤ 2d2 at every point x, and hence L(f) ≤ 2d2.
If it is used in place of Corollary 6.10, the constants of Theorem 1.1, of Corollary 1.2 and of
(1) are multiplied by a further factor 2.

Remark 8.5 (The exponents). The exponents arise as follows.
(1) In the integrated all-pairs inequality (7.6), the left-hand side is of the third order in

the differences f(x) − f(y), and the right-hand side is of the first order in the increments
f(x)− f(xj).

Of the three factors on the left, two come from the rows of gt at x and at y, which are
the rows of f divided by |f(x) − t| and by |f(y) − t|, and one comes from the length of the
interval of the levels t between f(y) and f(x). The two rows also account for the factor K2

in (7.7).
This leads to the inequality E|f−m|3 ≤ 6K2maxk Lk(f) of (7.13), and so to the exponents

3
2 and 2 of Theorem 7.10.

(2) Theorem 7.10 and the inequality Lj(f)
2 ≤ 4 Infj(f) of (2.4) give a coordinate j with

Var(f)3 ≤ 144K4 Infj(f).
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The proof of Theorem 8.3 does not use (2.4). The coordinate j found there is not light,
that is,

Infj(f) ≥ 2 Var(f)

5L(f)
· Lj(f).

The lower bound for Lj(f) is of the order of Var(f)3/2/K2. In the proof of Theorem 8.3
it is not squared; it is multiplied by a number of the order of Var(f)/L(f). The result is of
the order of Var(f)5/2/(L(f)K2).

(3) The resulting bound is the stronger one. Indeed, K ≥ max f−min f by Remark 7.12(2).
Further max f −min f ≥ 2Var(f)1/2: this follows from (2.3) with c = (max f +min f)/2,

because |f(x)− c| ≤ (max f −min f)/2 for every x. Hence
√
15

125
· Var(f)

5/2

K3
≥ 2

√
15

125
· Var(f)

3

K4
>

Var(f)3

144K4
.

(4) For a function f : Qn → [−1, 1] of degree at most d, the number K can be taken of
the order of d2, and L(f) is at most of this order. This gives the exponents 5

2 and 6 of
Theorem 1.1.

9. Remarks and open questions

This section contains a comparison of the two-sided inequality (Theorem 5.4) with results
on certificates and decision trees (Section 9.1), examples which concern the exponent of the
variance, the dependence on the degree and the constant of the row bound (Sections 9.2, 9.3
and 9.4), and open questions (Section 9.5).

9.1. Certificates and decision trees. Let g : Qn → {0, 1} be non-constant. A certificate
of g at x is a set C ⊆ [n] such that g(y) = g(x) for every y ∈ Qn with yi = xi for all i ∈ C.

These points y are the points xS with S ∩ C = ∅. So C is a certificate at x if and only if
every sensitive block of g at x meets C, that is, by (2.5), if and only if the indicator vector
of C is a row of g at x; the cost of this row is |C|.

Suppose that g has a certificate of size at most c1 at every point of O, and a certificate
of size at most c0 at every point of N . For the corresponding rows the two averages in
Theorem 5.4 are at least Pr[g = 1]/c1 and Pr[g = 0]/c0, and the theorem gives

max
j∈[n]

Ij(g) ≥ 4 Pr[g = 1] Pr[g = 0]

c0 c1
. (9.1)

For the function of Example 2.5 one can take c1 = 2 and c0 = 1, and (9.1) is the bound 3
8

found there.
We compare (9.1) with the theorem of O’Donnell, Saks, Schramm and Servedio [OSSS].
A decision tree is a rooted binary tree in which every inner node is labelled by a coordinate

i ∈ [n], its two outgoing edges are labelled by −1 and 1, every leaf is labelled by 0 or 1, and
the labels of the inner nodes on each path from the root to a leaf are distinct.

On the input x ∈ Qn one starts at the root and, at an inner node labelled i, follows the
edge labelled xi, until a leaf is reached; the labels of the inner nodes on this path are the
coordinates queried on x. The tree computes g if for every x the label of the leaf reached is
g(x).
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For a decision tree T let δj(T ) be the probability that the coordinate j is queried on
a uniformly distributed input, and let ∆(T ) =

∑
j δj(T ); this is the average number of

coordinates queried.
The depth of T is the largest number of coordinates queried on an input, and D(g) is the

least depth of a decision tree that computes g.
In this notation, Theorem 1.1 of [OSSS], for the uniform measure, is the first of the

inequalities

4 Pr[g = 1] Pr[g = 0] ≤
n∑

j=1

δj(T ) Ij(g) ≤ ∆(T ) max
j∈[n]

Ij(g), (9.2)

valid for every decision tree T that computes g.
(In [OSSS] the functions take the values ±1; the function 2g − 1 has variance 4Pr[g =

1]Pr[g = 0], and its influences in the sense of [OSSS] are the numbers Ij(g).)
Since ∆(T ) is at most the depth of T , it follows that

max
j∈[n]

Ij(g) ≥ 4 Pr[g = 1] Pr[g = 0]

D(g)
, (9.3)

which is the statement quoted in Section 1.4.
The coordinates queried on an input x form a certificate of g at x, because every y that

agrees with x in these coordinates follows the same path. Hence one can take c0 = c1 = D(g)

in (9.1); the resulting bound is weaker than (9.3) by the factor D(g).
In the other direction, D(g) ≤ c0c1 by a classical inequality, found independently by Blum

and Impagliazzo [BI], by Hartmanis and Hemachandra [HH] and by Tardos [Tar] (see [Smy02,
p. 221] and [KT, Section 6]), so that (9.1) follows from (9.3) as well.

The bounds (9.1) and (9.3) involve the largest size of a certificate and the largest number
of queried coordinates, whereas Theorem 5.4 and (9.2) involve averages. This can make a
large difference.

Let n ≥ 2, and let g(x) = 1 if x1 = 1 or x2 = · · · = xn = 1, and g(x) = 0 otherwise; then
Pr[g = 0] = 1

2 − 2−n.
Let u = (−1, 1, . . . , 1). Every certificate of g at u contains {2, . . . , n}, because g(u) = 1

and g(ui) = 0 for i ≥ 2. Hence c1 ≥ n−1 in (9.1), and D(g) ≥ n−1, because the coordinates
queried on u form a certificate.

As Pr[g = 1]Pr[g = 0] ≤ 1
4 , and c0 ≥ 1 because a certificate of a non-constant function is

not empty, the right-hand sides of (9.1) and (9.3) are at most 1/(n− 1).
On the other hand, at a point x with x1 = 1 the set {1} is a certificate, and at a point x

with x1 = −1 and xi = −1, where i ≥ 2, the set {1, i} is a certificate. With the corresponding
rows, and any row at u, the left-hand side of the inequality of Theorem 5.4 is at least

4 · 1
2
· 1
2

(1
2
− 2−n

)
=

1

2
− 2−n.

The inequality (9.2) gives a bound of the same order for g. Indeed, let T be the decision
tree which queries the coordinate 1, stops with the value 1 if x1 = 1, and otherwise queries
the coordinates 2, 3, . . . , n in this order, stopping with the value 0 at the first i with xi = −1,
and with the value 1 if there is no such i.
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It computes g, and δ1(T ) = 1 and δj(T ) = 21−j for j ≥ 2. So ∆(T ) = 2− 21−n, and (9.2)
gives

max
j

Ij(g) ≥ 1− 41−n

2− 21−n
.

(In fact maxj Ij(g) = I1(g) = 1− 21−n.)
Averages of reciprocal costs, in place of the largest cost, are also essential in Section 7.

There the vectors ax/(f(x)−r)3 are inserted into Lemma 5.3, from which Theorem 5.4 was
deduced.

These vectors have arbitrary non-negative real entries, their costs ‖ax‖1/(f(x)− r)3 admit
no bound in terms of K (they are large at the points x where f(x) is close to r), and the
conclusion of the lemma involves only the sum of the reciprocals of these costs.

Neither of the two averages in Theorem 5.4 can be replaced by the corresponding proba-
bility.

Let w ≥ 1 be an integer, let m = 2w and n = wm, let T1, . . . , Tm be pairwise disjoint
subsets of [n] with w elements each, and let g(x) = 1 if there is a k such that xi = 1 for all
i ∈ Tk, and g(x) = 0 otherwise; functions of this kind are the tribes functions of Ben-Or and
Linial [BL] (see also [OSSS]).

Then Pr[g = 0] = (1 − 1/m)m. By Bernoulli’s inequality, (1 − 1/m)m/2 ≥ 1
2 , and

(1−1/m)m ≤ e−1 because 1− s ≤ e−s for real s; hence
1

4
≤ Pr[g = 0] <

1

2
.

For a coordinate j ∈ Tk we have g(x) 6= g(xj) if and only if xi = 1 for all i ∈ Tk \ {j} and
there is no l 6= k such that xi = 1 for all i ∈ Tl; so

Ij(g) = 21−w(1− 1/m)m−1 ≤ 21−w.

At a point x with g(x) = 1, a set Tk such that xi = 1 for all i ∈ Tk is a certificate, and its
indicator vector is a row of cost w. With these rows at the points of O,

4Ex

[1{g(x)=1}

‖λx‖1

]
Pr[g = 0] =

4

w
Pr[g = 1] Pr[g = 0] ≥ 1

2w
≥ 2w

4w
max
j∈[n]

Ij(g),

and 2w/(4w) is unbounded.
So the inequality of Theorem 5.4 does not remain true if its second average is replaced by

Pr[g = 0]. The function 1− g has the same rows and the same numbers Ij as g, so the same
holds for the first average and Pr[g = 1].

This is consistent with Theorem 5.4: at a point x with g(x) = 0 the m sets {i ∈ Tk : xi =

−1} are pairwise disjoint sensitive blocks of g at x, so every row of g at x has cost at least
m = 2w.

The same function shows that the conjectured inequality of Lovett and Zhang [LZ, Conjec-
ture 37], which is recalled in Section 1.4, is not true as stated. In the coordinates (1 + xi)/2

used in [LZ], let X = g−1(1) and Y = g−1(0). If Tk consists of ones at a point x ∈ X, then
every y ∈ Y has a zero in Tk, so the mean of 1 − zi over i ∈ Tk is at least 1/w for every z

in the convex hull of Y ; and the average of the w points of Y obtained from x by setting
the jth coordinate of every block of ones to 0 (j = 1, . . . , w) is at L∞ distance 1/w from x.
So every point of X has L∞ distance exactly 1/w from the convex hull of Y . On the other
hand, the influences of [LZ, Definition 36] are Prx∈X [xi /∈ X] = Ii(g)/(2Pr[g = 1]) ≤ 2−w and
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Pry∈Y [y
i /∈ Y ] = Ii(g)/(2Pr[g = 0]) = 1/(2w − 1), which tend to 0 exponentially in w. With

X and Y exchanged the distance is 2−w, so for this pair of sets the failure is one-sided. The
example concerns the conjectured inequality for arbitrary sets, not the level sets of functions
of low degree to which [LZ, Claim 38] applies it.

9.2. The exponent of the variance. Let n ≥ 1 and let f = f̂(∅) +
∑n

i=1 f̂({i})xi be a
function of degree at most 1 on Qn with |f | ≤ 1. Then

f(x)− f(xj) = 2f̂({j})xj , so that Infj(f) = f̂({j})2,

and Var(f) =
∑n

i=1 f̂({i})2 by the orthonormality of the functions χT .
Let x be the point with xi = 1 if f̂({i}) ≥ 0 and xi = −1 otherwise. Then

f(x) = f̂(∅) +
∑
i

|f̂({i})| ≤ 1 and f(x̄) = f̂(∅)−
∑
i

|f̂({i})| ≥ −1,

whence
∑

i|f̂({i})| ≤ 1.
Therefore

Var(f) =

n∑
i=1

f̂({i})2 ≤ max
j

|f̂({j})| ·
n∑

i=1

|f̂({i})| ≤ max
j

|f̂({j})|,

that is,
max
j∈[n]

Infj(f) ≥ Var(f)2.

For f = (x1 + · · ·+ xn)/n there is equality: Var(f) = 1/n and Infj(f) = 1/n2 for every j.
Consequently, if c > 0, α and β are real numbers such that maxj Infj(f) ≥ c Var(f)α/dβ

for all n, d ≥ 1 and all f : Qn → [−1, 1] of degree at most d, then α ≥ 2, because the case
d = 1 gives n−2 ≥ c n−α for all n.

The same function shows what Theorems 7.10 and 8.3 lose. Let f = (x1+ · · ·+xn)/n. The
vector (2/n, . . . , 2/n) is a row of f of cost 2 at every point, since |f(x)− f(xS)| ≤ 2|S|/n.

These rows have the least possible cost, because every row a of f at x satisfies ai ≥
|f(x)− f(xi)| = 2/n for all i. Moreover Lj(f) = 2/n for every j, so that L(f) = 2.

With K = 2, Theorem 7.10 yields a coordinate j with Lj(f) ≥ n−3/2/24, whereas Lj(f) =

2/n. Theorem 8.3 yields a coordinate j with Infj(f) ≥ (
√
15/1000)n−5/2, whereas Infj(f) =

n−2.
In both cases the bound is smaller than the true value by a factor of the order of n1/2.

Since the rows have the least possible cost, none of this loss is due to the rows: it occurs in
the passage from the rows to the increments and to the influences.

9.3. The dependence on the degree. There is no lower bound for maxj Infj(f) in terms
of Var(f) alone.

Let n = 2k + 1, and let f(x) ∈ {−1, 1} be the sign of x1 + · · · + xn; this sum is an odd
integer, hence not zero. Then f(x̄) = −f(x), so that Ef = 0 and Var(f) = E[f2] = 1.

Fix j. We have f(x) 6= f(xj) if and only if exactly k of the 2k coordinates xi with i 6= j

are equal to 1, and in this case
(
(f(x)− f(xj))/2

)2
= 1. Hence

Infj(f) = pk :=

(
2k

k

)
2−2k ≤ 1√

2k + 1
=

1√
n

(j ∈ [n]).
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The inequality holds for k = 0, and it passes from k to k + 1, because pk+1 = pk · 2k+1
2k+2 and

(2k + 1)(2k + 3) ≤ (2k + 2)2.
So the influences tend to 0 as n→ ∞, while the variance is equal to 1.

9.4. The constant in the row bound. Let d ≥ 1 and n ≥ 1, and let f(x) = Td
(
(x1+ · · ·+

xn)/n
)

for x ∈ Qn. These are the functions with which Filmus, Hatami, Keller and Lifshitz
show that their inequality

∑
i|f(x)− f(xi)|/2 ≤ d2, which is recalled in Remark 6.9, is sharp

[FHKL, Section 3].
By (C3), |f | ≤ 1. By (C1), f is a linear combination of the powers sk, 0 ≤ k ≤ d, of the

function s = (x1 + · · ·+ xn)/n, which has degree at most 1; so f has degree at most d.
Let a be a row of f at the point 1 = (1, . . . , 1) ∈ Qn. For every i ∈ [n],

ai ≥ |f(1)− f(1i)| = |Td(1)− Td(1− 2/n)| = 1− Td(1− 2/n),

by (C3). Hence ‖a‖1 ≥ n
(
1 − Td(1 − 2/n)

)
, and the right-hand side tends to 2T ′

d(1) = 2d2

as n→ ∞, by (C4).
Let us call a real number c admissible if for all n ≥ 0 and d ≥ 0, every function Qn → [−1, 1]

of degree at most d has, at every point, a row of cost at most c d2.
The example shows that every admissible number is at least 2. The number π2 is admissible

by Theorem 6.8, and π2/2 is admissible by Remark 6.9.

9.5. Open questions. The exponents. Theorem 1.1 is a bound of the form c Var(f)α/dβ

with α = 5
2 and β = 6. By Section 9.2 the exponent α in such a bound is at least 2, and by

Section 9.3 the bound has to depend on d.
We do not know the best exponents. In particular, we do not know whether there is a

bound of this form with α = 2.
The corresponding question for functions with rows is the following. Is there a constant

c > 0 such that every non-constant function f : Qn → R which has a row of cost at most K
at every point has a coordinate j with Infj(f) ≥ c Var(f)2/K2?

By Theorem 6.8, a positive answer would give a bound of the above form with α = 2 and
β = 4.

For Boolean functions the answer is positive. Indeed, let g : Qn → {0, 1} be non-constant,
with a row of cost at most K at every point. The two averages in Theorem 5.4 are at least
Pr[g = 1]/K and Pr[g = 0]/K. Since Ij(g) = 4 Infj(g) and Var(g) = Pr[g = 1]Pr[g = 0],
the theorem gives a coordinate j with Infj(g) ≥ Var(g)/K2, and Var(g) ≥ 4Var(g)2 because
Var(g) ≤ 1

4 .
The bijection. The proof of Theorem 3.1 obtains the bijection τ from a term of a determi-

nant that does not vanish. It would be interesting to have a direct combinatorial construction
of a bijection with the properties (a) and (b).

The row bound. Let c∗ be the infimum of the admissible numbers of Section 9.4, so that
2 ≤ c∗ ≤ π2/2. What is the value of c∗?
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Appendix A. Timeline of the discovery

In the run that produced the proof, before any statement or method in the table below
was first proposed, various instances of the model brought in from the literature Reimer’s
inequality and his Butterfly Lemma [Rei], and the dual inequality of Kahn, Saks and Smyth
[KSS], and set as a goal a version of these inequalities for fractional certificates. The table
gives, for the main statements of the paper, the order in which the statement or the method
was first proposed and the order in which a proof can best be identified, retrospectively, as
first written down; proofs written down together share a number.

order proposed order proved
Two-sided inequality (Theorem 1.5) 1 3
Integration over all levels (Section 7) 2 6
Antipodal inequality (Theorem 4.3) 3 1
All-pairs inequality (Proposition 5.2) 4 3
Determinant inequality (Corollary 3.2) 5 1
Bijection theorem (Theorem 3.1) 6 3
Averaging over coordinates (Section 8) 7 7

The first complete proof was written down during the third day of the run, together with
the proofs of the two-sided inequality, the all-pairs inequality and the bijection theorem, and
then checked in the Lean proof assistant. It gave the bound Var(f)8/(223π12d12) in place of
the bound of Theorem 1.1, that is, the exponent 22 in place of 7 in Corollary 1.2. After the
instances of the model were asked to push on open problems using the intermediate results
of the proof, they also improved the exponent of 22 by polishing these intermediate results:
the integration over all levels gave the exponent 11, checked in Lean, and then the averaging
over coordinates, together with the bound L(f) ≤ 4d2 of Corollary 6.10, gave the exponent
7, checked in Lean.
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