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1 PolyLog

PolyLog may be defined as the series below

[e.°] n

Lis(z) =Y % 2] < 1

n=1

Or integral
z oo gl
Lis(z) = =— —d
is(2) F(s)/o e — 20

1.1 Prerequisites
A

Let’s review the well-known Gamma Function
o0
I'(z) = / ¥ e dr, R(2) > 0
0
Integrate by parts we get:
I(z+1) =2I'(2)
From the Dominated convergence theorem, Gamma Function could be denoted as

[(z)= lim [ (1— )"z 'dx

n—oo Jq n

Simplify after recurring IBP, we have Weierstrass’s product form:

o0

1 z z
T = —e F 1 Zy-lew
@=L+ 57
Euler’s Reflection Formula: -
()Tl —2)=—
sin wz

It’s not hard to prove Legendre’s Duplication Formula by the trigonometric form of Beta Function:

22271

D)0 (= + )

I(2z) = Nz 5

Beta Function:
1 B
B(p,q) = / P71 — )9 e = 2/ sin??~! z cos®* 1 zdx, R(p) > 0,N(¢q) > 0
0 0

Which is closely associated with Gamma Function:

L'(p)L'(q)

mn@2f@+®



PolyGamma is defined by the nth derivative of the logarithm of Gamma Function:

d T2
v(z) = g 108T() = 1
Series representation:
R N
eI P E k+z
- 1
(M) () = (—=1)*T1p! - -
P (z) = (1) n.;(z+k)n+1

Integral representation:

B

Series

n=1 n
M) = 3 G ) >0
& _1\n—1
Blz)=> ((ini l)z,a%(z) >0

oo .’L'Z_l
/0 P ldx =T(2)n(z)
o0 xzfl
———dx =T(2)\
| SEmte =)

[ee] ‘szl

As well as Bernoulli and Euler numbers

_1)n—1 (271')2”
((2n) = (2(2n),
(_1)n7.(.2n+1

47+ (2n)]
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C

Fourier Series

o~ OS2
logsinx = —log2 — Z oS 2ne

n=1 n
— (—1)"cos2
logcosx = —log2 — Z ()w
n=1 n
The goal is to compute the Fourier series of g(x)
h(z) = logsin §

over [0, 27], or the Fourier series of f(x)
even function, we have to compute

logsinz over [0, 7], or the Fourier series of
x) = logcos § over [—m,7|. Since f(x) is an
1
-y
TJ_

2 us
cos(nz) log cos Tdo == / cos(nx) log cos Ldx
T 2 T Jo
for any n > 1 to be able to state

1
f(z) = o | f( d$+zan008n$ f+Zancosnx
n>1 n>1
for any x € (—m, 7). Integration by parts gives
2 /1 1 7r
n = — (n sin(nx) log cos zI + % sin(nz) tan gdx>
or just:
1 (7 sin(nz)sin(xz/2)
Qy = —
™

2 % cos((2n +1)x)

r = —— _—

0 cos(x/2) ™m
Since cos((2n + 1)z) = 2 cos x cos(2nx) — cos((2n — 1)z), we have

dz.
0 cos T
/’zr cos((2n + 1)x) de— /’5 cos((2n — 1)x) dp = (_1)nf.
0 cos T 0 cos T 2
This gives:
1 n+1
log cos S=224 Z
for any z € (—7

cos(nx)
n>1

, ).

hand side. Since

). In order to find ag, we can simply match f(0) = 0 with the series on the right

71n+1 1
Z( T)L _

x
n>1 R i
we have:
log cos —=—log2+ Z cos(nx) Vo € (—m,m)
n>1
and by translating the variable
logsin ~ = —log2 — lcosna: Vz € (0,27
g g n%:l — cos(nz) € (0,2m)



1
logsinz = —log2 — Z - cos(2nx) Vo € (0,m)
n>1

as wanted.
In fact proving from the right hand side is much clearer

oo

2 o0
710g2fZCOS ne :710g2f%Ze
n

n=1 n=1

2inx

n
= —log2 — QLi; (e*?)

= —log2 + Jlog(1 — e*'*)
= logsinx

From the series we have

Bl Bl
/ log sin xdz = / log cos xdx = —g log 2
0 0

Similarly we have the Catalan Constant

z
G= / log cot xdz = 5(2) = 0.915965594 - - -
0

1.2 Properties
A

It’s important to be acquainted with these specific formulas

Lio(z) = —

T 1-z
Li; (z) = —log(1 — z)
x

Lig(z) + Lig( )= —% log?(1 — z)

z—1
1
2

Liz(z) + Lis(1 — 2) = % —logzlog(l — x)
Take the third for example. To prove it, we simply need to differentiate on both sides:

log(1—2) log(l—=z) log(l—=x) log(l—x)
- + + =
T T 1—=z 1—=

1
Lig(x) + Lis(——) = =3 log*(1 —z) + C

Plug = = 0 we get the demanded form. The other identities can be proved using the same method.



Let’s prove them quickly:

N
“ Lip_ L Pramge
[y, [ ER

0 € 0 €
oo 1 xT

= Z kn—1 /0 wk_ldx

1.3 Practices

Ao001

Proof




A002

Proof
Apply

We have

A003

Proof
Apply

‘We have

1 . 57 log®2

Li =2
20777 = 96 8

+ 1(% log2 — G)

)= 3 log?(1 — )

z—1
Ll . 1 141
L12(T) + Lix(i) = ~3 log?( 5 )
1—i, 72 1 3 rlog?2
Lis 21)—1—8+1G:—§10g22+§—2+1”§g
1 572 log?2 . w
Li =— - i(=log2 —
(15 =9 ~ g Tigle2-0)

\/5—1)212710 2(1+¢5
2 0 %'

)

Lig(z) + Lia( )= —%logQ(l — )

z—1
1

2
Lis(z) + Liz(1 — 2) = % —logzlog(1 — )

Solve this system of equations

A004

13 1Y) = oY)

L) 50 - L B

L) 1) = T LY
Liz(\/S—1) ™ Og2(1+\/5)




Proof

A005

Proof

A006

Proof
Set

Then

J

3

! log(1+x2)d 2sx 1 [Tlog(l+a
== 2]
2

= — —log*2

1
1
2 2
dx:/o log“(1 4+« )d(—@)

1 L og(1 + 22 log(1 + 22
:‘510g22+2/ (eellrz) _ slog(l+ o)
0

T
2

Vi
= — —log”2
12 %

log cos xdx =

log 2

INE)
| Q

INE)

J
J

G
logsinzde = —— — glog2

I = /4 log cos xdx
0

B

4
I, = / log sin xdx
0

s

4 1
I +12:/ log(isin%:)dx
0
1 1%
:—%logQ—l—i/O log sin xdx

T
= T log2
9 &

y
I — I :/ log cot xdx
0

=G

1+ 22

)dz



Solve this system of equations

v
— T log2
18

ISl
N\ Q

log cos zdz =

. G w
logsinxdz = -3 1 log 2

A007 ]
1 71_2
/0 xlogcosxdx—?_:g] 128C( )
Proof
T £ oo . )
/ wlogcosxd:v——/ x(10g2+z( )" cos nx) .
0 0 n=1 n
T e _1)n z
=—10g2/ xdx—zu/ x cos 2nxdx
0 n=1 n 0
2 > n in(nx nm
7" (—=1)" mwsin(%F)  cos(%F) 1
=——1 2 — 2 P} b
32 8 nz:l n ( 3N + 2 4n2)
7T2 ( 1)” Sil’l(m) 1 ad ( 1) coSs M 1 0 n
=——log2— - A N R A 72 1
55 1082 — ¢ Z 2 o + - Z
n=1 n—1 —=
m? Tri (o Lo, 1
-3 log2 — §SL12(—1) - Z?Rng(— i)+ ZLl3( 1)
G 72
=— — —log2—- —
8 32 1284( )
A008 i .
’ TG 21¢3)
log(1+t dx log2 — 2
/0 zlog(1 + tan ) =5 : + 2



Proof

INE]

s - S
xlog(l 4+ tanz)dz = / zlog(v2sin(x + Z))dm - / x log cos xdx
0 0

J

™ ™

2 2 T T
:—logZ—I—/ (w—f)logsina:dx—/ x log cos zdx
64 z 4 0
2 T B
= —log2+/ (= — x)logcos zdx —/ x log cos zdx
2 T (% I
:—log2+f/ 1ogcosxdx72/ x log cos xdx
64 4 J, 0
2 G 21{(3)
=—log2 - —
61 %" "8 T Tw

A009 x
Bl 1
/ 22 cot zdz = 72 log 2 — ZC(?))
0 4 8
Proof
Consider . .
: —ix 1
cotr = — &) i oimo (e
e 1r __ elfl?
We have
/m2 cot zdx = —i/ac2dm — 2i/$2Lio(€2i$)dx
iz i
= - /x2d(Lil(e2W))
iz 2 2i 2i
=5 — z°Liy (e2*) + Z/xLil(e )dx
ir3 9 9 9 2
= I i @) i) + 1 [ Lin( )
iz ; i 1 i
=3 - 22Li; (e*®) — izLig(e*®) + §Lig(€2m) +C
Hence -
2 1 7
/ 22 cot zdz = ~72 log 2 — -((3)
A 4 8
A010 . . s
a 2 2 T T i
t de =-G+ — — — + —log2
/Oxanx:v +16 192+40g



Proof

Consider
(r*tanz)’ = 2z tanz + z?sec® ©
= 2%+ 2rtanz + 2% tan’® x
/m2 tan® zdz = 2% tanx — /xzdac — 2/xtanxdx
We have . s
Ey ,
/ z?tan® zdz = 2 tanx — % - 2i/x(1 + 2Lig(—e*7))dx
0
3 .
=2%tanz — 3~ iz? — 2/xd(Lil(—e2”E))
xg . .

=2%tanx — 3" iz? — 22Li; (—e?®) — iLig(—e?*) + C
Hence . ) .

1, 9 ™ ™ 0

t dr=-G+ — — — + —log?2
/Oa:ana:a: +16 1924—4t0g
A011
Lis(x) 3, 7
—————dz = -n"log2 — —((3
i g7 log2— 1=((3)

Proof

Lis(z) Lot 1 zlogy
W) = — dyda
o xV1—x? 0o Jo zvV1—221—ay

1 1
1
=— logy/ ——————duzdy
/0 0o (1—zy)V1—2a?

/17r—3wccosy1 q
- —F— logyay
0o 1—1y?

Lo — 5 +arcsinx

— 2 “logydy
0 V1—12

_7r/1 logy dy — b arcsin z log ydy
2Jo V1-y? 0 V1—y?

1 1 (" arcsin?
:f7r210g2—|—7/ wdy
Y

4 2 J,
1 12
:77r210g2+7/ y? cot ydy
1 2/,
3, 7
— 220e2 — L
g7 log2— 1=((3)
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A012
3

L arctan z T G
———logzder = —— + —
0

log 2
r+1 614 28

Proof
1
LHS = / arctan xd(Liz(—2) + log z log(z + 1))
0

5 [Tlogwl 1 ! Lip(—
:_1_/ de_/ fa(—) 1o
48  Jo z2+1 o 22+1
3 Mogz 1 1 | 1
:_1_/ wdw_/ /“gydd
48 0 x2+1 0 z2+1 z:erl

log x log( x—i—l

773/
A

1 ————dad
o= o8 [ i

o241

3 log z log(x + 1) Y log 2 log(y +1)

18 /0 241 /Oogy(4(y2+1)+2( ) B I A
__773_7r/1 ylogyd _10g2/1 logy
TR 1), 1Y ), 21

—_———
y—e~ Y y—e Y

™o [y log2 [ x

48+4/0 1V /0 et

m™ o7 log 2
=——4+ —n2)I'(2 2)T°(2

T TIre) + 2 )r()

3

T
=T T og2

61 2%
= RHS

A013 L 3
arctana: T 21w
—_— d ———G—— —((3
/0 o *zd 320g+64<§()
Proof

1
LHS = / arctan zd(—2Li3(—z) + 2log zLis(—2) + log(z + 1) log® x)
0

' 9Lig(—z) — 2log xLis(—z) — log(x + 1) log? z
1 log 1 ! 1) log?
// xogy L 2// zlogzlogy dd—/ 0g(x+)oga:dx
(zy +1)(z2 4+ 1) (xy + 1)( x2+1) o z2+1
M

11



1 log 2 log(y + 1)
_ 1 2 Yy . d
J / og y( n )+2(y2+1> 211 )dy

1 log2 [ log” ' log® y1 1
_ / ylog® yd og / og ydy_/ og ylogly+ 1),
4 y2+1 2 Jo y?+1 o y2+1

y—e Y y—e Y

o] 2 oo 2
T Y log 2 Y
= — d dy —
4/0 1Yt /0 o WM

ZnENE) +E25E)0E) - M

32
C( )+—log2—/\/1

x—!—y Y
k= /k’gy/ Ler (D 1D D@ )Y

xlogx Y /1 log x Y
= 1 d dx —
/0 Ogy(2+1_/0x2+1 x+y2+1 0x2+1x y2+1

1og x Z "(zy)"dx

-y (=9)"
— (n+1)
= —Liz(~y)

oo ™ [ logy _G/lylogyd _/1 log yLis(—y) ,
TRy 21 y?+1 1 Y
:7T2G—/1 log y / ylogzdd

24 o V¥¥+1 )y zy+1
2
™
_Ta-k
24
2
™
-"q
483
LHSz% (3)—J —2K - M
w2 73 217
21~ g loe2+ g ¢B)
= RHS
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A014

1 . 2
1 1 1 1 log~ 2
/O(de—QS(Lig(lJri))%(Lig( +1))—2Glog2—37r%
Proof
! log®(5%7) Y log? " og?(z +1)
LHS = -1 — w4y / d l/ ————=d
2/0 2yl Tt T e @
.7 K M
7 T T /5 log” x
o 22— 2z + 1
3 Jog?
:s/ % e
0o T— 5
2 2log’ x 2z
— _ Cx nd
J/0 1+i 2(14’) v
o] 1
(\Z 2 n+1/2 n] 2 d
- — z" log” zdx
= 141 0 &
%i J ”+1log2x_2m"+1logx 277 +1 )%
= 1—|—1 n+1 (n+1)2 (n+1)37],
1 n+1 11 n+1 o (%)nJrl
S(log? 2 2log 2 +1 s
ot S 2 G+ T
— S(log? 2Ly ! ) + 21og 2Lis( 1 ) + 2Li3( ! ))
& ST &2 ST
14
—9C log 2 + 23 (Lis(——))
1 .2
1
IC:%/ % Lz
o T —1
17 2
1
o [
o 1—7%
o0 1
= —%(Z(—i)"“/ 2" log? zdx)
n=0 0
= —3(2Li3(-1))
_r
16

13

33
128



r—1i

27 2
z+low %/ log 2 1
1

T —1i

1 2 log’x
= - d
J(1+i/1 - =

1 2
M:g/ log"(1+2)
0

=43 (Liz(1 +1)) — — — ——=— —2Glog?2
S(Lis( 411)) i 16 Glog
LHS = —— Z il
S 27+21C+2M
. . 1+ 3rlog?2  3m°
= 23(Lis(1 + 1)) — S(Lis(——)) — 2Glog 2 — 32g - s
= RHS
A015 ~ ,
2 1 1 1 1
/02 zlog? sin zdz = Li4(§) — QZQO + o log* 2 + E?TQ log? 2
Proof

Introduce a dual integral for its simpler form:

E 2
/ x log” cos xdz
0

Note that N
1 1
log( +e ) = logcos x + iz
1 2ix )
SI(log®( +2€ )) = 3z log? cosz — 2*
We have B ) i ,
2 1 bl 5 1 ix
/ aclog2 cosxdx = f/ 23dz + %/ logg( te )dx
0 3 0 0 2
md 1 4 1+e*
- Cx 1 3 d
192 6 /0 g (—5 )
4 1 1 37142
:L_,%/ 08" (%),
1926 ) =

14



I represents the upper half of the unit circle, apply the Residue formula:

1 37142 1 _
§R/ 0g(2)dz=/ 1(1og3(1 ﬁU)—logg’(l
r z 0 2

Hence

Since

Where

We proved

A016

T

1 1 2
log(1 — 1 1-—
:310g22/ Md%glogg/ M(m/
0 z 0 x 0

1 1 2 1 3
log(1 1 1 1
_310g22/ wdﬁgw/ wdx_/ log”(1+2)

2t

15

o\
[ME)

zlog? cos zdx =

0

log* 2

7974

+x

5 ))dz

0

1
A 2 log?2 OT +6Lis(3)

m2log?2  log*2 1

2880

6

CLis(=
24 i(3)

z 3 3
/ zlog? sin zdz = g / log? cos xdz — / xlog? cos zdx
0 0 0

B B 3 1 4 iz
/ log? cos zdz = / rdx + 8?/ log?( +2e )dx
0 0 0

1
+ §%i7r log? 2

B

Lis(z)
0o V1 — a2

R R

1
+ §7rlog2 2

1
/ zlog? sin zdx = Liy(Z)
0

2

1.
dx = 5L14(

1
2

)

197 i i
2880 24

4174 1

=+

15

5760 48

1
log* 2 + —7%log? 2

12

1
og?2 + 67r2 log? 2

Y og®(1 — )

0

1+z)
x

dx

dx



_96 8

1/ / xlog yd d
2 x\/l—xz
1
= lo dscd
2/ s y/ 1facy V1—a2 Y
1/ 7r—3mccosy1 q
2 ), T ydy
1 17r—§+arcsmx 9
- —=—log“yd
2 Jo \/1_72 & vy

log?y 1 (! arcsinz

d + —log” ydy
/ Vv1i-y VAR

1 1 (! arcsin®ylogy
— log“2 — = —=d
96+87T o8’ 2/0 Y Y

1 1 (2
— 4 —71?log?2 — 3 / y* log sin y cot ydy
0

[NE

1 1
%+87T log? 2+ = /0 ylog? sin ydy
1.1 417t

—Lis(2) + — —|——lg2—|— 7r10g2

2 2 9760 = 48 6
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1.4 More Practices
B001

~
Il
o\
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—
]
0]
8
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~
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8
N
SN—

8

[}
&

=g
I 199,
SR
o,

| = N~ N~ N =
@
8
|
—

!
w
=
Iy
—
w
=

I
AN
—~

w
~— ~—~

&
=
S
Y]

/ logxlog (1—2?)
0 1—=z

1
1 —
/ og(l —x) 1ngdx
0 11—z

1
1
/ og x log(1 —|—x)dx
1—-=z

/ log x log 1—x)dx

1—z
1
rlogxlog(l — z2?) 1ogzlog —x)
= dz —
/o 1— a2 1— a2 @)
2> 2>z
1 {!logzlog(l —x) 1 (Y22 logzlog(l — )
== ——————=dz + - dz —¢(3
4/0 1-z J"‘+4/O 1-z T=¢(3)
3 10?B(p, q
:_7<(3)+,#
4 4 Opdq p=1.q—0+

2
=((3) — % log 2
B003

(Euler Sum)

WK
:w‘:m

3
Il
—
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= —(¢(3) — Lis(t)) log(1 — t)

- / d(Lis (1)

b /1 Lip(t) log(1 — 1)
o Jo ¢

B004
> M
n42n
n=1
Let

Z n42n

We first consider a slightly different yet related sum

— (—1)"H,
S

n=1
Note that . -
0 6
n—1 3 _ n—1 —
/0 """ log xdx—w x dx_fﬁ
= ) log(1+ )
_ n 1H — J) — g
;( HZO kzo k +1 x(1+x)
We have
i (-1)"H, 1 /1 log®  log(1 +a)
_—_— —_—AdX
— 6 Jo x(1+x)
_ 1/1 loggxlog(l—&—x)dx_l/l loggxlog(l—&—x)dm
6 Jo x 6 Jo 1+
Therefore L )
1 log® z log(1 + x) 1 & —1)nt e
6/0 + EZ /0 2" og® zdx = —n(5)
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Apply a tricky transform:

19,3 2730
1/ log® 2 log(1 +x)dx _ %/ log® (z 1)10gxdx
0 1

6 1+ T
z—1—122
1 logxlogg(ﬁ)dm
N 1 T

Yog z(log z — log(1 — z))?

dx
T

Il |
D= =
m\.-‘\

Simplify after expanding;:

< (-=1)"H, L og zlog?(1 — L og? zlog?(1 —
Z( 24 =—n(5)+/ og z log”( w)dx_/ og zlog”(l —z)

1 6x 1 2z
n=1 2 2
Il IZ
173 1.4
1 log(1 — 1
n og” x log( x)dx— g T,
1 2z 1 bz
2 2
Ts 7,
Starting with the easiest integral,
1
Iy = 30 log® 2

For 73,

_i 3 3 3log2  3log®2 log® 2
- TL5 n52n n42n n32n+1 n22n+1

(1 (1 3., (7 2 1.
=3¢(5) —3Lis (= ) —3Lis (= ) log2 — 2log?2 ( =¢(3) — —log2 + = log® 2
3¢(5) — 3Lis (2> 3Liy <2> og 5 og (8C(3) 13 og +6 og )
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For 15,

1 log® zlog(1 — x) 1. 5 1 & o3 1 1
T, == log’ 2 08 T8 T e = Z10g®2 — = S Hp— -
6 ° +3/é 1-z YT 3; a3 \n+1  (n+1)2n+
1 = > . 2log2H,
=_1log"2 -y etn
68t nz::l (n 1y z:: n+1 42n+1 ; (n + 1)32n+1
i log2 2H, i log 2H,
= (n+1)227F1 £ 3(n 4 1)2n
L1065 2 + 4¢(5) g(s) 25 +2Lis (L) = T log2 + g()l 29 Lo
=—lo -0 - is| -] —5—lo 0 - —lo
6 08 3 5\2) " 360 ® S DR
1 1 1
—§C(3)log22+élog52—610g52
1 d 2 1
=—25+2Lis (= | +4 —log?2 log® 2 — —((3) + — log® 2
+2Lis (5 ) +4006) - g0 2 + 5003082 = T(3) + g5 log
FOI'.Il7
1, 1/é log?’mlog(lfx)dx
6 0 1_.'1/'
=5 X s ()
A 9,3 n+1
" on +1)2nt
- H, = log2H, = log 2H, =, log®2H,
_;(n+1)42n+1+z(n+1 32n+1 z:: 22n+1 nz::l 7?,—|-1 2n+1

. 1 4 2 5
—S—Tis (1) £ Totog2 — L(3) 10922 + - log® 2
S —Lis <2) + 2og 108 16§(3) 0g" 2+ 5, log

Combining these four integrals gives
o

— (-1)"H,, _ (1 31 )
> =38 = 6Lis ( 5 ) — 75¢(5) — 3Lis 10g2+24010g2

n=1

fgC(3)1022+7ﬁC()+—10 2— 31052
2 S 3 1278 °7 0 8

mese(n2)(y + 9(—2))

But consider f(z) = 1
z

At the positive integers,

> —1)" —1)"H,, = (-1)"H, 15
Z Res(f,n) = Zg{es (Z4Ez —)n)2 + ;(24(2)— n)> - Z % + ZC(5)

n=1

At z=0,
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At the negative integers,
> rests,-m = 3 C L P
n=1 ’ - n=1 714 16
Since the sum of the residues is zero,
> (-1)"H, 59 2
—— =——((5) + —=((3
n; . 25¢(5) + 15¢(3)

This implies that

>, H, 1 1 1 74 1 9
=2Li5 [ = ) + —=C(5) + Lis [ = ) log2 — ——log2 + =((3) log? 2
;n‘lZ” is <2> + 55¢(5) + Lis <2> 0g2 — —o-log 2+ S((3) log

2 2 1
—Z((3) = —log®2 4+ — log® 2
12¢(3) ~ 3gloe" 2+ g5 los
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