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Degree bounds on elimination ideals

Let f and g be “functions” verifying the following differentially algebraic
equations.

xf ′ + f 2 = 0

gg ′′ − (g ′)2 = 0

Then f+ g, fg and f/g verify similar differential equations (of order 3).

Can we predict the “size” (degree of the polynomial) of those
equations?
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D-algebraic functions

Definition

Let R be a commutative ring. A derivation on R is an additive map
∂ : R→ R satisfying the Leibniz rule:

∂(ab) = ∂(a)b+ a∂(b)

for all a, b ∈ R.

A differential ring (R, ∂) is given by a commutative ring R and a derivation
∂ on R.

A morphism of differential rings is a ring homomorphism that commutes
with the derivation of each ring.
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D-algebraic functions

Example

Any ring with the trivial derivation ∂ = 0.

Q[x], Q(x), QJxK, Q{{x}} with d
dx .

R{y} := R[y, y′, y′′, y(3), . . . ] with the unique derivation extending
that of R and ∂(y(i)) = y(i+1).

Universal evaluation morphism

Let φ : R→ R′. For any f ∈ R′ there exists a unique differential morphism
φ̃f : R{y} → R′ extending φ and mapping y to f.

For any P ∈ R{y} we write P(f) := φ̃f(P) = P(f, f′, f′′, . . . ).
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D-algebraic functions

Definition

Let F/K be a differential field extension.

f ∈ F is D-algebraic over K⇔ P ∈ K{y}\{0} such that P(f) = 0.

Example

Algebraic and D-finite functions.

f and g from the first slide.

θ-Jacobi functions.

On the exponential generating function of laballed trees. [Bostan,
Jiménez-Pastor, Comptes Rendus Mathématique 2020]

On the nature of the generating series of walks in the quarter plane.
[Dreyfus, Hardouin, Roques, Singer, Inventiones mathematicae 2018]
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Closure properties

Lemma (Folklore)

F/K differential field extension.

f ∈ F is D-algebraic over K⇔ ∃ K ⊂ F′ ⊂ F finitely transcendental over K
and f ∈ F′.

Corollary

If F′/K and F/F′ are D-algebraic, so is F/K.

D-algebraic over Q(x)⇔ D-algebraic over Q.

{D-algebraic over K} closed for sum, product, quotient, n-th roots,
composition and inverse.

Order bounds easy to get from properties of transcendance degree.

What about degree bounds ?
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Degree bounds (for D-regular sequences)

Let P1, . . . , Pn ∈ K[y(k⩽r1)
1 , . . . , y(k⩽rn)

n ] of degree d1, . . . , dn respectively

rmin := r1 + · · ·+ rn.
d := d1 . . . dn.

Theorem

If P1, . . . , Pn is D-regular at order r− rl for r ⩾ rmin then
⟨P1, . . . , Pn⟩(r−rl) ∩ K[yl, y′l , . . . , y

(r)
l ] has a non zero element of degree k if

k > (r+ 1)(d1+(rmin−rl)/(r+1−rmin) − 1).
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Previous works

An elimination theory for differential algebra. [A. Seidenberg, Univ.
California Publ. Math III 1956]

Standard Bases in Differential Algebra. [François Ollivier, Springer,
1991]

A survey on differential Gröbner bases. [G. Carra-Ferro, Gröbner bases
in Symbolic Analysis, 2007]

Differential elimination by differential specialization of Sylvester style
matrices. [Sonia Rueda, Advances in Applied Mathematics 72, 2016]
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Previous works

D-algebraic functions. [Manssour, Sattelberger, Teguia Tabuguia,
Journal of Symbolic Computation, 2025]

Projecting dynamical systems via a support bound. [Mukhina,
Pogudin, Projecting dynamical systems via a support bound, 2025]
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An algorithm ?

Given equations P1(f1) = · · · = Pn(fn) = 0 and g := α(f1,...,fn)
q(f1,...,fn)

.

I = ⟨P1(y1), . . . , Pn(yn), q(y1, . . . , yn)ω−α(y1, . . . , yn)⟩ ⊂ K{y1, . . . , yn, ω}.

Want: P ∈ (I ∩ K{ω})\{0}. Usually not possible.

I′ = I+ {∂(P)|P ∈ I}.

I(∞) :=
∪

k∈NI
(k)
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An algorithm ?

I(∞) ∩ K{ω} ̸= {0}? Not in general because other solutions might make
the denominator vanish.

Theorem (Folklore?)

If q = 1 then yes.

But: For which k do we have I(k) ∩ K{ω} ̸= {0} ? A bound on the order of
g = α(f1, . . . , fn) does not necessarily yield a bound on k.

Couterexample: (Mansour, Sattelberger, Teguia Tabuguia)

P1(y1) = y1y′′1 − (y′1)
2, P2(y2) = y22 + y′42 , α(y1, y2) = y1 + y2.

No nontrivial intersection in I(3).
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I(∞) ∩ K{ω} ̸= {0}? Not in general because other solutions might make
the denominator vanish.

Theorem (Folklore?)

If q = 1 then yes.

But: For which k do we have I(k) ∩ K{ω} ̸= {0} ? A bound on the order of
g = α(f1, . . . , fn) does not necessarily yield a bound on k.
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Degree bounds on elimination ideals

Hilbert function, polynomial, dimension

Definition

R := K[s, x1, · · · , xn], I ⊂ R an homogeneous ideal.

Rk := {homogeneous polynomial of degree k} ∪ {0}

HFI(k) = dimK
Rk/I∩Rk.

There exists a unique
polynomial HPI such that
HFI(k) = HPI(k) for all k
large enough.

The Hilbert dimension of I is
the degree of HPI.
HSI(t) =

∑
k∈N HFI(k)tk.
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Regular sequences

Lemma

If P1, . . . , Pl ∈ R are homogeneous polynomials then codim⟨P1, . . . , Pl⟩ ⩽ l.
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A sequence of l homogeneous polynomials P1, . . . , Pl ∈ R is said to be a
regular sequence iff:

codim⟨P1, . . . , Pl⟩ = l.

Pi+1 is not a zero divisor modulo ⟨P1, . . . , Pi⟩ for all i.

V(P1, P2, P3) contains a curve of
codimension 2. WRONG
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Pi+1 is not a zero divisor modulo ⟨P1, . . . , Pi⟩ for all i.

V(P1, P2, P3) is a collection of
points of codim 3.
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Regular sequences

Lemma

If P1, . . . , Pl ∈ R are homogeneous polynomials then codim⟨P1, . . . , Pl⟩ ⩽ l.

Definition

A sequence of l homogeneous polynomials P1, . . . , Pl ∈ R is said to be a
regular sequence iff:

codim⟨P1, . . . , Pl⟩ = l.

Pi+1 is not a zero divisor modulo ⟨P1, . . . , Pi⟩ for all i.

Lemma (Folklore)

If P1, . . . , Pl ∈ R is a regular sequence of homogeneous polynomials of degree
d1, . . . , dl respectively then

HS⟨P1,...,Pn⟩(t) =
(1− td1) . . . (1− tdl)

(1− t)n
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General idea

Given: I = ⟨P1, . . . , Pn⟩ ⊂ K[y(k⩽r1)
1 , . . . , y(k⩽rn)

n ].

I→ I′:

Add n new variables y(r1+1), . . . , y(rn+1) ⇒ dim← +n

Add n new polynomials P′1, . . . , P
′
n ⇒ dim← −n.

If everything is regular, for some l, more variables in K[y(k⩽ri+l)
i ] than

dim I(l).
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Degree bounds (for D-regular sequences)

Let P1, . . . , Pn ∈ K[y(k⩽r1)
1 , . . . , y(k⩽rn)

n ] of degree d1, . . . , dn respectively

rmin := r1 + · · ·+ rn.
d := d1 . . . dn.

Definition

We say that P1, . . . Pn ∈ K{y1, . . . , yn} is D-regular at order ρ iff the tuple
(P(j)i )1⩽i⩽n

0⩽j⩽ρ
is a regular sequence.

Theorem

If P1, . . . , Pn is D-regular at order r− rl for r ⩾ rmin then
⟨P1, . . . , Pn⟩(r−rl) ∩ K[yl, y′l , . . . , y

(r)
l ] has a non zero element of degree k if

k > (r+ 1)(d1+(rmin−rl)/(r+1−rmin) − 1).
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Corollaries

Corollary

Let f1, . . . , fn be D-algebraic functions, given with equations Pi ∈ K[y(k⩽ri)
i ]

and Q ∈ K[y(k⩽r1)
1 , . . . , y(k⩽rn)

n ].

Suppose that for each i, Pi is D-regular at order r ⩾ rmin.

Q(f1, · · · , fn) is a solution of a D-algebraic equation of order r and degree k if

k > (r+ 1)((deg(Q)d)1+rmin/(r−rmin+1) − 1).
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Corollaries

Corollary

Let f1, f2 be D-algebraic functions, given with equations P1, P2 ∈ K{y} of
order r1 and r2 and degree d1 and d2 respectively.

Suppose that P1 is D-regular at order r2 and P2 is D-regular at order r1.

Then f1 ◦ f2 is solution of an equation of order r1 + r2 and degree k if

k > (r1 + r2 + 1)((r1 + r2 + 1)!dr21 d
r1
2 − 1).
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Open questions

Tightness of the bounds ?

Getting rid of the D-regular hypothesis.
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Thank you for your attention
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