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Class Music Auction!

We will be experimenting with putting music for the first three minutes of the class as people arrive!

You have the chance to choose the song of the day!

Each of you has a total budget of 100 fake dollars for the whole class! You can choose to spend them however you
want on each lecture.

For each lecture you can choose to bid anywhere from 0 to 20 dollars.

We will then choose uniformly at random among the hiﬁhest bidders. The winner of the auction will get to choose
the song of the day and they have to pay their bid, i.e. the amount they bid will be subtracted from their 100$

budget.
If you submit an illegal bid (i.e. a bid that goes beyond your total budget, your bid will be disqualified and ignored).

Please be appropriate in your choice of songs; | might need to censor and ask you to choose something else. I'll be
emailing the winner on the morning of the lecture to email me the spotify link for the song.

Submit your bid by 11:59pm the day before the lecture. You should submit your bid using the corresponding canvas
quiz that will be setup for each lecture

Class Music Auction: Game Theory, Data Science and Al (stanford.edu)

Go to canvas and check the quizzes section.
If there is no participation in the auction, I'll just choose the music myself. But that's not much fun...

Spotify playlist that will be populated with the songs we play each day:
https://open.spotify.com/playlist/03yGb6URNCzG4pVV6RNKAC?si=wpINDMSGRJOho_6daaSLsA&pt=ff706933952e0f6

4d8f8b797368a83ed



https://canvas.stanford.edu/courses/190932/quizzes/154392
https://open.spotify.com/playlist/03yGb6URnCzG4pVV6RhK4C?si=wpINDMSGRJOho_6daaSLsA&pt=ff706933952e0f64d8f8b797368a83ed
https://open.spotify.com/playlist/03yGb6URnCzG4pVV6RhK4C?si=wpINDMSGRJOho_6daaSLsA&pt=ff706933952e0f64d8f8b797368a83ed

Computational Game Theory for Complex Games
* Optimal auctions and mechanisms (T)

e- Simple vs optimal mechanisms (T)

* Solving zero-sum games via online learning (T) HWEG: calculate equilibria in simple auctions,

implement simple and optimal auctions, analyze
ﬂ * HW1:implement simple algorithms to solve zero-sum re\fjenue emp,'r,'gauy P Y
games
e Applicationsto ML and Al (T+A) * Optimizing mechanisms from samples (T)

« HW2:implement boosting as solving a zero-sum game 6- Online optimization of auctions and mechanisms (T)

: . : HW?7: implement procedures to learn approximately
* Basics and applications of extensive-form games (T+A) optimal auctions from historical samples and in an

e° Solving extensive-form games via online learning (T) online manner

. p/-/(l)/llgr implement agents to solve very simple variants of Further Topics
* Econometrics in games and auctions (T+A)
 General games and equilibria (T) e. A/B testing in markets (T+A)
* HW4: implement no-regret algorithms that converge to bids in an auction, empirically analyze inaccuracy of
correlated equilibria in general games A/B tests in markets
Data Science for Auctions and Mechanisms Guest Lectures
« Basics and applications of auction theory (T+A) * Mechanism Design for LLMs, Renato Paes Leme,

Google Research

a. Learning to bid in auctions via online learning (T) . Auto-biddinéin Sponsored Search Auctions, Kshipra

* HW5: implement bandit algorithms to bid in ad Bhawalkar, Google Research
auctions



Learning and Zero-Sum Games



Reminder: Two Player Zero-Sum Games

* Player one (“min” player or “row” player)
* Player two (“max” player or “column” player)
* Player one has n possible actions

* Player two has m possible actions

* If player one chooses action i and player two chooses action j
then player one incurs loss Ali, j] and player two gains utility A1, j]



Reminder: Equilibrium via Min-Max Theorem

* Suppose that both players behave pessimistically

* Row (min) player thinks: “I’ll choose a strategy x such that I’ll try to
minimize the worst-case loss that the other player can cause me”
X = argmin (max x’Ay)

X

* Column (max) player thinks: “I’ll choose a strategy y such that I’ll
try to maximize the worst-case utility that the other player will

allow me to get”
y = argmax (min x’Ay)
y X



Reminder: Equilibrium via Min-Max Theorem

* Suppose both players behave pessimistically
X = argmin (max x’Ay) , y = argmax (min x’Ay)
X y y X
* Von Neuman’s Min-Max Theorem [1928]: Pessimistic value that
each player achieves is the same

min max x'Ay = max min X,Ay Smallest loss that min
X y Yy X player can achieve if
max chooses y

S [max JZ’Ay]= [min max x’Ay} = [max min x’Aﬂ = [min X’A)_/J
Y X Y y X X

Loss of Pessimistic loss  Best pessimistic loss Best pessimistic utility  Pessimistic utility
min player ifl choose x by definition of X that max player can that max player

at (x,y) achieve achieves by using y




Equilibrium via Learning

* What if we have the players play the game repeatedly?

* At each period t each player picks a choice distribution, (x;, y;)



Are there dynamics that will lead
to a mixed Nash equilibrium?



What if each player uses a no-
regret algorithm!



Equilibrium via No-Regret Learning

* Think of the problem that the x-player faces:
* At each period t, pick a choice distribution x;
* Incur loss x/ Ay, and observe loss each action would incur: Ay,
* Incur loss x{ £, and observe loss each action would incur: £, == Ay,



Equilibrium via No-Regret Learning

* Think of the problem that the x-player faces:
* At each period t, pick a choice distribution x;
* Incur loss x/ Ay, and observe loss each action would incur: Ay,
* Incur loss x{ £, and observe loss each action would incur: £, == Ay,

* Think of the problem the y-player faces
* At each period t, pick a choice distribution y,
* Incur loss —x Ay, and observe loss each action would incur: —A" x,

* Incurloss £}y, and observe loss each action would incur: £, == —ATx,

* Both players face a no-regret learning problem!



No-Regret Implications

* We now know how to construct no-regret algorithms!je.g. EXP)
Xe K xp_q exp(—1n £¢_1), Yt X YVi-1 eXp(—Uftﬂ)

o e o oy,

I ! T b |
1 o1 o

|
T : !
=1 SNl ] t=1_______ S
Expected average Average loss of x-player’s Regret Average choice
loss of x-player best fixed choice distribution of y-player

distribution in hindsight



No-Regret Implications

* We now know how to construct no-regret algorithms!je.g. EXP)
Xe K xp_q exp(—1n £¢_1), Yt X YVi-1 eXp(—Uftﬂ)
 What this impliesis thatin the limitas T — oo forsomee — 0

T T T

1O N 1
= ) xt Ay, <min= ) x'Ay, +te=minx Al = ) vy |t €
T x T X T

t=1

aT
| T |
) X Ay
I T :
. t=1 !

Expected average Average utility of y- Regret Average choice

utility of y-player player’s best fixed choice distribution of x-player

distribution in hindsight



No-Regret Implications

* We now know how to construct no-regret algorithms! (e.g. EXP)

Xe X xXp—1 €xp(—1n €¢—1),

Ve X Ve_1 exp(—nfe_1)

* What this impliesis thatin the limitas T — oo forsomee — 0
* Define the average choice distributions as X,y

S
t=1
T
_12
_T yt’
t=1

then

then

o o mm mm mm mm mm mm mm mm Em Em mm Em mm mm mm m Em Em Em Em Em Em mm mm Em o oy,

CT \ Expected average
:1 . loss of x-playeris a
— Ayt < mln XTAy -+ ¢ “best-response” to
; | average strategy y
' t=1 ) of y-player

T \ Expected average

| to average strategy
t=1 /' x of x-player

S o e o e e e e e e R e e e R M e e mmm e e e e e

[

: 1 | utility of y- playerls
i AYt = max .X'Ay — € | a“best-response”
l y



Candidate Equilibrium

* x-player’s average loss is a best-response to y
* y-player’s average utility is a best-response to x
* Could it be that maybe (i, y) is an equilibrium’?

————————————————————

7z

Average loss ' g Ayt ¢ xTAynLoss (utility) under

(utility) T 'average strategies

___________________

* We need to see if loss (utility) under average strategies also
satisfies the same best-response property

* Crucial: Average loss of x-player = Average utility of y-player



No-Regret Implications

* Define the average choice distributions as x,y

I',/ T \\‘I
: Tz x¢ Ayy < minx Ay + €
: X

t=1

1 |
z Ayt '> max x'Ay — €
y

____________

Average loss of x-player =
Average utility of y-player



No-Regret Implications

* Define the average choice distributions as x,y

7 T \\ // \\

z LAy, :< min x"Ay + € < XTAy + €
t=1

T

\
[
[
1
1
[
[
1
1
[
[
1
1
[
[
1
1
[

\
S

T
1 ' |
z Ay, '> maxx' Ay —e > XAy — €
y
t=1

/ \ /

_______________________

Average loss of x-player =
Average utility of y-player

Loss (utility) of
average strategies

IVIA



No-Regret Implications

* Define the average choice distributions as x,y

7 T \\ // \\

z LAy, :< min x"Ay + € < XTAy + €
t=1

XxTAy > maxx'Ay — 2¢ .
g T

\
[
[
1
1
[
[
1
1
[
[
1
1
[
[
1
1
[

\
S

T
1 ' |
z Ay, '> maxx' Ay —e > XAy — €
y
t=1

/ \ /

_______________________

Average loss of x-player =
Average utility of y-player

Loss (utility) of
average strategies

IVIA



No-Regret Implications

* Define the average choice distributions as x,y

o o -y - o e = o o

XxTAy > maxx'Ay — 2¢
y

E x; Ay, :< min x"Ay + € < XTAy + €
x'Ay < minxTAy + 2¢ t—1
X

1 ' _
z Ayt '> max x'Ay — € '> XAy — e
y

Average loss of x-player =
Average utility of y-player

Loss (utility) of
average strategies

IVIA



No-Regret Implications

* Define the average choice distributions as X,y

.~ T \\ 4 h
_TA— > —TA _ 2 : E
XAy = MAxX Ay = o€ Tz Ayt:< mlnxTAy+E <Xx'Ay+e€
X' Ay < minx Ay + 2e t=1

(x,y) is a 2e-approximate
equilibrium

\
[
[
1
1
[
[
1
1
[
[
1
1
[
[
1
I 1
[

> i _ :> =T _
(k,y) — equilibriumas T — o Tz Ayt' mjflxx Ay —¢€ x Ay El

_______________________

Average loss of x-player =
Average utility of y-player

Loss (utility) of
average strategies

IVIA



Main Takeaway: Equilibrium via No-Regret

Theorem. If two players play repeatedly a zero-sum game and each
player uses any no-regret algorithm to pick their action distributions
(x¢, V¢), then the average action distributions of each player

T T
1 1
S ORI AE PR
t=1 t=1

are a 2e-approximate Nash equilibrium (where € is the regret at of
each algorithm after T periods). Hence,

(i,y) — equilibrium as T — oo



Main Takeaway: Equilibrium via No-Regret

Corollary. If two players play repeatedly a zero-sum game, with n rows
and m columns, and each player uses EXP with step size n =

Jlog max(n, m) /2T, to pick their action distributions (x;, y;), then the
average action distributions 0711‘ each player

T

1 1

x:T Xt YZTZ%
t=1

t=1

: e : 21 m) .
are a 2e- approximate Nash equilibrium, with € = \/ 28 max(nm), l.e.

T
Regret, (X,7) := XAy —minx Ay < 2¢
X

Regret, (X,y) = maxx' Ay —x' Ay < 2¢
y



Minimax Theorem via No-Regret

* Define the average choice distributions as x,y

o o - -y

T \
[ \

=) xTAV. < minxTAV + €
T t AVt = y

: T X

: t=1 !

1

: 1 x) A :> maxi' Ay — €
T t AVt y
ot=1 ;Y

____________

Average loss of x-player =
Average utility of y-player



Minimax Theorem via No-Regret

* Define the average choice distributions as x,y

o o - -y

<minx'Ay + e < maxminx'Ay + ¢
X y X

\
[
[
1
1
[
[
1
1
[
[
1
1
[
[
1

1 |
Tz x! Ay, > maxx'Ay — e> minmaxx Ay — €
I y X y

____________

Average loss of x-player =
Average utility of y-player



Minimax Theorem via No-Regret

* Define the average choice distributions as x,y

o o - -y

<minx'Ay + e < maxminx'Ay + ¢
X y X

maxminx Ay > minmaxx' Ay + 2¢
y X Xy

\
[
I
I
I
[
[
1
1
[
[
1
1
[
[
1

T

1 .

TZ x! Ay, > maxx'Ay — e> minmaxx Ay — €
— ! y X y

\

\ /

____________

Average loss of x-player =
Average utility of y-player



Minimax Theorem via No-Regret

Theorem. Existence of no-regret algorithms implies (as € — 0) that
maxminx'Ay > minmaxx Ay
y X X Yy
The other direction is trivial

max minx' Ay < minmaxx'Ay
y X Xy

Thus

maxminx'Ay = minmaxx'Ay
y X X oy



Wait; we saw no-regret algorithms
exist for convex losses too.
What does that imply for games?



Convex-Concave Zero-Sum Games

* Player one (“min” player) chooses a vector x from a convex set X
* Player two (“max” player) chooses a vector y from a convex set Y
* The min playerincurs loss ?(x, y), with (-, y) a convex function

* The max player receives utility £(x, y) (equiv. incurs loss —(x,v)),
with £(x,-) a concave function (equiv. —f(x,-) a convex function)

* We typically represent this game by its min-max formulation

| t
TR et y)



Equilibrium via No-Regret Learning

* Think of the problem that the x-player faces:
* At each period t, pick a vector x; from a convex set X
* Incur loss ?(x;, y;); observe convex loss function: (-, y;)

* Think of the problem the y-player faces
* At each period t, pick a vector y, from a convex set Y
* Incur loss —¢(x;, y;); observe convex loss function: —€(x;,")

* Both players face a convex no-regret learning problem!



Equilibrium via No-Regret Learning

* Think of the problem that the x-player faces: simplex A(n) in the
: : finite action case
* At each period t, pick a vector x; from a convex set X
* Incur loss ¢(x;, y;); observe convex loss function: £(:, y;)

x! Ay, in the Ay, in the finite
finite action case action case
* Think of the problem the y-player faces simplex A(m) in the

« At each period t, pick a vector y, from a convex set Y | 'nite action case
* Incur loss —¢(x;, y;); observe convex loss function: —€(x;,")

—x; Ay, in the —ATx, inthe
finite action case finite action case

* Both players face a convex no-regret learning problem!



No-Regret Implications

* We know no-regret algorithms exist! (e.g., online gradient descent)
Xt = xt—l — 77V f(xt—liyt—l) Yt = Yt-1 + 1V, C(Xt—1,Yt-1)

’________ — - - — —-_________________\

z ?(x, yt) + e < m1n f(x,,y) + €

~] =

-
)
=
i<
\/

[P S DUy ' Jensen’s -
Average loss of Average loss of x-player’s inequality Average vector
x-player best fixed x vector in of y-player
hindsight
O
Concave function:f(Ay + (1 —)y) =2Af(y) + (1 - D f(")
o—o—©



No-Regret Implications

* We know no-regret algorithms exist! (e.g., online gradient descent)
Xe = Xp—q — NVl (Xe—1, Ve—1), Ye =YVt-—1 T ﬂvyf(xt—p)’t—ﬂ
* What this impliesis thatinthe limitasT — oo foraregrete = 0

1 1
—z L(x,y:) < min—z £(x,y;) + € <minf(x,y) + €
T - x T - X

Jensen’s
inequality

z L(xs,y:) = max z £(x;,y) —€> maxf(x y) —€

Convex functlon.f(Ay + A -DyD)<Afy)+ A -Df) —0—®



No-Regret Implications

* We know no-regret algorithms exist! (e.g., online gradient descent)
Xe = Xp—q — NVl (Xe—1, Ve—1), Ye =YVt-—1 T ﬂvyf(xt—LYt—ﬂ
* What this implies is thatin the limitasT — oo foraregrete = 0

‘ Expected average

r, T |

: 1 _ . | loss of x-playeris a
| — f(xt, yt) < min «f(x’ y) + €' “best-response” to
T X | average strategy y
| t=1 I of y-player

\

____________________________________

|', T \  Expected average
1 ' Utility of y-player is
: v I I 9
= f(xt’ yt) 2 max f(x, y) — €, a“best-response
T y | to average strategy
. t=1 ) x of x-player

____________________________________



No-Regret Implications

* What this implies is that in the limitas T — oo for a regret e—>0

_____________________

ETZ (e, Vi) | < mlnf(x y) + €< If(f ¥) + €
o o
P i : i
S £y 2 max £(5,y) — € 2 £(5,7) — €
\ Y . |
t=1 / | |

_____________________

Loss (utility) of
average strategies

Average loss of x-player =
Average utility of y-player

IVIA



No-Regret Implications

* What this implies is that in the limitas T — oo for a regret e—>0

_____________________

20k, y) = max£€(x,y) — 2¢
g y g z £(x,, yt) < mm P(x,y)+e< f(x ¥) + €

£(x,y) < minf(x,y) + 2¢
X

equilibrium

1
=) 0,y = max£(%,y) — € 2 £(%,7) - ¢
y ! !

- - —

(%,7) is a 2e-approximate 1 '

(x,y) — equilibriumas T — o

______________

Loss (utility) of
average strategies

Average loss of x-player =
Average utility of y-player

IVIA



Main Takeaway: Equilibrium via No-Regret

Theorem. If two players play repeatedly a convex-concave zero-
sum game and each player uses any no-regret algorithm to pick
their vector (x;, y;), then the average vector of each player

T T
1 1
S ORI AE PR
t=1 t=1

are a 2e-approximate Nash equilibrium (where € is the regret at of
each algorithm after T periods). Hence,

(i,y) — equilibrium as T — oo



Minimax Theorem via No-Regret

* What this implies is thatin the limitasT — oo foraregrete = 0

ST R
1 |
: TZ (%, V) <minf(x,y) + € < maxminf(x,y) + €
: ! X y X
| t=1

1
:—z £(x¢,y:)1= max£(x,y) —e€ = minmax¥(x,y) — €
I X Yy

______________

Average loss of x-player =
Average utility of y-player



Minimax Theorem via No-Regret

* What this implies is thatin the limitasT — oo foraregrete = 0
//’—_T __________

1 )
= E (%, V) <minf(x,y) + € < maxminf(x,y) + €
| X y X
t=1

max min £(x,y) = minmax £(x,y) + 2¢
y X X Yy

—z £(x¢,y:)1= max£(x,y) —e€ = minmax¥(x,y) — €
y x y

______________

Average loss of x-player =
Average utility of y-player



Minimax Theorem via No-Regret

Theorem. Existence of no-regret algorithms implies (as € — 0) that

maX mln £ (x’ y) 2 mln maX £ (x’ y) (A trunlxtijrvhlwh;:!tnk‘,: Bargmann of
VEY xeX XeX yeUY i ot epte

The other direction is trivial
. < mi y
Ve R F1eY) = et y)
Thus

max min ¢(x,y) = min max £(x,y)




Recap: Equilibrium via No-Regret

Corollary. If two players play repeatedly a zero-sum game, withn
rows and m columns, and each player uses EXP with step sizen =

Jlog max(n, m) /2T, to pick their action distributions (x;, y;), then
the average action distributions of each player

T T
1 1
T=g) % I=5) v

t=1 t=1

\/Zlog max(n,m)
T

area - approximate Nash equilibrium.



Can we do better in terms of rate?



Fast Convergence

. 1/\/7 Is tight no-regret rate, if loss sequence chosen by adversary

* When we deploy learning in games, the loss sequence is the
outcome of learning of another player

* This is far from adversarial and has many nice properties

* Can we prove faster rates of convergence for learning in games, by
leveraging properties of the loss sequence implied by this?



Intuition

* Suppose we use regularized no-regret algorithms (e.g. FTRL)

* Then we know they satisfy stability
lx; — xc—1ll1 = 0(), lye = ye-1lli = 0(M)

* The loss of the x-player between two periods is
ty = Ayy, ey =AY > 1€ — L1l < 0()

* Last period loss is very similar to next period loss!

* Can we leverage this fact to device a better no-regret algorithm?



Reminder: FTRL

] 1 1-strongly convex
Py = argimil (p, fl-) + — fR(p) function of p that
D 77 stabilizes the minimizer

<t

Historical performance
of always choosing p

4 " N )
egative
R(p) = Z p; log(p;) <En§ropy>
=1
. P X Pi_q exp(n €¢_1) J

Exponential weight updates algorithm!
(aka Hedge, Multiplicative Weight Updates, EXP, ....)



FTRL with Predictors

Remember Be-the-Leader Lemma: if we know next period loss and
play the leader including next period loss, then we have no-regret!

* What if we have a predictor M, about the next period loss?

* Pretend as if it was the next period loss and play Be-The-Leader



FTRL with Predictors

Predictor of next
period loss

( FTRL ) _ z< y ) +[< Iy >]-|— 1 1-strongly convex
. = drgmin ) ) — function of p that
w. Predictors Pr gp et Pt P, Mt n P stabilizes the minimizer

Historical performance
of always choosing p

4 R

n
Negative
R(p) = z pilog(p;) (En%mpy>
i=1

\_ Pt X De-1 exp(n( i1+ M; — Mt—1)) )

Exponential weight updates with predictors!




Regret of FTRL with Predictors

1
( FTRL ) p, = argmin Z(;g, ) + (p, M) +=R(p)
w. Predictors P Tt 1

1
(BTRL) P, = argmin Z(p, £.)+(p,¥;) + ELR(p)

p <t

Theorem. For any loss sequence, with €% € [0, 1]:

T
1 1 |
Regret(£1.7) < 27 ) 1Fe = pel + 7 (maxR(p) ~min R(p))
— n p p



How close is FTRL with Predictors to BTRL?

1
( FTRL ) p, = argmin Z(;g, ) + (p, M) +=R(p)
w. Predictors P Tt 1

1
(BTRL) P, = argmin Z(p, £.)+(p,¥;) + ?R(p)

p <t

Theorem. For the FTRL with predictors: ||p; — p¢ll1 < nll€: — M¢ll oo

Proof. Invoke stability of strongly convex functions theorem with

1 1
f(p) = Zm t0) + (p, M) + 55‘2(19), gp) = 2@, ) + (o, te) + 55‘3(19)

<t <t
h(p) =g) — f(p) =(p, 4 — M;) = ||[£; — M|l — Lipschitz w.r.t. ||-||4

Ivlleo = maxiq [v;



How stable is FTRL with Predictors?

1
p: = argmin Zm £:) +(p, M) + EfR(p)
p

<t
_ 1
Pt+1 = argmin 2 (D, €7) + (0, M¢11) + =R(p)
p <t+1 L

Theorem. If losses and predictors lie in [0,1]™: ||ps+1 — Pell1 < 31

Proof. Invoke stability of strongly convex functions theorem with

1 1
f(p)=z<p,€f>+<p,Mt>+5R(p), g(p) = z (p,i’r>+<p,Mt+1>+5R(p)

<t <t+1

h(p) =gW) — f(p) ={p,Mry1 — My + £441) = 3 — Lipschitz w.r.t. |||

Assuming predictors
and losses liein [0, 1]™



Punchline

Predictor of next
period loss

( FTRL ) ( f ) ( Y ) il 1 fR( ) 1-strongly convex
_ De = argmln 2 D, [ D, t] function of p that
w. Predictors n stabilizes the minimizer

Corollary.

<

T<t

Historical performance
of always choosing p

FTRL with predictors is 3n-stable and has regret
p

T

U

=) 1l = Ml
\_t=1 J

Average stability with
respect to BTRL
induced by regularizer

. R R
+77T (max (p) — min (p))

Average loss distortion
caused by regularizer



What is a good predictor in the
context of games?



(

Optimistic FTRL: Last Period Predictor

Optimism: predict that the
next period loss will be the
same as last period loss

) pt—argmlr{zm J [(p,i’t_1>]+ %

FTRL
w. Predictors

<t

Historical performance
of always choosing p

R(p) = 2pl log(p;) (

N Dt X De— 1exp(n (2041 — L4

\
Negative
Entropy

2)) Y

Optimistic Exponential Weight Updates!

1-strongly convex
function of p that
stabilizes the minimizer



Optimistic EXP

Corollary. Optimistic EXP i |s 3n-stable and has regret

log(n)
Zuft ~bealleft =

N
R(T) < ™

Average stability of the
loss vector



Applying Optimistic EXP to Games

Suppose both players use Optimistic EXP with step-size n

R.(T) < Tz AQ: = ye- Dl +

t=1 stability of loss vector
T

log(n)
nT

log(n)
nT

< ﬁb’t %—1”1}"‘

t=1 stability of opponent
T

M Z log(n) ,| . log(n)
< — 3 =
- T t—1 T nT T nT

Since opponent uses
an n-stable algorithm

’ﬂ

Much smaller leading term
(closeness to BTRL) than
without predictors (i.e. n? vs. )



OptimiStiC EXP DynamiCS Larger step size than if we were

playing against an adversary
T=1/3 ys. T~1/2
(e.g.if T = 1000, then 0.1 vs. 0.032)

log('an))l/3
T

Corollary. If all players use Optimistic EXP WithE] = (

2/3
then each player’s regret is at most[e =4 (log(;ﬁvm)) Jand the

average vectors (X, y) are an 2e-approximate equilibrium

Order of magnitude smaller regret
than playing against an adversary
T=2/3 ys. T~1/2
(e.g.if T = 1000, then 0.01 vs. 0.032)



Optimistic EXP Dynamics

An even better theorem can be proven with a more refined analysis
[1311.1869] Optimization, Learning, and Games with Predictable Sequences (arxiv.org)

Theorem [Rakhlin-Sridharan’13]. If players use Optimistic EXP withn = 0(1)
(log(an))
T

then the average vectors (i, y) are an O -approximate equilibrium.

Intuition. Utilizes the fact that ¢ = R, + R,,. One can prove bounds on R, that
contain more refined “negative terms” (typically ignored). Rather than ignoring
them, these negative terms cancel out with positive terms in Ry, when you sum
the two regret terms.


https://arxiv.org/abs/1311.1869

Do the dynamics actually
converge?

(i,y) — equilibrium VS. (x7, yr) — equilibrium

“average iterate convergence” “last-iterate convergence”
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A simple example

Consider the game defined by loss matrix
5 O)
A=
(0 1
EXP dynamics:
Xe X X¢—1 €xXp(—nAyi_1)

Ve % ye_q exp(nATx,_1)



A Simple Game Analysis

* Consider the simplest convex-concave zero-sum game
2(x,y) = xy, x€E€R,yER

* The only equilibrium of this game is (0, 0)

* What if both player use online gradient descent
Xt = Xe—1 — NVl (Xe—1, Ye-1) = Xt—1 — NYt-1
Ve = Yee1 TNV (X210, Vem1) = Yeor T X4

* What happens to the distance to equilibrium at each period

X7+ i =X = 20%e1Yeq H NPV HYE g 20X 1Y 1 F0Paiy

= (14n?) (xf1 +yE1)

* |t grows!! We move away from equilibrium




A Simple Game Analysis

* Consider the simplest convex-concave zero-sum game
2(x,y) = xy, x€E€R,yER
* The only equilibrium of this game is (0, 0)
* What if both player use optimistic online gradient descent
Xt = Xemq —N(2Yi1 — Vie2) = X = NYe1 — N(YVeo1 — Ye-2)
Ve = Vi1 T N2Xe1 — Xe—2) = Veoq +0Xpq + 1 (Xemq — Xp—2)

* What happens to the distance to equilibrium at each period?

dx; = Xy — Xt—1 = —NYi—1 —NAYs_1  Aform of “negative
dye =Y —Yt-1 = NX¢—1 +ndxe—y  momentum”



A form of negative momentum

y
Gradient
descent-ascent Optimistic gradient
update descent-ascent

~
~
~
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A simple example

Consider the game defined by loss matrix
5 0)
A=
(0 1
Optimistic EXP dynamics:
Xt X Xt—1 exp(—n(ZAyt_l - A)’t—z))

Yt X Yi—1 €Xp (U(ZATxt—l — ATxt—z))



Convergence of Optimistic EXP

* Define distance to equilibrium as the KL-divergence:

d; == KL((xt»Yt)”(x*'y*)) = <x*,108 (i_:>> * <y*,108 <%>>

* We will investigate whether this distance decreases at each period:

X
Ay i=dipq —dy = — x*,log< t+1> —\v,, log <yt+1>
Xt Vi

Theorem. For n smaller than some constant, when (x;, y;) is “!2(771/3)-far from (x,,y,)” then

At S _.Q.(TIB)

Hence, eventually (x;, y,) will be “0(n/®)-close to (x.,.)”



Appendix

Main arguments in proof of convergence of Optimistic EXP

[1807.04252] Last-Iterate Convergence: Zero-Sum Games and Constrained Min-Max Optimization (arxiv.org)



https://arxiv.org/abs/1807.04252

Convergence of Optimistic EXP

X exp(=2ndye tnAye) o v exp(2nATx — nATxe)
(x¢, exp(—2nAy, + nAyi—1)) e (e, exp(2nATx, —nATx,_1))

Xt+1 =

* Decrease in distance simplifies to:
Ae ={x, NAQYe — Vie—1)) — (y*,r,AT(th - xt—1)>
+log(x;, exp(—2nAy; + nAyi_1))
+log(y, exp(2nATxe — nATx,_1))

* First part < 0. Forsmalln, 2y, — y;,—1 and 2x; — x;_1 lie in simplices. By
equilibrium:

x) Ay, < (2x; — x4_1) T Ay, x) Ay, = xJ AQy — Y1)
* Second part. Use Taylor approximations and definition of dynamics



Convergence of Optimistic EXP

Ay < log(x, exp(—2nAy; + nAy,_1)) + log(y,, exp(2nATx; —nATx;_1))

Both quantities can be viewed as a weighted soft-max operator over a vector

We will consider a Taylor approximation to the softmax after centering
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Il \ Side note: if we were to use EXP
Ay < log(x;, exp(—mv;)) + log(y;, eXp(Tlut)): then we can derive the same bound
! ! butwithv, = Ay, andu, = A'x,

o o o e e e e e e e e e e e mmm M e R mmm M e e S e e e M e e e e e

Center vectors around scalars v¢, U;, so that average deviations from centers are “small”

Ay < —nv; + log(xy, exp(—n(vt - 77t))> + nu; + log(y:, exp(n(ut - at))>



Convergence of Optimistic EXP

e o o o o = —

* Consider a second order Taylor approximation to “exp”

1 1
log <xt; 1+n+ <E + 0(77)) rt2> = log <1 + (X, 1) + (E + 0(’7)) (xtﬂ”t2>)
« Choose centers so that the first order term vanishes (i.e., 7, = x/ v, and Ui, = y,/ u;)
(x¢, 1) = —U(XtTvt - ﬁt) =0

» For the second order, we can simply upper bound usinglog(1 + x) < x

1
-1 XtTvt + (E + 0(77)> 772<xt: (vr — (x¢, vt>)2>



Convergence of Optimistic EXP

Decrease in distance is upper bounded by RX Rg’

————————————————

/ 1 ( 1

1 ! I I
Ar SNy ue —nxlve + (E + 0(77)> UZ(E(xt: (Ve — (x, vt>)2>i+ :<J’t» (us — (v, ut>)2>:)

]
\ A

Quantity v, — (x;, v¢) can be thought as a mixture of “regrets” of each action of x-player
Ve — (X¢, V) = Z(AYt - xtTAJ’t) — (Ayt—l - xtTAJ’t—l)

Definition. We say that a pointis 771/3 far from equilibrium if at least one entry with weight xé = Q(n1/3)

has regret x;rAyt — (Ay,); = Q(U1/3)

Given that algorithm is n-stable, we also have that ||y, — y.—1|| < 0(n)
|(ve — (X, ve))il = ‘—Z(A)’t - x;rAyt)i + (A)’t—1 - x;rAYt—l)i = 9(771/3) —0(n) = 9(771/3)

Corollary. If we are n'/3-far from equilibrium then maX{Rt’f, R?’} = Q)




Convergence of Optimistic EXP

Decrease in distance is upper bounded by

1
Ay Snygut—nxgvﬁ<§+0(n)>n2(R?+Rév)

Suppose we can also argue the following main lemma

Main Lemma. y/u, — x{ v, < —(1—=0®))n (R¥ + R)) + 0(n?)

Combined with the corollary in the previous slide, we get the main theorem

A < — <% — 0(77)) n?max{R¥,RY} + 0(n%) < —(n?)



Main Lemma. y/ u, — x; v, < (1 — 0(77))77 max{Rx, Ry} + 0(772)

Vi Uy — X vp = 2x0 Ayp — X{_1 Ay — 2x; Ay + X, Aye_q = % Aye_q — X{_1AY;
* Note that by adding and subtracting the previous period utility/loss:

1 1 1 1
xtTAYt—1 — xtT—1A3’t = Xt A)’t 1 ExtT—1A3’t—1 + ExtT—1A3’t—1 — xtT—1A3’t = Ey;-—lut — ExtT—ﬂ’t
* We can derive that:
v (TTTTTTT T 1"~~~ °° 1" 77~ \ This wouldn’t be the case
:\ytTut xf v, = Ey,;r_lut — ExtT_lvt | under EXP, where v, = Ay,

and u, = A" x; in which
case y, u, — x/ v, = 0.
xfve —x[_v; < —(1—0m))nRE + 0(n?) For optimistic EXP this

difference is the bias that
T y
Vi_iue —yius < —(1—=0@m))nR, + 0(n?) shrinks us towards the

equilibrium.

* Suppose that we can argue that

(Main Sub-Lemma)

1
* Then y;_ut xt Ve = (yt Ug — xgrvt) o (E _ 0(77)) n maX{RéC' Rgl}

* Rearranging yields the lemma



Main Sub-Lemma. x;rvt xt 1V < (1 — O(U))nRx + 0(772)

Suffices to argue lemma for first-order approx. to the Optimistic EXP updates
. Xeq - (L —nve_q)
xt —
(Xt—1, 1 = Nnve_q)
Since, it can be argued that first-order approx. is close to original variant, i.e.

lxy — Xl = 0(772)

Thus, we want
X{ v — X{_1Vp = _(1 — 0(77)) N (xe, (Ve — {xe, V) %)
Further since ||x; — x._1|| = 0(n), it suffices that:

ft-trvt - xl-fr—lvt = —(1 — 0(77)) N (Xp—1, (Ve — (X1, V) %)



Main Sub-Lemma: x;rvt xt 1V < (1 — O(n))nRx + 0(772)

Letv' = AQRYi_1 — Yi—2), vV = AQRy: — V¢—1), X = xt_1, and ¥ = X;. We want to show that
x (1 —nv)
1—n{x,v)

(%,v) = (x,v) = —(1-0mM)n (x, v — (x,v))?), x=

Plugging in the update rule for X and simplifying

(x,v) (x -v',v) il vxv)  nix,v-v')
1—nix,v') . n(x,v'y xv) = 1—n(x, vy 1—n(x1')

(X,v) — (x,v) =

By stability ||v — v'|| = 0(n) and we can derive

n({x,v)? — (x,v?))
1—n(x,v') T 0(772)

Note (x, (v — {(x, v))z) is variance of the vector v under distribution x. By variance formula
(x, (v = (x,v))?) = (x,v?) = (x,v)?
Since 1l —n(x,v") <1+ 0(n):

77<x1 (17 - (X, 17))2>
1 —n(x,v")

(X,v) — (x,v) =

(¥,v) — (x,v) = — + 0(772) < —(1 — 0(77)) n (x, (v —(x, v))z) + 0(172)



Punchline: Last-Iterate Convergence to Equilibrium

For n small enough, when (x;, y;) is not 0(n1/3)-close to (x., V.)
Ay =diy1 —di < _9(773)

Thus eventually (x;, y,) will be n1/3-close to (x,, y.).

Some technicalities are also required to show that the definition of
closeness used in the proof, also imply closeness with more
standard definitions like £ distance.
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