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EEOo13 schedule

Thu. 30.11.2023
Thu. 07.12.2023
Thu. 14.12.2023
Thu. 21.12.2023

Thu. 21.09.2023 (C) 1. ML introduction
Thu. 28.09.2023 (C) 2. Bayesian 1 (C) 3. Bayesian 2
Thu. 12.10.2023 (C) 4. Hidden Markov Models
Thu. 19.10.2023 (C) 5. Dimensionality reduction
Thu. 26.10.2023 (C) 6. Decision trees
Thu. 02.11.2023 (C) 7. Linear regression
Thu. 09.11.2023 (C) 8. Nonlinear regression
Thu. 16.11.2023 (C) 9. Kernel Methods - SVM
Thu. 23.11.2023 (C) 10. Tensor factorization
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Linear algebra:
* Products (Hadamard, Kronecker, Khatri-Rao)
e Separation of variables
e Singular value decomposition (SVD)
3 tensor decomposition models:
e Canonical polyadic (CP)
* Tucker

e Tensor train



Products (HAAAMAVA, Kvoneckev, Kkoﬂvi—ko\o)

a1,1b1,1 &1,21?1,2 a1,Jbl,J A c RIxJ
Hadamard a2,102.1 ag2b22 -+ ag by g
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elementwise ; ) i ;
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Khatri-Rao AOB = : R : B ¢ R/*K

lar1by argby -+ arkbi



Hadamavd (lementwise) product - Example
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Kvonecker product - Examplw

A e R
B e R

H A® B eRS

A B=| " B




Khatvi-Rao product - Examplw
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1st-order 2nd-order 3rd-order
tensors tensors tensors

Images: 3D tensors
(width, height, color channels)

Videos: 4D tensors
(frame, width, height, color channels)

<X NVIDIA.

TENSOR CORE

Tensor

Tensors appear in various forms:
* Raw data
(arrays of sensors, multidimensional channels)
* Data evolution over time window
(sets of short sequences)
e Data in multiple coordinate systems
* Basis functions expansion



Tensov methods - Motivation
agent

joint
coordinate
sample \ ( / time step

X c Hglo x 2 x 31 x 3 x 100 X c H@lo x 18600

Tensor factorization
> Multiway analysis of the data
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Couldn’t we simply vectorize/flatten our
data before further processing?
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Tensov data in vobotics: Available processing tools

(O Backfed Input Cell
Input Cell

A_ Noisy Input Cell

@ Hidden Cell

. Probablistic Hidden Cell

@ spiking Hidden Cell

@ outputcell

. Match Input Output Cell

. Recurrent Cell

. Memaory Cell

. Different Memory Cell

. Kernel

() Convolution or Pool

Neural networks

Recurrent Neural Network (RNN) Long / Shart Term Memory (LSTM) ~ Gated Recurrent Unit (GRU)
[ [ ] ] ] )
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Auto Encoder (AE) Variational AE (VAE)
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Markov Chain (MC) Hopfield Network (HN) Boltzmann Machine (BM)  Restricted BM (RBM) Deep Belief Network (DBN)

Deep Convolutional Network (DCN)
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Generative Adversarial Network (GAN)

Deep Residual Network (DRN)

Deconvolutional Netwaork (DN)
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Deep Convolutional Inverse Graphics Netwaork (DCIGN)
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Liquid State Machine (LSM)  Extreme Learning Machine (ELM) Echo State Network (ESN)

e

Kohanen Network (KN)  Support Vector Machine (S¥M)  Neural Turing Machine (NTM)
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Figure from: Fjodor van Veen, Asimov institute

Tensor networks

Vector Matrix
a J
If=0{— s 1 A: J
Diagonal Orthogonal
Tensor Tensor

I R S
s % R -
2 h R R

TT=MPS

Figures from: Andrzej CICHOCKI (2014), Era of Big Data Processing:
A New Approach via Tensor Networks and Tensor Decompositions



Sepavation of vaviables: a factorization problem

Rank-1 decomposition:

J T_» Xz‘,j = UZV] - Representation in a separable form
Matrix factorization with )
standard linear algebra:
Rank-R decomposition:
I "= [ Xij=>U,V, X=UV’
X=U Y V° (in matrix form)

(singular value decomposition)
Extension to data with more indices (tensors):

R
Xiajakr“ — ZTzl Ui,T-‘/j,TWk,T S

(CP decomposition)



Data stvuctuved as tensors

?

Matrix factorization with
standard linear algebra:

]

X=U X V'

Tensor methods

|

/Tucker

~

'C
:'@B

Anima Anandkumar

(California Institute of Technology
and NVIDIA)

" Canonical polyadlc (CP)

' I I I (KU Leuven)

a10b10C1 GQObQOCQ 0,30b3063 Y,

Lieven De Lathauwer

-

(Tensor train (TT)

i17i2)i37i4

n}/
= 1]

lvan Oseledets
(Skolkovo Institute
of Science and
Technology)
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Tensov ino\e/xir\g - Slices and ﬁbws

.. (horizontal slice) (lateral slice)

tensor
matrix
vector
scalar

L. jk (column fiber) ;.| (row fiber)

LR

Lij,:

.k (frontal slice)

(tube fiber)
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Tensor matvicization / unfolding
A matrix X, € R InalniiIN) pegults from the mode-n matricization

(unfolding) of a tensor X € RI<2x*Iv which consists of turning the mode-n
fibers of X into the columns of a matrix X ;).

7

e

X(l) c R8X24
(mode-1 unfolding)

X c R8x6><4



Mode-n product

X

X E R11XIQ><---XIN

M e R7
y c Rllx---xln_lxjx[nH><---><IN

-

-

y=X x, M

Y = MXq,

I

n
yi1,...,in_l,j,in+1,...,7jN:E Ti,..iy Mji, (elementwise)

1n=1

~

(matricized form)

/

Intuitively, the operation corresponds to multiplying each mode-n

fiber of X by the matrix M.
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Mode—n product - Exmv\ple/

Y

X

X9

M

X € R8X6X4
M c R6X3
y c R8><3><4
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Outer product and inner product

(outer product)

a _
] The outer product of two vectors @ € R and b € R’ results in a
— SR matrix X e R denoted by X =aob=ab"
X =a b The outer product of three (or more) vectors a € R, b € R’ and
—aob c € R¥ results in a tensor X € R™*/*K denoted by X = aoboc

~

with elements x; ;. = a; bj cp.

J
4 N
The inner product of two vectors @ € R! and b € R’ results in a
B @ scalar © = (a,b) = a'b =1, a;b;.
r = a' b

— <a7 b>

(inner product)

\_

The formulation can be extended to tensors A and B of the same size.

We have

<A, B> = <A(n), B(n)> — <vec(A),vec(B)>.
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Singular value decomposition (SVb)

U; = o;U;

’57; = 0;;

—_

X =U X V'

o ul v, + 03 Uz v,

i 9 + D)

’111 O’{}l —+ ’&20’52

T
S +

T
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Data stvuckuved as tensors

X

?

Matrix factorization with
standard linear algebra:

Tensor methods

Tucker

gl ﬁc

and NVIDIA)

Canonical polyadic (CP)

a;oboc asobsocy a3 o bz o c3

Tensor train (TT)

0
X Pl

ilai27i37i4 21,

19

_ HB Anima Anandkumar

. (California Institute of Technology

Lieven De Lathauwer
(KU Leuven)

lvan Oseledets
(Skolkovo Institute
of Science and
Technology)



P decomposition

aiobjoec; asobyocy azobsocs

— [a'17 as, a’3]
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P decomposition

K X = Z;:l Cl,j O b] O Cj \ X < RTLanQXng
— [A, B,C] sl
B 6 Rngxr
Matricized form: X1y =ACO B)' C c R

Xz =B(CoA)
X3 =C(BoA)

Vo =lce,c

Vectorized form:  vec(X) =(C OB ® A)1lp F B = [b, by, bs]

. . L r
ElementWISG. :’Eil,iQ,iB - ijl ail,j bi27j Ci?))j

/

A= [a’la as, a’3]

A =lay,as, ..., a, is called a factor matrix.

The tensor rank r corresponds to the smallest number of
components required in the CP decomposition.
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CP pavameters estimation: Altlevnating least squaves (AL$)

The CP decomposition can be solved by alternating least squares (ALS), X € RMxmexns
by repeating A € RM*T
- _ 7|2 B e R™""
A <« arg min X1 —ACOB) ||; o
B + argmén X —B(CO A) ]2?
)
. 2 W C =, e,
C(—argmcm X (3) ~-C(B®oA o

until convergence, yielding the update rules

A +— X ((C O B)T)T

A — [a’la as, a’3]

B« Xp((Co A)T)T

C + X ((B ® A)T)T



Data stvuckuved as tensors

Tucker

Ay «N

Matrix factorization with

?

standard linear algebra:

Tensor methods
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/Tensor train (TT)
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Tucker decomposition

e

B

A

X E Rnlxngxng
g E R’FlXTQXT‘g
/A c R™M1X71 ATA — Irl
Core tensor
B c R™*" B'B-=1,
C € R™*" cC'C=1,

-~

Elementwise:

"

Matricized form:

X ZZgile Zg 1 951,52,53 A Objzocj:%\
=G X1 A X9 B X3 C

X(g) = BG(Q)(C X A):
X =CG)(BoA)

Ly ig, iz Zgl 1 232 1 233 1 951,52,53 Lir, b22 72 Czsy
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Tacker pavameters estimation: Highev—ovder VD (HO-SVb)

X E Rnl X192 XMN3

The Tucker decomposition can be estimated by computing G € RIX72xT3

the truncated singular value decompositions (SVD) A e RN ATA=T
X =ASV' B € R™*" B'B =1,
X(Q) - BSV' C € R"*"s C'C = Ir3
X =CSV'

with G finally evaluated as

( )
G « X x, AT X o B X 5 C In contrast to CP, the

Tucker decomposition is
generally not unique

- A, B and C constrained

to be orthogonal matrices
N\ _J
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Data stvuckuved as tensors

Tucker
P A
X _ HB Anima Anandkumar
' 4

EEEEN (California Institute of Technology
and NVIDIA)

Matrix factorization with
standard linear algebra:

Canonical polyadic (CP)

Lieven De Lathauwer
(KU Leuven)

a10b1061 GQObQOCQ (1,30b30C3

Tensor methods

Tensor train (TT) lvan Oseledets

(Skolkovo Institute
of Science and
Technology)
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Tensor tvain pavameters estimation: TT-SVb

n3 g
N1 XMN2XMN3 XNy 1 Va4  *”'|_ “
X eR ny ';/{—’-,T" ” % fi/r a
P € Rr-xmexrs s — @ x B -
X P! P’

il,ig,ig,i4 I,il,l
- X 1s reshaped as a ny X nongnyg matrix Xy

- X1 =~ U S1V;", where Uy is a nq X r; matrix, reshaped as 15 core P!

- S51V}' is a 71 X nengny matrix reshaped into a ring X ngng matrix Xo

- Xo = Us S5V, where U is a r1ng X 79 matrix, reshaped as ond core P2

- S5V, is a 9 X ngng matrix reshaped into a rong X ny matrix Xj

- X3 = U3S5V5', where Us is a rong X r3 matrix, reshaped as 31 core P

- S3V4T is a r3 xny matrix, reshaped as 4" core Pl
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Examplw: Tensor tvain for global optimization

For 2D decision variable: For nD decision variable:
f i

@ @ oy
® i ® 7
= = - P f
S g S =

e To| LR
S| S i | b <
2| . @ 3
o D 01090304 P:,z‘?,,:
o) o

>

>
decision variable decision variable Tensor train (TT)
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Exo\mplu Tensor tvain for global optimization

Cross approximation (skeleton decomposition) of a probability distribution:

Be-gane
HEEEE

Singular value decomposition (SVD)

Ilg

X =U ¥ VI

— Can be used to approximate an unknown matrix by querying rows and columns of
the matrix in an iterative manner, while estimating the rank of the matrix



Exo\mplw: Tensov tvain fov global optimization

Cross approximation (skeleton decomposition) of a probability distribution:

N | |

- H N N

Original distribution =~ Reconstructed distribution
(rank 3 approximation)

— Can be used to approximate an unknown matrix by querying rows and columns of
the matrix in an iterative manner, while estimating the rank of the matrix



Exmv\plu Tensor tvain for global optimization

Inverse kinematics Number of samples
Optimization benchmarks with Himmelblau functions (success rate) 1 10 100 | 1000
——— Mo TTGO 94.00% | 98.00% | 98.00% | 99.00%
S . | Uniform 37.75% | 45.50% | 59.25% | 75.00%
- » _ Target reaching Number of samples
: =i (success rate) 1 10 100 1000
AV RA e TTGO 62.00% | 86.00% | 86.00% | 88.00%
— o = 4 3 o Uniform 19.25% | 28.75% | 41.00% | 53.50%
'!il '_ ; &” = LIS 53 _
R e R e s e e e Pick-and-place Number of samples
task param. (3,3) task param. (3,14) task param.(7,11) task param. (13,5) (success rate) 1 10 100 | 1000
TTGO 70.00% | 81.00% | 79.00% | 89.00%
Uniform 23.75% | 30.25% | 39.5% | 44.25%
@ target
[ obstacle




EvgoAic contvol: Spectval multiscale

Tracking in the
frequency domain

Exploring Input: Spatial distribution

min

u(t)

/ fixed weights

> Ap(wi — i)

kek

Output: Control commands

coverage problem

Aim: Matching Fourier series coefficients

W
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Evgo&ic contvol for insevtion +asks

Ergodic control as search behavior The Fourier basis functions expansion does
not scale well for more than 3 dimensions:
Point tracking Distribution tracking - low-rank tensor factorization is required

We evaluate the proposed approach using two different peg grasps:

Demonstration of insertion pose variations

to provide a spatial reference distribution SREET L Sl
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Tensor methods
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Tensor methods - Softwares

https://tensornetwork.org
http://tensorly.org (Python)
https://www.tensorlab.net (Matlab)

P\, TensorlLy

Tensor Learning in Python

3 Tensorlab

A MATLAB package for tensor computations.

Deep
Tensorized
Networks

Tensor Decomposition
& Regression

Core Tensor Operations

Flexible Backend System

.y,
H CuPy

- MV TensorLy-Torch

Deep Tensorized Neural Networks
CP, Tucker, TTrain,

~ Ridge Regression...

_ Folding, unfolding,
n-mode-product, ...

V Write Once,
Execute Anywhere



