e Ly Heaps
> Heap as a Data Structure
> Types of heap — Min heap and Max heap
> Qperations on Heap
> Heap Sort
> Applications of Heap



The Heap Data Structure
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Def: A max (min) heap is a tree in which the key value in each node is no

smaller (larger) than the key values in its children (if any).
o A max heap is a complete binary tree that is also a max tree.

> A min heap is a complete binary tree that is also a min tree.

Order (heap) property: for any node x (for Max heap)
Parent(x) = x

(8, Example of Max heap

“The root is the maximum
O (73 © (& element of the heap!”

Heap A heap is a binary tree that is filled in order
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The heap property (for Max heap)

A node has the heap property if the value in the node is as large as or
larger than the values in its children

offcRoico

Blue node has heap Blue node has heap Blue node does not have heap
property property property

All leaf nodes automatically have the heap property

A binary tree is a heap if all nodes in it have the heap property
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T-WE Types of Heap

<+ Min-heap

<+ Max-heap
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relt-o Max Heap
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< A max-heap is where the key value of a node is greater than the key
values in of its children
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Example of Heap
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Max-Heap
30) [1]
25) [2]
11y [1]

21} [2]




Mapping into an array
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(19 /S:::l\ /!l!l!\‘ Qs>
QL GO G v
0 1 2 3 4 5 6 7 8 9 10 11
25221719 221415181421 3 [ 9 [ 11

Notice:

- The left child of index i is at index 2*i+1(index starting from 0)

- The right child of index i is at index 2*i+2

- Example: the children of node value (19) [index 3] are at [index 7] (18) and [index 8] (14)
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Operations on Heaps

Create—To create an empty heap to which ‘root’ points
Insert—To insert an element into the heap

Delete—To delete max (or min) element from the heap
ReheapUp—To rebuild heap when we use the insert() function

ReheapDown—To build heap when we use the delete() function
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N aautis Constructing a (max) heap

<+ A tree consisting of a single node is automatically a heap

<+ We construct a heap by adding nodes one at a time:
< Add the node just to the right of the rightmost node in the deepest level
< |If the deepest level is full, start a new level

<+ Examples:

Add a new node here
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MY Constructing a (max)heap contd..

**Each time we add a node, we may destroy the heap property of its parent node
*»To fix this, we shift up

*»*But each time we shift up, the value of the topmost node in the shift may increase,
and this may destroy the heap property of its parent node

**We repeat the shifting up process, moving up in the tree, until either

** We reach nodes whose values don’t need to be swapped (because the parent is still larger
than both children), or

** We reach the root
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MIT-WPU Other children are not affected

.
\® @ @

% The node containing 8 is not affected because its parent gets larger, not smaller

% The node containing 5 is not affected because its parent gets larger, not smaller

% The node containing 8 is still not affected because, although its parent got smaller, its
parent is still greater than it was originally
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g A sample heap

**Here’s a sample binary tree after it has been heapified

fezy ®

@ e GO o Ao

**Notice that heapified does not mean sorted

*»Heapifying does not change the shape of the binary tree; this binary tree is
balanced and left-justified because it started out that way
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Insert (max heap)
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m Algorithm Insert(a,n)

{

MIT-WPU

Algowrithm add() i=n; elem=a[n-1];
{ //index of a starting from 0 if(il=1)
j=0; a[20]; while((i>0)&&(a[(i/2)-1]<elem){
Get Choice ali-1]=al(i/2)-1];
Repeat i=(i/2);
{ } O
alj]=elem; ali-1]=elem;
insert(a'j"'l); return true; (14 (15)
j++; }
} until(choice=="n’); \ (7)) (6 ) (10 (8)
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Algowrithm add() i=n; elem=a[n-1];
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DeleteMax

pqueue.deleteMax ()
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DeleteMax (Final)
pqueue .deleteMax ()
(15
(10 (10



Delete (Max) element Algorithm(index starting from 0) @
Algorithm Adjust(a,n,i) “

Algorithm Deleteheap(a,n) //n are the no. { MIT-WPU
of elements in array while(2*i+1<=n) do i
{ {
- . j=2%i+1; //index of left child
/! Interchange the maximum with the // compare left and right child and let j be the
element at the end of array larger child
repeat{ if((j+1 <= n) and (a[j+1] > alj]))
j=j+1
t=a[0]; If a[i] >= alj])
a[0]=a[n-1] ; then break; //if parent > children
11=t- then break
a[n-1]=t; else
n-- {

//swap a[i] with alj]
temp=ali]; a[i]=a[j]; alj]l=temp;
accept choi i=j;

}

} //end of while



Delete (Max) element Algorithm(index starting from 0) @
Algorithm Adjust(a,n,i) “

Algorithm Deleteheap(a,n) //n are the no. { MIT-WPU
of elements in array while(2*i+1<=n) do i
{ {
- . j=2%i+1; //index of left child
// InterChange the maximum with the // compare left and right child and let j be the
element at the end of array larger child
repeat{ if((j+1 <= n) and (a[j+1] > a[j]))
j=j+1
t=a[0]; If a[i] >= alj])
a[0]=a[n-1] ; then break; //if parent > children

then break

else

{
//swap a[i] with alj]
temp=ali]; a[i]=a[j]; a[j]=temp;

accept choi i=j;

}

} //end of while



Delete (Max) element Algorithm(index starting from 0) @
Algorithm Adjust(a,n,i) “

Algorithm Deleteheap(a,n) //n are the no. { MIT-WPU
of elements in array while(2*i+1<=n) do i
{ {
- . j=2%i+1; //index of left child
// InterChange the maximum with the // compare left and right child and let j be the
element at the end of array larger child
repeat{ if((j+1 <= n) and (a[j+1] > a[j]))
j=j+1
t=a[0]; If a[i] >= alj])
a[0]=a[n-1] ; then break; //if parent > children

then break

else

{
//swap ali] with alj]
temp=alil; a[i]=a[j]; a[j]=temp;

accept choi i=j;

}

} //end of while



Delete (Max) element Algorithm(index starting from 0) @
Algorithm Adjust(a,n,i) “

Algorithm Deleteheap(a,n) //n are the no. { MIT-WPU
of elements in array while(2*i+1<=n) do i
{ {
- . j=2%i+1; //index of left child
/! Interchange the maximum with the // compare left and right child and let j be the
element at the end of array larger child
repeat{ if((j+1 <= n) and (a[j+1] > alj]))
j=j+1
t=a[0]; If a[i] >= alj])
a[0]=a[n-1] ; then break; //if parent > children
11=t- then break
a[n-1]=t; else
n--; {

//swap a[i] with alj]
temp=al[i]; ali]=alj]; a[j]=temp;
I=j;

Adjust(a, n-1, 0);
accept choice

0 D)
} //end of while
}



Delete (Max) element Algorithm(index starting from 0) @
Algorithm Adjust(a,n,i) “

Algorithm Deleteheap(a,n) //n are the no. { MIT-WPU
of elements in array while(2*i+1<=n) do i
{ {
- . j=2%i+1; //index of left child
// InterChange the maximum with the // compare left and right child and let j be the
element at the end of array larger child
repeat{ if((j+1 <= n) and (a[j+1] > a[j]))
j=j+1
t=a[0]; If a[i] >= alj])
a[0]=a[n-1] ; then break; //if parent > children
11=t- then break
a[n-1]=t; else
n--; {
- ) //swap ali] with alj]
Adjust(a, n-1, temp=alll; ali]=alj]; aljl=temp;
accept ch i=j;
luntil(choj }

} //end of while
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Other than as a priority queue, the heap has one other important
usage: heap sort
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% Heap sort is one of the fastest sorting algorithms, achieving speed as
that of the quicksort and merge sort algorithms

The advantages of heap sort are that it does not use recursion and it is
efficient for any data order

7/
%

There is no worse-case scenario in the case of heap sort

Y/
¢
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Heap Sort

Steps for heap sort (ascending order) are as follows:

1.

2
3.
4

Build the heap tree(for given array as it may not be in heap tree form)
Start Delete Heap operations, storing each deleted element at the end of the heap array
After performing step 2, again adjust the heap tree (ReHeapDown)

Repeat step 2 and 3 for n-1 times to sort the complete array
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Sample Run MIT-WPU
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® Start with unordered array of data
Array representation:

21 |15 |25 |3 3} 12 |7 19 |45 |2 9

Binary tree representation:




Sample Run
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® Heapify the binary tree —(from (n/2)-1 to 0)

@@ ﬂb@ @&D
92395 ? - é}@ @d@@@@@ 7
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Step 2 — perform n — 1 deleteMax(es) and replace last element in heap with first, then re-heapify. Place deleted

element in the last node’s position.

a5 25

25 RP1 12 19 P B [7 (A5 B [ W5 I2119121595723h2545
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19

21

25

19 15 12 1B o 5 7 D 21 25 45
15>

15

12 3

19

45
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15 12 o |/ t9 21 25 @5
@ @
3 S
12 [/ 5 I[15 [19 R1 R5 @45

This continues till
only one is left

and finally

12 9 5115 19 1 [25 W5
0 |5 12 [15 [19 21 5 W5
2 12 (15 [19 1 5 K5

—w—




Heap sort Algorithm Sindex starting from 0)

Alﬁorithm HeapSort(a,n) Algorithm Adjust(a,ni) MIT-WPU
//here n is the total no. of elements in the array { I RreenRfd g 1
{ while(2*i+1<=n) do
{
fori=(n/2)-1 to 0 step-1do j=2%i+1; //index of left child
Adjust(a,n-1,) if((j+1 <= n) and (a[j+1] > a[j]))
// Interchange the new maximum with j=j+1; // compare left and right child and let j be the larger child
the element at the end of array ) )
If a[i] >= alj])
while(n>0) _ ,
then break; //if root >children then break
{
else
t=a[0]; (
a[0]=a[n-1] ;
//swap a[i] with alj]
a[n-1]=t;
temp=a[i]; a[i]=alj]; aljl=temp;
n--
Adjust(a, n-1, 0); =
| }
| } //end of while
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While(Z*i+1<=n) do 3 @ 11 RrersmfRisfd ggar 11

{ 3 /ﬁ\ ©
j=2%i+1; //index of left child %
if((j+1 <= n) and (a[j+1] > a[j])) ‘ (1) O O

j=j+1; // compare left and right child and let j be the larger child
If a[i] >= afj])
then break; //if root >children then break
else
{
//swap ali] with alj]
temp=alil; a[i]=a[j]; a[j]=temp;
i=J;
}
} //end of while



Heap Applications
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% Selection algorithm
% Scheduling and prioritizing (priority queue)

% Sorting



Selection Problem

\/
%

7/
%*

Y/
¢

For the solution to the problem of determining the kth element, we can
create the heap and delete k — 1 elements from it, leaving the desired
element at the root.

ﬁo the selection of the k" element will be very easy as it is the root of the
eap

For this, we can easily implement the algorithm of the selection problem
using heap creation and heap deletion operations

This problem can also be solved in O(nlogn) time using priority queues



Scheduling and prioritizing (priority queue)
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Applications of priority queues where heaps
are implemented

% CPU scheduling
% 1/0 scheduling

% Process scheduling.



