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Computational Game Theory for Complex Games
• Basics of game theory and zero-sum games (T)
• Basics of online learning theory (T)
• Solving zero-sum games via online learning (T)
• HW1: implement simple algorithms to solve zero-sum 

games
• Applications to ML and AI (T+A)
• HW2: implement boosting as solving a zero-sum game

• Basics of extensive-form games
• Solving extensive-form games via online learning (T)
• HW3: implement agents to solve very simple variants of 

poker

• General games, equilibria and online learning (T)
• Online learning in general games
• HW4: implement no-regret algorithms that converge to 

correlated equilibria in general games 

Data Science for Auctions and Mechanisms
• Basics and applications of auction theory (T+A)
• Learning to bid in auctions via online learning (T)
• HW5: implement bandit algorithms to bid in ad 

auctions

• Optimal auctions and mechanisms (T)
• Simple vs optimal mechanisms (T)
• HW6: calculate equilibria in simple auctions, 

implement simple and optimal auctions, analyze 
revenue empirically

• Optimizing mechanisms from samples (T)
• Online optimization of auctions and mechanisms (T)
• HW7: implement procedures to learn approximately 

optimal auctions from historical samples and in an 
online manner

Further Topics
• Econometrics in games and auctions (T+A)
• A/B testing in markets (T+A)
• HW8: implement procedure to estimate values from 

bids in an auction, empirically analyze inaccuracy of 
A/B tests in markets

Guest Lectures
• Mechanism Design for LLMs, Renato Paes Leme, 

Google Research
• Auto-bidding in Sponsored Search Auctions, Kshipra

Bhawalkar, Google Research
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Auctions



Credits: https://www.wsj.com/articles/sothebys-sells-7-3-billion-in-art-fueled-by-moneyed-millennials-11639581146 

https://www.wsj.com/articles/sothebys-sells-7-3-billion-in-art-fueled-by-moneyed-millennials-11639581146


Credits: https://www.3dsellers.com/blog/best-time-to-end-an-ebay-auction 

https://www.3dsellers.com/blog/best-time-to-end-an-ebay-auction


Credits: https://texaspowerswitch.com/texas/en/info/auction 

https://texaspowerswitch.com/texas/en/info/auction


Credits: https://www.caiso.com/market/Pages/MarketProcesses.aspx 

https://www.caiso.com/market/Pages/MarketProcesses.aspx


Credits: https://www.usaid.gov/energy/auctions/auction-explainer-video 

https://www.usaid.gov/energy/auctions/auction-explainer-video


Credits: https://calmatters.org/environment/2022/12/california-offshore-wind/ 

https://calmatters.org/environment/2022/12/california-offshore-wind/


Credits: https://www.google.com/search?q=digital+advertising 

https://www.google.com/search?q=digital+advertising


Credits: https://www.amazon.com/s?k=game+theory 

https://www.amazon.com/s?k=game+theory


Credits: https://www.fcc.gov/auctions-summary 

https://www.fcc.gov/auctions-summary


Credits: https://www.fcc.gov/auctions-summary 

https://www.fcc.gov/auctions-summary


Credits: https://www.fcc.gov/auctions-summary 

https://www.fcc.gov/auctions-summary


Credits: https://auctiondata.fcc.gov/public/projects/1000 

https://auctiondata.fcc.gov/public/projects/1000


Credits: https://www.pnas.org/doi/10.1073/pnas.1701997114 

https://www.pnas.org/doi/10.1073/pnas.1701997114


Credits: https://help.coinbase.com/en/coinbase/getting-started/crypto-education/eip-1559 

https://help.coinbase.com/en/coinbase/getting-started/crypto-education/eip-1559


Credits: https://arxiv.org/abs/2012.00854 
Further reading: https://arxiv.org/abs/2106.01340v3 

https://arxiv.org/abs/2012.00854
https://arxiv.org/abs/2106.01340v3


Auction Basics



Auction Basics

• 𝑛 bidders are interested in acquiring an item

• Bidder 𝑖 has value 𝑣𝑖  for the item
• Value is known only to them (private information)
• If bidder wins the item (𝑥𝑖 = 1) they gain a value 𝑣𝑖

• If at the end they are asked to pay a price 𝑝𝑖  they gain

𝑢𝑖 𝑥𝑖 , 𝑝𝑖; 𝑣𝑖 = 𝑣𝑖 ⋅ 𝑥𝑖 − 𝑝𝑖



Sealed-Bid Auctions

• Each bidder privately communicates a bid 𝑏𝑖  to the auctioneer

• Auctioneer applies an allocation rule 𝑥 to bid vector 𝑏 = 𝑏1, … , 𝑏𝑛

𝑥𝑖 𝑏 = Probability bidder 𝑖 gets the item, 

𝑖

𝑥𝑖 𝑏 ≤ 1

• Auctioneer applies a price rule 𝑝 to bid vector  𝑏 = 𝑏1, … , 𝑏𝑛

𝑝𝑖 𝑏 = Price that bidder 𝑖 is asked to pay



Welfare of the outcome

• The expected welfare of the outcome of an auction is the expected 
value of the winner!

𝑆𝑊 𝑏 = 

𝑖

𝑥𝑖 𝑏 ⋅ 𝑣𝑖

• It depends on the allocation rule of the auction and on how 
bidders bid as a function of their value (which in turn depends on 
the auction allocation and payment rules)



Revenue of the outcome

• The expected revenue of the outcome of an auction is the 
expected total payments made to the auctioneer!

𝑅𝑒𝑣 𝑏 = 

𝑖

𝑝𝑖 𝑏



Total utility of the outcome

• The expected total utility of the outcome of an auction is the 
expected total net gains made by the bidders!

𝑈 𝑏 = 

𝑖

𝑣𝑖 ⋅ 𝑥𝑖 𝑏 − 𝑝𝑖 𝑏 = 𝑆𝑊 𝑏 − 𝑅𝑒𝑣 𝑏



How would you maximize 
welfare?
What if we just elicit bids, give it to the highest bidder, and don’t charge 
anything…



First-Price Auction

• Arguably the simplest auction to describe

• Each bidder submits a bid 𝑏𝑖

• The highest bidder wins the item (ties broken at random)
• The winner pays their bid

• Utility of a bidder with value 𝑣𝑖  under a bid profile 𝑏:
𝑢𝑖 𝑏; 𝑣𝑖 = 𝑣𝑖 − 𝑏𝑖 ⋅ 1 𝑏𝑖 ≥ max 𝑏𝑗



How would you bid!



https://www.google.com/search?q=random+number+generator+1+to+10

https://www.google.com/search?q=random+number+generator+1+to+10














Bayesian Formulation

• Each bidder’s value is drawn from some distribution
𝑣𝑖 ∼ 𝐹𝑖 , 𝑣 = 𝑣1, … , 𝑣𝑛 ∼ 𝐹 = 𝐹1 × ⋯ × 𝐹𝑛

• Bidders submit a bid as a function of their value
𝑠𝑖 𝑣𝑖 = Bid of player 𝑖 when their value is 𝑣𝑖

Bayes-Nash Equilibrium. A bidding strategy profile 𝑠 = 𝑠1, … , 𝑠𝑛  
is a Bayes-Nash equilibrium, if players cannot gain by deviating in 
expectation, assuming others follow their strategies 

𝐸𝑣∼𝐹 𝑢𝑖 𝑠 𝑣 ; 𝑣𝑖 ≥ 𝐸𝑣∼𝐹 𝑢𝑖 𝑏𝑖
′, 𝑠−𝑖 𝑣−𝑖 ; 𝑣𝑖



Equilibrium of a First Price Auction (FPA)

• Consider a FPA with two bidders
• Each player’s value is distributed uniformly in 0, 1

• It suffices to look at symmetric bidding strategies
Theorem. The following is a Bayes-Nash equilibrium

𝑠𝑖 =
1

2
𝑣𝑖

Proof. Suppose bidder 2 follows strategy. Bidder 1 utility from 𝑏1 ∈ 0,
1

2
:

𝑣1 − 𝑏1 Pr 𝑏1 >
1

2
𝑣2 = 𝑣1 − 𝑏1 Pr 2𝑏1 > 𝑣2 = 𝑣1 − 𝑏1 2𝑏1

FOC with respect to 𝑏1: 2𝑣1 − 4𝑏1 = 0 ⇒ 𝑏1 = 𝑣1/2!



Equilibrium of a First Price Auction (FPA)

• Consider a FPA with two bidders
• Each player’s value is distributed uniformly in 0, 1

• It suffices to look at symmetric bidding strategies
Theorem. The following is a Bayes-Nash equilibrium
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Equilibrium of a First Price Auction (FPA)

• Consider a FPA with two bidders
• Each player’s value is distributed uniformly in 0, 1

• It suffices to look at symmetric bidding strategies
Theorem. The following is a Bayes-Nash equilibrium

𝑠𝑖 =
1

2
𝑣𝑖

Proof. Suppose bidder 2 follows strategy. Bidder 1 utility from 𝑏1 ∈ 0,
1

2
:
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Equilibrium of a First Price Auction (FPA)

• Consider a FPA with 𝑛 bidders
• Each player’s value is distributed uniformly in 0, 1

Theorem. The following is a Bayes-Nash equilibrium

𝑠𝑖 = 1 −
1

𝑛
𝑣𝑖

Proof. Suppose others follow strategy. Bidder 1 utility from 𝑏1 ∈ 0, 1/2 :

𝑣1 − 𝑏1 Pr 𝑏1 >
𝑛 − 1

𝑛
max
𝑗≠𝑖

𝑣𝑗 = 𝑣1 − 𝑏1 ෑ

𝑗≠𝑖

Pr
𝑛

𝑛 − 1
𝑏1 > 𝑣𝑗 = 𝑣1 − 𝑏1

𝑛

𝑛 − 1
𝑏1

𝑛−1

FOC with respect to 𝑏1: 

𝑛 − 1
𝑛

𝑛 − 1

𝑛

𝑛 − 1
𝑏1

𝑛−2

𝑣1 − 𝑏1 −
𝑛

𝑛 − 1
𝑏1

𝑛−1

= 0 ⇒ 𝑛 𝑣1 − 𝑏1 −
𝑛

𝑛 − 1
𝑏1 = 0



Equilibrium of a First Price Auction (FPA)

• Consider a FPA with 𝑛 bidders
• Each player’s value is distributed uniformly in 0, 1
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Equilibrium of a First Price Auction (FPA)

• Consider a FPA with 𝑛 bidders
• Each player’s value is distributed uniformly in 0, 1

Theorem. The following is a Bayes-Nash equilibrium

𝑠𝑖 = 1 −
1

𝑛
𝑣𝑖

Proof. Suppose others follow strategy. Bidder 1 utility from 𝑏1 ∈ 0, 1/2 :

𝑣1 − 𝑏1 Pr 𝑏1 >
𝑛 − 1

𝑛
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𝑛

𝑛 − 1
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𝑛 − 1
𝑛

𝑛 − 1

𝑛

𝑛 − 1
𝑏1

𝑛−2

𝑣1 − 𝑏1 −
𝑛

𝑛 − 1
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𝑛−1

= 0 ⇒ 𝑛 𝑣1 − 𝑏1 −
𝑛

𝑛 − 1
𝑏1 = 0



https://www.google.com/search?q=random+number+generator+60+to+70 

https://www.google.com/search?q=random+number+generator+60+to+70








https://www.google.com/search?q=random+number+generator+0+to+50  

https://www.google.com/search?q=random+number+generator+0+to+50








Equilibrium with Asymmetric Bidders



Inefficiency of First Price Auction

• At equilibrium, with positive probability, lower value player wins!

• Expected welfare of auction, not equal to expected highest value!

• The auction can be “inefficient”!

• How inefficient?



Efficiency Guarantees

• At any equilibrium, each bidder does not want to deviate to bidding half 
of their value!

• Either wins with such a bid and gains:
𝑈𝑖

′ = 𝑣𝑖 −
𝑣𝑖

2
=

𝑣𝑖

2
• Or loses, in which case highest bid is that high:

max
𝑗

𝑏𝑗 ≥
𝑣𝑖

2
• So it must be that:

𝐸 max
𝑗

𝑏𝑗 + 𝑢𝑖 𝑏 ≥ 𝐸 ≥
𝑣𝑖

2
≥ 𝐸

𝑣𝑖

2
1 𝑣𝑖 ≥ max 𝑣𝑗

max
𝑗

𝑏𝑗 + 𝑈𝑖
′ ≥

𝑣𝑖

2

𝑈𝑖
′ ≥

𝑣𝑖

2
− max

𝑗
𝑏𝑗
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𝑗
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max
𝑗
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2
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′ ≥

𝑣𝑖

2
− max

𝑗
𝑏𝑗



Efficiency Guarantees

• At any equilibrium, each bidder does not want to deviate to bidding half 
of their value!

• Either wins with such a bid and gains:
𝑈𝑖

′ = 𝑣𝑖 −
𝑣𝑖

2
=

𝑣𝑖

2
• Or loses, in which case highest bid is that high:

max
𝑗

𝑏𝑗 ≥
𝑣𝑖

2
• Equilibrium utility is at least this much and always non-negative:

𝐸 𝑈𝑖
′ ≥ 𝐸

𝑣𝑖

2
− max

𝑗
𝑏𝑗 1 highest value

max
𝑗

𝑏𝑗 + 𝑈𝑖
′ ≥

𝑣𝑖

2

𝑈𝑖
′ ≥

𝑣𝑖

2
− max

𝑗
𝑏𝑗



Efficiency Guarantees

• At any equilibrium, each bidder does not want to deviate to bidding half 
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𝑗
𝑏𝑗

𝐸 𝑈𝑖 𝑏 ≥

𝑖



Efficiency Guarantees

• At any equilibrium, each bidder does not want to deviate to bidding half 
of their value!

• Either wins with such a bid and gains:
𝑈𝑖

′ = 𝑣𝑖 −
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2
=

𝑣𝑖

2
• Or loses, in which case highest bid is that high:

max
𝑗
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2
• Equilibrium utility is at least this much and always non-negative:

𝐸 𝑈(𝑏) ≥ 𝐸 

𝑖

𝑣𝑖

2
1 highest value − max

𝑗
𝑏𝑗

max
𝑗

𝑏𝑗 + 𝑈𝑖
′ ≥

𝑣𝑖

2
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′ ≥

𝑣𝑖

2
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𝑗
𝑏𝑗



Efficiency Guarantees

• At any equilibrium, each bidder does not want to deviate to bidding half 
of their value!

• Either wins with such a bid and gains:
𝑈𝑖

′ = 𝑣𝑖 −
𝑣𝑖

2
=

𝑣𝑖

2
• Or loses, in which case highest bid is that high:

max
𝑗

𝑏𝑗 ≥
𝑣𝑖

2
• Equilibrium utility is at least this much and always non-negative:

𝐸 𝑈 𝑏 ≥
1

2
𝐸 

𝑖

𝑣𝑖 1 highest value − 𝐸 𝑅𝑒𝑣 𝑏

max
𝑗

𝑏𝑗 + 𝑈𝑖
′ ≥

𝑣𝑖

2

𝑈𝑖
′ ≥

𝑣𝑖

2
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𝑗
𝑏𝑗



Efficiency Guarantees

• At any equilibrium, each bidder does not want to deviate to bidding half 
of their value!

• Either wins with such a bid and gains:
𝑈𝑖

′ = 𝑣𝑖 −
𝑣𝑖

2
=

𝑣𝑖

2
• Or loses, in which case highest bid is that high:

max
𝑗

𝑏𝑗 ≥
𝑣𝑖

2
• Equilibrium utility is at least this much and always non-negative:

𝐸 𝑅𝑒𝑣 𝑏 + 𝑈 𝑏 ≥
1

2
𝐸 

𝑖

𝑣𝑖 1 highest value

max
𝑗

𝑏𝑗 + 𝑈𝑖
′ ≥

𝑣𝑖

2

𝑈𝑖
′ ≥

𝑣𝑖

2
− max

𝑗
𝑏𝑗



Efficiency Guarantees

• At any equilibrium, each bidder does not want to deviate to bidding half 
of their value!

• Either wins with such a bid and gains:
𝑈𝑖

′ = 𝑣𝑖 −
𝑣𝑖

2
=

𝑣𝑖

2
• Or loses, in which case highest bid is that high:

max
𝑗

𝑏𝑗 ≥
𝑣𝑖

2
• Equilibrium utility is at least this much and always non-negative:

𝐸 𝑆𝑊 𝑏 ≥
1

2
𝐸 highest value

max
𝑗

𝑏𝑗 + 𝑈𝑖
′ ≥

𝑣𝑖

2

𝑈𝑖
′ ≥

𝑣𝑖

2
− max

𝑗
𝑏𝑗

For more details see [1607.07684] The Price of Anarchy in Auctions (arxiv.org)

https://arxiv.org/abs/1607.07684


Sum: First Price

• First Price is arguably the simplest auction rule
• It can be hard to strategize in such an auction
• The auction can lead to inefficient allocations

• Though approximately efficient
• Still used in practice in many settings (e.g. online advertising, 

government procurement)
• Primarily because it has very transparent rules



Second-Price (Vickrey) Auction

• Each bidder submits a bid 𝑏𝑖

• The highest bidder wins the item (ties broken at random)
• The winner pays the second highest bid

• Utility of a bidder with value 𝑣𝑖  under a bid profile 𝑏:

𝑢𝑖 𝑏; 𝑣𝑖 = 𝑣𝑖 − 𝑏 2  ⋅ 1 𝑏𝑖 ≥ max 𝑏𝑗

Second highest bid



https://www.google.com/search?q=random+number+generator+1+to+10

https://www.google.com/search?q=random+number+generator+1+to+10








Truthfulness of Second Price Auction

• In a second price auction it is dominant strategy to bid your value
• No matter what the value is and no matter how others behave

Suppose I bid my value. Would I want to deviate?



Truthfulness of Second Price Auction

• In a second price auction it is dominant strategy to bid your value
• No matter what the value is and no matter how others behave

Suppose I bid my value. Would I want to deviate?
• Case 1. My value is below highest other bid
• Only way to change anything is bid above
• But then I get negative utility as I pay more than value

max
𝑗≠𝑖

𝑏𝑗

𝑣𝑖



Truthfulness of Second Price Auction

• In a second price auction it is dominant strategy to bid your value
• No matter what the value is and no matter how others behave

Suppose I bid my value. Would I want to deviate?
• Case 2. My value is above highest other bid
• I get non-negative utility
• Only way to change anything is bid below
• But then I get zero utility as I lose

max
𝑗≠𝑖

𝑏𝑗

𝑣𝑖



Sum: Second Price

• Second Price is arguably the simplest truthful auction rule
• It is very easy to strategize in such an auction (be truthful)
• Auction always leads to efficient allocations (highest value wins)
• Auction can be run very quickly (computationally efficient)

• Still not always the auction used in many places
• Primarily because it has not very transparent rules
• Susceptible to collusion and manipulations by the auctioneer



Sponsored Search Auctions



Sponsored Search Auctions

• Now we have many items to sell
• Slots on a web impressions

• Higher slots get more clicks!
• Each slot has some probability of click

𝑎1 > 𝑎2 > ⋯ > 𝑎𝑚

• Bidders have a value-per-click 𝑣𝑖
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Generalized First Price (GFP) Auction

• Bidders submit a bid-per-click 𝑏𝑖

• Slots allocated in decreasing order 
of bids

• Bidder 𝑖 is allocated slot 𝑗𝑖 𝑏

• Bidder pays their bid when clicked

𝑢𝑖 𝑏; 𝑣𝑖 = 𝑎𝑗𝑖 𝑏 ⋅ 𝑣𝑖 − 𝑏𝑖
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Generalized First Price (GFP) Auction
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• The first auction that was used by 
Overture in late 90s

• Lead to weird bidding patterns

Credits: https://www.benedelman.org/publications/cycling-060703.pdf  

https://www.benedelman.org/publications/cycling-060703.pdf
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Generalized Second Price (GSP) Auction

• Bidders submit a bid-per-click 𝑏𝑖

• Slots allocated in decreasing order 
of bids

• Bidder 𝑖 is allocated slot 𝑗𝑖 𝑏

• Bidder pays the next highest bid 
when clicked

𝑢𝑖 𝑏; 𝑣𝑖 = 𝑎𝑗𝑖 𝑏 ⋅ 𝑣𝑖 − 𝑏 𝑗𝑖 𝑏 +1

𝑏 1

𝑏 2

𝑏 3

𝑏 4

≥
≥

≥



1

0.5

Generalized Second Price (GSP) Auction
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• The auction of choice in current 
sponsored search systems

• Even though still not truthful

𝑣1 = 7

𝑣2 = 6

𝑣3 = 2

𝑢1 = 1 ⋅ 7 − 6 = 1

𝑢1
′ = .5 ⋅ 7 − 2 = 2.5



Generalized First Price (GFP) Auction with 
Many Bells and Whistles

• Bidders submit a bid-per-click 𝑏𝑖

• Each bidder assigned a quality score 𝑠𝑖

• Slots allocated in decreasing order of 
quality weighted bids 𝑠𝑖 ⋅ 𝑏𝑖

• Bidder 𝑖 is allocated slot 𝑗𝑖 𝑏
• Slots have bidder-specific probability of 

click 𝒂𝒊,𝒋𝒊 𝒃

• Each bidder pays, per-click, the highest 
bid that still gives them the same slot

𝑝𝑖(𝑏) =
𝑠(𝑗𝑖 𝑏 +1) ⋅ 𝑏 𝑗𝑖 𝑏 +1

𝑠𝑖
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Credits: https://arxiv.org/abs/1505.00720 

https://arxiv.org/abs/1505.00720


Credits: https://arxiv.org/pdf/2007.13193 

Simple learning dynamics are good predictors

https://arxiv.org/pdf/2007.13193
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