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After completing this chapter,

the r i
understand the TolioWiig: eader will be able to

® Computational problems that
machine (TM)

® Formal model of a TM

® Comparison of finite automata
relative computational powers

: Recursively enumerable languages and recursive languages
Concept of composite TM and iterative TM

® Multi-tape TM, multi-stack TM, and multi-track T™M

® Concept of universal Turing machine (UTM)

® Halting problem and limits of computability

® Church’s Turing hypothesis

® Solvable, semi-solvable, and unsolvable problems

® Total and partial recursive functions !

® Post's correspondence problem (PCP) . ; : l

can be solved using a Turing

(FA) and TM on the basis of their |

.

4.1 INTRODUCTION

The limitations of finite state machines (FSMs) necessitate the search for a more
powerful machine. We have seen that an FSM cannot remember an arbitrarily long
sequence of symbols. It has a read head that can move only in one direction—to the
right always. It cannot move backwards to retrieve previous information stored onto
the tape. Similarly, though the two-way finite automaton (2FA) has a read head that can
move in any direction, it cannot store (write) anything onto the tape; hence, it cannot
multiply two numbers, as the process requires intermediate results to be stored onto
the tape. Furthermore, an FSM cannot check if a set of parentheses are well-formed,
or for palindrome sequences. All these limitations arise because the FSMs do not have
memory, and hence, they cannot solve problems that need to store data to be used for

later computation.
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4.2 ELEMENTS OF A TURING MACHINE

A TM consists of the following:

-

1. A head, which can read or write a symbol at a time, and move either to the left, righ

Jitations of FSMs in detail in Chapte,

We have already discussed the lin ) (
. : St § e ¢ re po r
ations, we require a more powerfuj mﬂChin

Section 2. 14). To overcome these limit :
has the following properties: 'th

4 o ) FSM—since any program
1. Finite state control similar to that of the Neegs a ¢

number of functions/states. )

2. External memory capable of remembering
achieve this, the machine should have unb
which, it can choose any required part, by mo

osition (i.e., no movement)—the entire unbo : ‘

<4 .[‘)\bility tcf store (write onto the tape)—the machine head Sh:?l”d be a read/wriy, ":’fy._.
4. Ability to consume its own output as input. during execu lorzi‘at a']ater time 'a¢
complete feedback control system)—for this, all thf’ intermediate informqy mef
be stored in the memory. For example, while multiplying numbers (rflultipliCati‘“!

is a process of repetitive addition), it is required to store the Intermediate o, aft?n‘
sums, which are later added to get the final answer. Hence, 'the distinctiop bet 4
the input and output symbols needs to be drc?pped. This means  that extor ¥
communication as well as communication within the machine shoulg Test o '

ng
common alphabet set. 1

All the aforementioned characteristics are satisfied by the Turing machine (T Whigt
was proposed by Alan Turing, a decade prior to the designing of the first §hared-pm d’
computer. This concept of the Turing machine led to the concept' of algf)nthms and g
procedures, since the basis of the TM is to first divide the proces§ ll.lt.O primitive Operaﬁ
(functions/procedures/states) such that they cannot be further divisible, and thep eXecys
each operation in sequence.

arbitrarily long sequenceg of i )
ounded one-dimensiona] Men, “‘S\[ﬁf‘
ving to the left, right, or Stayinry

unded tape acts as an inﬁﬂite Ein 0“&

£

or remain in the same position, depending on the symbol read from the tape cell, s
2. An infinite tape, extending on either side of the
head, marked-off into square cells, on which the
symbols from an alphabet set can be written. Tl

TaRe s tape represents the unbounded one-dimensional

r

—
—lofifaJo 11—

..... memory (refer to Fig. 4.1), which is considered

Blank tape

Figure 4.1  Turing machine resides in one of these states.

..... to be filled with blank characters, ¥’s, un]

L R Blank tape specified otherwise.
Read/Write head 3. Afinite set of symbols, called the external alphabetset
‘ 1, which consists of lower-case English letters, digi
__State usual punctuation marks, and the blank character .
Finite control 4. A finite set of states denoted by S; the machit]
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I I\( l [\1 ‘h”.\‘ ()\7(\‘(.(““0g H ‘
S e

limitay
« S tatioy 8 » S i :
el hoteg n“nlmuml(rd at both the 1 f‘»f the FSM. It has infinite memory in the
. STHO e *ends) g res ite he :
2 iy, this can b C(m.\‘id(.uvhlm_\ retriove nform m. tread/write head that can move in any
. ; o atio
its ownoutput ag iy !

“e n from the 1
‘ 08 Conver: ¢ ta
PUL {0 14 Cring the dumb «

| Catalaer Stage | ’
» “Chi'.w ;“ I the algorithm execution, All these features
i S "'l,‘,. he '™ and FSM are thus two extremes—an
S ATM is the most powerful machine.

pe that is stored earlier—in
torage inteo memory, it can consume

ady seen

cwhieh s A'TM ke
of which is the halt/fi '™ hag

state transition function (S

where, L stands for ‘move toward
right by one tape ce]y position’

a finite 3 :
State), Setof symbols 7, and a finite set of states § (one

the hel i
™, p of three functlons, namely,

MAF: I x 5 5 and ~the direction function (
STF: 1 x § S
DIEI X § = D

A TMiis denoted wig,

the machine function (MAF),
DIF), which are defined as:

= {L,R, N}

., an ¢ .
position or remain at the same t d N stands for ‘no movement, that is

no action (i.e., halt state) or performs the
1.

2,

ol read—which j o ek
Which is an element of I—at any given time, the machine either takes
following three actions:

The input symbol. read is erased and another symbol (possibly a blank character or the
same symbol again) is printed on the tape cell.

The internal state of the machine is changed (possibly to the same state as it was
initially in).

The head either moves one cell towards the right or left, or remains in the same
position.

These actions can be described collectively by an ordered set of five elements, that is, a

quintuple. For example, (a, &, b, B, L) represents such a quintuple, which exists if the head
reads a € I, while the machine is in state « € S, writes b onto the tape cell after erasing
a, changes the machine state to 8 € S, and moves the head position to the left by one cell.

To represent these quintuples together, a table called a transition matrix or functional

matrix (FM) is used. Such a matrix is a combination of the aforementioned three individual
functions—the MAF, STF, and DIF. In this functional matrix, the rows and columns are
labelled by symbols forms S and I, respectively (as in FSMs), while the remaining triples,
that is, (b, B, L) are placed as the entries of the matrix.



Table 4.2  Simplified functional matrix
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=
B

A
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of symbols in S, that is, the numpq, 5

r of symbols in /, that ig num Stap,.

3

If the number

Tabled.1 Example functional matrix hd the numbe g
5‘" T ST Py ey 1S l— zluqﬁ | =n then the size of the functional Matriy i;r of 'a;; |
NSRS _ ; ; wimbols = YA - P )
[y G ] ¥ sy ?1‘1[’” of output triples. For an e):;implcs:t, rtcfcr to Tabje , " » 1
i -3 : 1 ' has ee sta 3 I
@ 0ar 0B8R > " We see that in Table 4',1’ 5 fias e fe-s and 7 hag thre,,
)& PaR 101‘9. hence, the functional matrix is of size 3 x 3 _ 3  ta
; Symools, L s L2 t
= = SRl AL yIf s is a functional matrix; then an example trangjy;,, ¢
- - 'an.L
2¢ = - =7 expressed as: ’t
S(a, a)—> (a, a, L) " —
) . .. in a state, the mac Tases a, write
This m ng symbol a while 1 o Sag,.
eans, on reading Sy moves the head position to the left by op, ta &y,

and

changes the state from a to itself, : Mgy :
Ingthe aforementioned case, the significant change after transition is just the %Il

ity
a and the current state of the mg.p. iy
of th mbol on the tapc X € machjy,

of the head, because the sy he transition. Therefore, instead of Writing ‘he:,‘

1 i fter t .

is, a, remain the same;i‘;‘; ?n he functional matrix, We can save space by wrjg: hoj,

the significant changes. Hence, the aforementioned triple o, by

£ | ' simplified as:

0 1 s@a—-W

‘ The modified functional matrix, in Wh.ich. we only record the g; i

= — N cant changes after deleting all other insignificant entries to say,
s is called a simplified functional matrix (SEM). Th.e SFM equjy ey

to the functional matrix in Table 4.1 is depicted in Table 47

~ Note: Itis also possible to convert a quintuple representation to a quafiruple representation, F(;

¢ this, additional states may have to be introduced in S, so that the given TM is de‘eﬂninisﬁc‘
For example, the quintuple (a, @, b, B, R) may be written as two ql.‘adeIGSi (a, @, b, B") apg

~ (b,B’, R, B), where, B’ is a new state. This quadruple notation essentially breaks two of the thres |

operations into different transitions. The first transition (a, «, b, B') is about replacing the inm .

symbol a by b and the second transition (b, B', R, B) is about moving the head position opa

" cell to the right. However, this quadruple notation is very rarely used; the quintuple notatiog

discussed here is more popular.

Formal Definition
A Turing machine (TM) is denoted here:

Mz(Q’E’r965qO;B’F')s

where,

Q: Finite set of states
[; Finite set of allowable tape symbols, including blank character ¥

3: The set of input symbols, which is a subset of [ , excluding blank character y
| B: A symbol for blank character



-
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go: Start (or initial) state & @)
£ Set of final states (or h
§: Functional matrix, gy¢

In order to have a de

alt States) C O

hthat 5: (Q > [y - Q> > (L.R,NY})

gl e BT o lerministic TM, there should be a unique triple (b, B, d) for every
state SOme symbol a, for § (a, a) in the functional matrix.

Notes:
1. 6 may be undefined for some ar
to the transition table of an FS

. 2. FSMis a special case of aTM. ]
only to one direction, then th

I X § — S, which is, nothing

guments, which are represented in the table as ‘—, (simzilar
M). Refer to Tables 4.1 and 4.2.

f we make the tape length finite and restrict the head movement
e functional matrix corresponding to this FSM will specify:
but the state transition function (STF).

44 INSTANTANEOUS DESCRIPTION

Instantaneous description (ID)ofaTM M , .
M i h is the current
state of the TM, that is, g e is denoted by ‘a; g a,’, where g

P Q. and ‘a; a;’ is the string in [ *—that is, the contents of the
tape SOMA ed on both the ends by blank characters (¥’s). Note that ¥ may occur within
‘a; ay’ as well.

We define a move (or transition) of M as follows:

Let ‘ag aQ s+ 4i-1494;... a,’ be an ID of M. This ID indicates that the current state of
the machine is g and the machine head is about to read symbol g; from the tape.

Suppose, & (g, a;) = *p,L)isa transition, where

If i = n + 1, then q; is taken to be ¥, that is, blank character.

Ifi = 0, then the tape head moves one position to the left of the first symbol that is
considered to be blank character Y, in the next ID.

If i > 1, then we can write the ID for the aforementioned transition as

Qo a, ... a;_ 1 4qaq; ...a,,]*‘_laoal .@i_,pa;_*a;+,...a,

Similarly, for the move & (g, a;) = (*, p, R) we can write

l\_
ag a, ...ai_lqa,'...anMaoal ...ai_l*pai+1...a"

If the two IDs are related by AA—/I, , we say that the second results from the first by one move,

as we have seen here. If one ID results from another by some finite number of moves (in-
cluding zero number of moves), then they are related by the symbol, 5

The language accepted by M is denoted by L(M) and is the set of those words in * that

cause M to enter a final state when M is placed in state g, and the tape head of M is at the
leftmost cell.

Formally, we can define the language accepted by M = (Q, =, [, 8, g0 B, F) as
LM) = {w|w € Z*, and qOW;l; @, p a, for some p in F and @, and a, in [ *}

Let us consider an example of a TM.
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~

—_ i - . ;
h the following:

M wilt
Example 4.1 Consider an SFM for a ™ W
1={0,1,¥)
S = {a, ﬂ, Y= halt}
D = (L, R, N}
The SFM is given in Table 4.3. iioned TM, provided the initial CO“ﬁgUratiOn
of g
k

Find the purpose of the aforemen

TM is as given in Fig. 4.2.
Sample string

Table 4.3 SFM for example TM —
N e r DTN D

. Read/Write head

s

‘@

Bl L i Satea ]
5% ‘

Figure 4.2 Initial configuration of example 1y

ote that the functional matrix gives us only hgys e

information on what the TM does, and unless W€ know the initial configuration o initiy

ID of the TM, we cannot determine its purpose- Thus, the interpretz}tion of the TM is high;
dependent on its initial configuration, which includes the following: what the TM Star

with, how the input string is assumed to be placed onto the tape, an.d the initial state of the
machine. Note that the interpretation may differ for different initial configurations ey,

for the same functional matrix. -2 o
uration or the initial ID is like the assumptio

Therefore, we can say that the initial config . :
that forms the basis for the interpretation of the algorithm described by the functional matriy

As we can see, initially the machine is the state a, and the head points to the blank chg.

acter ¥ just before the actual string begins; hence, a is the initial or start state of the T\,
We observe that the function of the aforementioned TM is to replace the last (or ending)

1 by 0, whenever a sequence of 0’s followed by a 1 is encountered; it then moves to the

Solution It is very important to n

next available blank, and halts.

Let us simulate the working of the TM using a sample string ‘0001":

initial configuration

ap0001p
M
N Pa0001py o (a, ¥) = (R)
M
y P0a001p o (a, 0) = (R)
M

p00al1p 0 (a, 0) = (R)



the tape cell to be read. Thjs
In this chapter. we are voin.
' : ) £0ing to fol

for TM in preference to thegf low the same ch
simulation can be shown as f
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| S

EO00q I

M 8 (, 0) = (R)
BO000g

S(a, )= (0B R)
hOOOOyh
(BB =(yN)

a. particular input is
; given here is a form
¥ different not

d notation, the

a recording of the transition from one
al notation. However, the IDs can also
ation as shown in the following simulation.
change mk .hcz.xd' is cle.arly shown as a pointer pointing to

g es 1t visibly simple for the reader to understand.

et . anged notation for representing the IDs
Ona one. Using the simpler ID notation, the aforementioned

ange

(8]

llows:
0001y o
0 initial configuration
«a
50001y . : .
T moved one position to right using & («, ¥)
@
000
) 1 moved one position to right using é («, 0)
«@
k00O ,? 1 b moved right position to right using & (e, 0)
o"
b000 ,1rb moved one position to right using & (e, 0)
. y
#0000 0% changed 1 to 0, changed state to 8, and
B moved one position to right using 8 («, 1)
0000 }I{ changed state to vy with no movement
v (halt) using & (B, ¥), halt after that

4.5 TRANSITION GRAPH FOR TURING MACHINE

Start

Bb—R
1— OR
«

ATM can also be represented pictorially with the help of a transition
3 graph (T'G). In such a graph, the nodes denote the internal states from

Figure 4.3 TG for example TM

0—R

the set S. A pair of nodes is connected by a directed edge (or arc)
labelled by the input symbol from the set [, followed by an arrow
and the new output symbol again from the set [— this symbol is to
be written after erasing the previous symbol; the direction of the

move is selected from the set D. The transition graph for the TM in
Example 4.1 is shown in Fig. 4.3.

B—N

@ Halt state
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Note: ITa TM Stasts the run from an initial state and eventually reaches a halt stage, the ¢
X om
Py
)

oon is stoppad and we say that it has ‘;C”»’,m‘d the input word.

On the other hand. let us consider the transition graph ip Fig. 4
v. and if the symbol read is different fr(‘m\,.,

machine is in state ¢ . N
then we cannot proceed with the transition. This, in fact, COrreg

5 -= .4 entries in the functional matrix. Further, i 1.
having unspecified entries 1n : her, if (he

is in state 8 and reads a or b, then there is N0 way to proceed. In s, ac;,
S Such

ations, the computation is halted and we say that the machine has ., '
e]eq
&

Sy
b‘ 2 I
g,
Pong, ,
u

the input word. ) ) :
Sometimes, the machine may go Into an infinite loop Withoyt ¢,

Figure 44 Example : ) o
transition graph ing. For example, if the triplet corresponding to (¥, B) is (, B.R) lhhah
8 (8. ¥) = (¥, B, R), and the remainder of the tape consists of 0niy b?;t I

characters, then the machine goes on moving to the right without ever changing the g,
]

creating an infinite loop.

4.6 SOLVED PROBLEMS

Let us try to construct some TMs that solve specific problems.

Example 4.2 Construct a TM for checking if a set of parentheses are well-formed,

Solution Before directly creating the functional matrix let us first decide the initia| oy
figuration, that is, we first begin with the assumption on which the algorithm is to be fixed
and then generate the FM. '

The initial configuration of this TM is as shown in Fig. 4.5(a).
It is assumed that the input string is to be written-onto the tape delimited by semicol,

on both the sides. The initial state of the machine is go, and the machine head points
the leftmost symbol of the input string. In case the input string is empty, the head poin

to the right end-marker semicolon.

 Algorithm
1. From the initial state, move to the right until you read the first right parenthesis ‘)

replace this right parenthesis by ‘*’ and move one position to the left.

Continue moving left till you read the first left parenthesis ‘(" ; replace this lef

parenthesis by ‘“*’ and move to the right.

. 3. Repeat the aforementioned two steps till the whole string is replaced by *'s.

. 4. While moving right if you came across ‘;’ (right end-marker), then move toward
the left to search for any left parenthesis ‘(" that might have been left unchanged-!

the parentheses are well-formed, there will be no more left parentheses ‘(¢ and me

machine will only read the left end-marker *;’.
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For this TM, we have:

7= 1G%) 3R L 0)
K {"I'th 41 g I‘I P ; I l
U gy = halt
D = {L, R, N)
MO, 18 ¢ stdered e
HL% flzl?\k“o;‘l\‘.lklk’d‘ .\s.(hc start state while ¢4 is the halt state.
1w SEM Tor the T™M g ag given in Table 4.4 '

Tabl S
€44 SFMofa TM that checks if parentheses are well-formed

Il
S 5
; " ) ; RE oo, 0
9o R R *qlL qu A A5 e
41 *qoR L L R,q:N TE e =
q2 L,,q3N L L Og;N it ik I

|

qd3 . SR i o L T x

= tg;;egﬁe;:g:?;:s an extra I:ight p?.renthesis “y’, it ends up in halt giving Rp. as output.

: parenthesis ‘(’, it moves to state g, that is, halt state, giving L,as
output. If the entire sequence of parentheses is balanced, then the machine moves to the
halt state g3 giving the output O, indicating acceptable input.

We obs_erve from Table 4.4 that state g, is responsible for searching for the first right
parenthesis *)’. It moves towards the right, ignoring any left parenthesis ‘(" that is encoun-
tered. O.n.ce the right parenthesis is found, it is replaced with **’; then the machine moves
one position to the left and changes to state g,. State g, is responsible for searching towards
the left for the matching left parenthesis ‘(’. Once the first left parenthesis ‘(’ is found, itis
replaced with ‘*’, and the machine moves back to g,. Thus, the states go and g, represent
the first two steps of the algorithm.

While moving towards the left and searching for the left parenthesis ‘(" while in state g,
if the machine cannot find ‘(’, that is, the machine reads ;’ (left end-marker) instead, then
it is an error condition. In such a case, the machine generates output symbol R, indicating
an extra right parenthesis, and moves to the halt state g3.

On the other hand, if while moving towards the right in g, and searching for the first
right parenthesis, if the machine reads ;’ (right end-marker), indicating there are no more
right parentheses ‘), to be changed to “*’, the machine moves to state g,. In state g,, one
needs to check for any unmatched left parentheses, ‘C’, that are left. In state g,, while mov-
ing to the left, if the machine comes across the symbol *;’ (left end-marker), indicating
that there are no more unmatched left parentheses ‘(’, it is considered as the acceptance
condition. Hence, the machine generates the output O, indicating that the input string is
accepted, and moves to the halt state gs.

However, in case while moving left it finds a left parenthesis ‘(’, then it indicates the
string is not well-formed and has at least one unmatched extra left parenthesis ‘(. This is
an error condition and the machine generates output symbol L, and halts.

The transition graph for this TM is shown in Fig. 4.5(b).
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Sample string

\\\\\ B o —

_____ ] ](].)I)](I)I;

)
|
() Read/Write head

(@)

Figure 45 TM for checking if a set of parentheses are W
parentheses a

Simulation

ell-formed (a) Initial configuration (b) TG for Ty that
re well-formed Cheq(‘W

1. Let us simulate the working of the aforementioned TM on the sequence ‘() 0)

(O0);

90
=4 L0 s
T
90
;((*0));
T

qi
S C =R )5

initial configuration
8 (g0, ) =®)
8 (g0, O =®
6(q0,)) = (*q1, L)
8(q1,()=(*qR)
6 (g0, *) = ®)
6(qp, () =(R)
0 (90,)) =(*q, L)
6(q1, ()= (*qR)

0 (q0*) = (R)

6(q0,))=(*q, L)



q>

T
qs3

ES
TURING MACH!N

8 (g *) = (L)

8 (g1 *) = (L)

8 (q,,*) = (L)

8 (g, *) = (L)
3(q), () = (*qy R
3 (4o, *) = (R)

8 (4o, *) = (R)

8 (g0, *) = (R)

8 (g0, *) = (R)

5 (g0, *) = (R)
8 (90, 3) = (g, L)
3 (g2, *) = (L)
8 (92, *) = (L)
8 (92, *) = (L)
8 (2, *) = (L)
(g2, *) = (L)
8 (g2, *) = (L)

8 (g3 =0 q;N)

149

The output symbol O indicates that the string ‘( () () ) is accepted by the TM as it is

well-formed.



=

=0 THEDRY T8 O iy ATYON
2 Letwy v simulate the working of this TM forinput sequence ¢,
S0 1R now simujate 2 .
x initial configuration
X
% S (g0 () = (R)
4 &
T
Ga O (qo. D =(q, L)
o
) ,
‘;3 ) (72 ( ) == (Lv q3 IV)
T
A > is at least one left par :
The output symbol Z, indicates that thcn]l? a ‘1.. parentheg;g <, "
) 3 . rell-formed. " Mhigy,
unmatched, and the input string 1s not W ?l 1 for an empty s N
3. Finally, let us simulate the working of this iVl ok PLy Sequence;
. initial configuration
T
70 8 (g0 ) = (@2 L)
T
‘g; 8 (g2 1) =(0q3N)
T
g3

We observe that the empty string is accepted, as it is always well-formeg,

E& Example 4.3 Design a TM to find the 2’s complement of a given binm

Solution  The initial configuration of the TM is con.sic.iered as shown in Fig. 46(,
The initial state is g,, and the head points to the first dlglt., that is, the most Sig“iﬁCanl
bit (MSB), of the binary number. The binary number is delimited by semic(,lons‘
which are used as the end-markers. The remaining tape is filled with blank ChafaCters‘
that is, ¥’s. ) ’
The algorithm we are going to use is the same as that used in Example 2.17 in Chapter)

Algorithm

1. Move towards the right till you reach ‘;’, which is the right end-marker of the sequency,

2. Start moving towards the left till you reach the first 1; then move towards the I
and replace each 0 by 1, and each 1 by 0, till you reach the left end-marker *:’ of
sequence, then halt.

For this TM, we have

I=1{0,1,;)
S = {40, 91 92, g3 = halt}
D = (L R, N)

The SFM for the TM is given in Table 4.5.
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Tablo 4.5
D SFM .
- for a TM that finds 2's complement of a binary number
i S . E4 "
- 0 i
90 ’
(,‘ R ," o ’,4
9s S q,L q:N
3 1L
o oL qgN
The TG for the T™M 18 as shown in Fig. 4.6(b)

BN P22 R N NN N I I I 72

O Read/Write head ) Halt @

Ty

Figure 4.6 TM to find the 2" van bi :
g the 2's COmpIeme'nt of a given binary number (a) Initial configuration (b) TG for TM that
finds 2's complement of a binary number

1—L

0—1L

1—0L

Simulation
Let us simulate the working of this TM for the string ‘01010°.

;01010 initial configuration
9o
;0%010; 5(40,0)=(R)
90
;Olglo; 6 (g0, 1) = (R)
9o .
;01010 8 (g0, 0) = (B
T
9o
;01010 6(q0, 1) =(R)
T
9o
;01010 6 (g0, 0) = (R)
T

9o
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010103
t 5= (L)
l{',
(010103 ’
] 5@ 1)~ (42 L)
il
010 104
' 5 (42 0) = (1L)
>
0111 0.
I 5@» =0 L)
Q> g
0011 Q.
) 5(qn 0 = 1D

q:
:10110:
: o (42, 9) = (QS N)

q>
10110

T

q> .
; put string ‘010107, as ‘107,

plemerlt, for the in

Thus, the TM generates the 2°s com

/ .
- ccurrences of‘lll’by‘lOl’m
€1

Exéﬂiple 4.4 DesignaTM that replaces allo

\\,({fO’s and 1’s.

Solution The required T™ is
that we have studied in Chapter
in Fig. 4.7(a).
The initial state is assumed to be go-
semicolon ¢;’, which is used as the end-marker.
symbol in the input string.

Table 4.6 SFM for a TM that replaces The SFM for the requ.ired T M, whi
‘101’ is as given 1n Table 4.6.

etector machine (Mealy machi

a typical sequence ¢ :
yp figuration of the TM be a5 sh
o

2. Let the initial con

The string is delimited at the rightmost enq
The TM starts reading from the leftmz

ch converts each occurrey

each occurrence of ‘111’ by ‘101’ of ‘111’ by
R R o TR For this TM, we}have
ES IR L L T 1=10,1,3)
o R qR g S = {qo q1» 92 93 94 95 = halt} |
: D={LRN 3
9> gR gL gV We see from Table 4.6 that states go, g, and g, collectively idé%
75 L R tify the sequence ‘111°. Once the sequence is identified, state
B a4 R makes a transition to state g5 and points to the middle 1, whichi
7 replaced by 0 in state g3; thus, the string is replaced by ‘101". Ond

tltle replz;cement is done, the TM moves to state g,, which rese“ﬁ
state g, for repeating the same pro ' the
sequence of ‘111’ that may exist. S T search 1or 48 3

The TG for the TM is shown in Fig. 4.7(b). |

gs = b3
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(' a K , i
cample string ((4}:%. : | 0
_,‘-;_",,:-U'-;? B, Y N "[" ' i -(;!,\ ] <% R Y I R (DN == OR
Ay YN LR iy iy B 9 4 =
\i\ gpsdw,-,'m head P / - T
Y Halt (@39«
2~.,r e {0 (‘7{5
47 TMthatreplaces all OCCUMmences pf « (b)
rF Sof ' v y
v occu111 by 101" (a) Initiay configuration (b) TG for TM that replaces aach
rence of ‘111" by 401 i REICpIEEETeae
Simulation
Let us simulate the work:
in
“11110111°, g of the T™ that we have constructed for the input string
11110111
go ’ initial configuration
11110111-
g ’ 8 (g0, 1) = (¢, R)
1

11110111
T S (qy, 1) =(q.R)
11?210
111;
1 : 8(q2 1) =(q5 L)
qs3

10110111,
2 : 9(g9% 1) =(0q4R)

q4
101%0111;< , 8(qs1) = (qo B)
do S |
_1011?111; 0(q0, 1) =(q, R
q:
~10110%11; 8(q1,0) = (g R)
do
101101%1; 8 (90, 1) = (¢, R)
q:
101101111\; 0(q;, 1) =(q,R)
7))
10110111, 0 (g2 1) =(q3 L)
T
qs
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(g D = OqR)

101 H)H‘j:

l;'a 5 (l/.]- ') . ((/n I")
101} 11!11”;

o S (g0 3) = (qs N)
101101012
)
i

ces of ‘111" from the input Stri
Ing to

erted both the occurren
l(j].

Thus, the TM has conV
m we have discussed can also be solyeq o
Sin

le
ine, it can always solve Problem
S thyy .
§

solvable using an FSM.

s words of the form 0" 1" for n > ¢

Example 4.5 Design a TM that recognize
shown in Fig. 4.8(a). The tray
Si[ion

{ us assume the initial configuration as

L8 _/Solution Le
N graph for the TM is shown in Fig. 4.8(b)-
a—R

Sample string
e 5
—JsJoJoJ1[1[B[F

() Read/Write head

@ (®)
17 for n 2 0 (a) Initial configuration (b) Transition Oraph

Figure 4.8 TM that recognizes strings of the form 0"

Algorithm
1. Replace the first 0 by some other symbol, say a, and move towards the right till yo

reach the first 1. A
2. Replace this first 1 by some other symbol, say ¢, and move towards the left till you
reach the 0 immediately next to the one that was previously replaced by a.

3. Repeat the procedure till all 0’s are replaced by a’s.

For this TM, we have

]= {Oy laa’CQb}
S = {a, B, 7,8, ¢ = halt)
D = (L, R,N)

The SFM for the TM is as shown in Table 4.7.
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Tabloay o
= ’ SMtor o T™ that
> € ‘mrr)qnbnq tri an 4"
() 'mnr; ¥ A4
o :
aBR 5 i b
B 5 e " | .
&R elN (accept)
i L CyL :
i » -
8 —
Ty @R L fe
€ S s
- A eN (accept)

_ Here, a is the inigjq) state
is drawn as showp T of the

Fig, 4.8(}))‘

machine and e;
: : €1s the halt state. The iti iagram
Simulation transition diagr

ki
0011y ng of the Mmachine for the string ‘0011°.
Z initial configuration
aO0l1lyp
1(3)1 8 (a,0)=(aBR)
a 1p
g 8 (B,0) = (R)
aOcly
0 | 8B, 1) =(cyL)
Y
aOclpy
T 3 (v,0) = (L)
Y
aOclp 8
T (‘y,a)=(ozR)
. .
aa/(f\lb 8 (a,0) =(aBR)
B
aac%\b 6 (B,c)=(R)
B
hagel 8@ =(cyL)
Y
aacch o (v, ) = (L)
T
Y
aa

el 6 (y,a)=(aR)
T
@
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5 (v, c) = (B R)

aagocl
'S‘ (S (‘Sv (:) = (I()
aqacceis
g 5.1 =N
aaccl.
‘ he TM
£ 3 3 by the . .
Thus, the string ‘0011° 1s ncccptcd )11\4 for the empty string.

. this T
Let us simulate the working of this

b

-

initial configuration

5 (a, ) = (€N)

E s . n ln fO[‘ _

ing i hine as it fits the pattern O gl
mpty string is accepted by the mfiC 1 o e Shtactis b In, e
empty string, the machine starts reading the trailing blank ch , Y e,

e

i ings containing e
}E?,(ple 4.6 Design a TM that recognizes String g €qual nump,q, ofp,
apd 1°s. i

Solution Let the initial configuration of the machine be as shown in Fig. 4-9(a),

" Algorithm _

1. Starting from the initial state, if you reach the first O replace it ‘b),/ “** and Move i

till you reach the first 1; replace that also by the same‘ s,ymbol, 2 ' 1

2. If you reach 1 first, then replace that with the sym‘b?l *’, and move right tj] YOu regyy

the first 0; replace that also by the same symbol, “*’. ’

3. Repeat the procedure till you finish reading all 1’s ar-ld 0’s.Ifany 1 or Q remaings, ther
must be an error, and the machine should reject the input.

For this TM, we have
I=1{0,1,; * T, F}, where T = accepted; and F' = rejected

S = {40, 91> 9, 93, 94 = halt}
D ={L R N}

The SFM for the TM is as shown in Table 4.8.
The initial state g, makes transition to ¢, after replacing the input symbol 0 by *, Stat:
g; hence carries the responsibility of finding the matching symbol 1. State g; is reached
from g, on finding the symbol 1; hence, g; needs to find the matching O so that the number,
of 0s and 1’s are same. The output symbol T is generated if the number of 0’s and I's &z
equal in the input string; else output F'is generated.
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Table 4.8 SEM for a -
Boe 0 ' "
F8 TM that accopts aliings containing equal numbar of 0's and 1's

!
: Y ' ; v / /
“0 g R e R TN 18
q R L, FauN R e, =
! = L qolR L — -
93 *q,L R FquN R o 2
qa e s — 57 4 %

The transition diagram for the TM is as shown in Fig. 4.9(b).

s — R
Sample string l1—R | —L
1— *R
. 1— R
() Read/Write head 5 Halt
*_>R
@ b)

Figure 4.9 M that recognizes strings containing equal number of 0’s and 1's (a) Initial configuration (b) TG for TM that
accepts all strings containing equal number of 0's and 1's

Simulation
1. Let us simulate the working of the TM for the string ‘110100°.
;110100 initial configuration
T
do
:*10100; 6( 1) =C(Fqz:R)
T
a3
:*%10100; 6 (g5 1) = (R)
T
q3
;¥1*%100; 6 (g3, 0) = (*q, L)
I
2
2*1%100; 8(q, =)

S



(g3 ™) = (1)

a,"'””;
; 6 (q203) = (g, Ry
* #1100
; 6 (o ™) (R)
' L:’:’ W 0o
. f o ((lﬂ' 1) = (% I/‘I‘l)
e thy00:
g 6 (43 ™) = (R)
L l100;
T 5(qn 1) = (R)
q3
,,0*]00;
g; 5(6]3, O)=(* (lzL)
e [ *05
qu 65(q 1) = ()
caxx] %05
;‘2 8 (g ") = (L)
caxx %0,
qt 8 (q» ™) = (L)
xxx] %0
q?; 5 (g ™) = (L)
kA ]*0;
; (92 ;)=(q0R)
;***1*0; '
Ckxx]*0,
! 5 (g0 *) = (R)
Lk x]*(0; o
T * R
**201*0’ 6 (4o, ).—(_)
T ‘
***30*0 6 (g 1) =(*q3R)
;
3 —
v, 5 (g = ®
7
93 0)=(*qL)
CEAKKEK 6(q0) = ("2
9

4__4
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T . “; (,’2‘ "’) E (I,)
i q>
! il T gt 8((]2_ *y = (L)
g2
t ‘«g*dzﬂ:**
| 1 - 8 (g5 *) = (L)
[ )
i '*zh****
T * 8((]2.*):(14)
g q>
| :******
{ H s 8 (g5, ®) = (L)
l q2
d ook ok ok ok %k,
) : 8 (g2 3) = (@ R
do
* 3k %k k k% .
s T s S(QO»*)z(R)
o
A R ok ok ok ok,
b} T ’ S(qO’*)=(R)
0
. * .
;R ;**, 6 (qo, *) = (B)
***ZO*
) o .
] T ] ) a(qc,*)‘:(R)
****ZO
: ;‘ 5440 1.5
9o
;******:’r 8 (go, *) = (R)
do
;******%* 0 (go,3) = (T qsN)
qs

The output symbol T indicates that the string is accepted by the TM.
2. Let us now simulate the working of the TM for the string “1°.

4 initial configuration
T
4o
S (o 1) =Cq:R)
T
4q3 -
1*F , 3 (g33) = (FqsN)
T
44

Thus, the string ‘1’ is rejected by the machine as indicated by the output symbol F.
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inary palindrmncs‘,

Example 4.7  Design a TM that recogmzes b s
s ation Of the TM he? as shown in Fig, 4.“”2.)

vitial config . head initially points to the left end-mary.

o ( This assumption is the basis for ‘he‘a“lr o

tion—for example, we may agsuﬁr;,h:,

hm as well as the SFM that ; ® th, !
s '3

Ba

Solution  1.ct the ir
In this case, we assume that (f ’
art of the impy

a different assump

Just prior to the actual st
algorit

write. Note that if we make e
head points to the first input symbol—th

_\..]’]5

for the TM will be different. Yy
Algorithm .
1. Read the first symbol, which may be 0 or 1. Replace it by some Othe, -
1
say ‘;’. . ) a
2. Move towards the right to find the right end of thc‘ Seque}?C;?, that s, the 5
marker *:’. Then, move one position to the left to point to the last sympg; Cene
3. Read the last symbol. If it is equal to the symbol that we read at the othe, -
replace it with *;’, and continue the process. » the
4. If it is not equal, then the sequence is not a palindrome sequence.

For this TM, we have

I= {0911;9F9T}
S= {90, 915 92, 935 94, 955 de = ha]t}
D = {L,R, N}
Here, 7 indicates that the input sequence is a palindrome and is therefore accepteq
TM; and F indicates that the input is not a palindrome sequence and is therefore rejg%

by the TM. :
The SFM for the TM is as shown in Table 4.9.

Table4.9 SFM for a TM that recognizes binary palindromes

7L 1

ls A el ot el ; ' F T
9o L L q,R R <eg
g1 H771(s sqaR TgeN — —
92 R R gsL . .
93 gL FgN TgeN L L
94 R : R gsL N .
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The transition gy :
1'he praph ig drawn ne shown in Fig. 4.10(b)
' ‘1. 4. ().

Sample string
A

i ,,‘,‘:A s s i : : —
St NS N N A A A O
C ) Read/Write head

(b)
" Figure 410 TM that recognizes binary palindromes (a) Initial configuration
(b) TG for TM that recognizes binary palindromes

Simulation ‘
1. Let us simulate the working of the TM that we have constructed for the string ‘0110,
which is a binary palindrome sequence of even length.

;0110 initial configuration
T
do |
:0110; 8 (g3 =@ B
T
qi
== 1103 8@, =Gq R
]
2
75110, d(q )=
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13103
J?‘
4,‘_-
‘121103
'
:
21103
r
LA
- I s
1
o
3o I B
T
9o
cod I35
T
o
3311
T
q1
s sl
i)
q4
A -
T
q4
el -
T
gs
T
qo
T
qi
sa8 058
T
73

B gy 1) = (B

5 (g2 0) = (R)
8 (g2 1) = (g3 L)
8 (g3 0) = Gaqol)
8 (g, D = (L)
8 (qo, D = (L)
8 (g0, 3) = (@1 B)
5, D=GCaqR)
8 (g D =R
8 (g4 3) = (g5 L)
8(gs 1) =G(Ggol)
6 (90, 3) = (@1 R)

8 (ql! a) o (TQ6N)

The output T indicates that the input string ‘0110’ is a palindrome sequence.
2. Let us simulate the working of the TM for the input string ‘101°, which is a palindrom
sequence of odd length.

1;\ 101; initial configuration
9o
;101 ; 6 (q0,;) = (¢, R)
T
qi
;;191; (g1, 1) =(GqsR)
q4
’30%; 5(Q4,O)=(R)
77
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01
1 (g 1) = (R)
4
011
r 5 4(],“ v) (74 )
L
s 033
> A 8(gs, 1) = (qs L)
l!l\
v ) s e
T( v S (go, 0) = (L)
([n)
s 2055 1
T 8 (Qn- ;) == (‘I! R)
q
T 0(q;.0)=(:q: R)
T 0 (g ) = (g5 L)
q3
3 K
a 8(q3.:) =(TqsN)
de

The output T indicates that the input string ‘101° is recognized by the ™ as a
palindrome string.

3. Let us simulate the working of the TM for the string ¢, that is, the empty string, which
is also a palindrome sequence with zero number of 0’s and zero number of 1's.

% initial configuration

;% 0(q0;)=@ R

1
Y3 8 (q1,3) = (T gs N)
T
de
Thus, the empty palindrome string is also accepted by the TM.
4. Let us simulate the working of the TM for input string ‘01°, which is not a palindrome

string.

;01 initial configuration
T
do
;015 0(q0,3) = (@ R)
T
q1
Shelis 8(q,0)=(GqR)
)
q2
B Ly : 6 (g D=(R)
T
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8 (g D)~ (a 1)
Sy 1) = (I'qs N)

-

-~

-
T y

is not a palindrome string, and
dh
Qn‘\

L7

L gtring ‘or’
The output # indicates that the string
et 2 h““\\
res two positive integers m an ,, and\"‘\
pr
Oy

rejected by the TM.

Example 4.8 Design a TM, which c.ompﬁ
output G, if m > m; L, if m < n: and E,ifm=n. N
: : tem. For this, we need tq
Solut i i ol manipulation syS -
olution  This TM is a symb p L}, thea thefuibibers cany. > eseml
format can be written as ‘g anr;reSQm
‘57
(

numbers in the unary format. If we consider =
using that many a's. For example, ‘2’ in unary
med as shown in Fig. 4.11(a). Ny

be written as ‘aaaaa’. .

The initial configuration of the TM 1s assu . >
two numbers, m and n, are separated by a punc.tuauon S)fmlb:;)l 4 (lclort:)ma).
The transition diagram for the required TM is shown in Fig. 4.11(b).

iCe that

n

m

Tlelelel Jalel?]-

() Read/Write head

(b)

Flgure 4.11 . TM that compares two positve integers (a) Initial configuration
(b) Transition graph
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\lg.'nl‘“l""

Replace one a from 4, by 9
11 Move right till You get the
If N0 @ is reMmaining o "k
. Move left to find (he nexi ;
A:' oo nisn‘mnimn;! N Search if
. if no then, m = 5

first g f ", ré

place ¢ with “*°
at 1y to

iy . s N
bye replaced by “** then m < »

. wo steps
: aforementioned two

< I,
if veq then, m
ANy a is temaining that of s, if ye

In short. keep replacin

£ each g of m
N Ath *'s. 11 fip

splaced W

R[w].

ally botp
Some rem
e

and n by
are tot

aining

st fv)l‘!‘j
until both or one of them ic' ’ qual;
4 - st e €0 Aly
ally replaced by *’s, then they mus
) r.
@’s must be greater than the othe

herwise. the one with
g C
= For this TM, we hay

I: {(15’9*9 b; G[s I—‘[s Eq}
S = {qo. q,, 92 935 Ga, g5 = halt)
D= {L’ R, N}

The SFM for the TM ig shown in Table 4.10.
1

W rs
Table4.10 SR for a TM that compares two positive mtegg

E

o *qR 94R R ke . o e
q: R D "gRew) & ich S (3

*qaL i R GgsN — = ~n
% L PR L qoR 1. o
q3 N Facy o

R quS

Ltq5N —
qs . _ 1) 5
qs AT :

s akes a transi-
by “*’, and m
TM is in state g, which replaces iy frt;mgzgi?ming of the next numtfif
Initially, the State g, is responsible for finding the replaces one a from n by
tion to a new s.tatf? ql.thiS g, makes transition to g,. SFate gz efﬁany we subtract 1 from
n; on accomPIIShlnhg X é hlave replaced from m earlier. S8
thah,w aced in n,
to match the one . left to be replace
G no ale
bt the GHmbers laces one a from m by a ‘*’, but the.r e. :1Sstead reads a blank character
Now, if the TM rep af the TM does not find any a; 1tt t:at the first number m is greater
i tin state g, to indicate
then it means tha tes the output G, to
i the TM genera - hat is, the TM
. In this case, in the number m. that is.
Seithe secongAlhbesl: cenario. If there is no a left in th State g, now needs - check
Let us consider anOt.hertSte qo; then, it changes to State’rc{\ii finds an @ in n while in state
) 1 a 0» ? i
e hray waile ll:fts in the second number n. If the
i a
whether there is any



166 THEORY OF COMPUTATION
{ number is greater, or that the
ﬁrst ny

o TM generates the output Z,,

plank character Jf in sty

bers are equal, and lhef 94, th M,
€a \

¢ secont
e, th
TM reads a
that both num

¢a then it means that th
the second number 7. Henc
On the other hand. if the

ates output as £, indicating
be replaced in cither of them. ' :
\rs in unary forma
& ¥ tand perfory, )
Sth |

The TM thus represents the num
e
‘ Co

repetitive subtraction.

y
ren

Simulstion
orking of the TM that we have constructe f,
or m

1. Let us simulate the W
‘aaa’ and n = 2, that is,

= ‘ad’. =
n 3, "
&,

initial configuration

Vaaa,aal
T
o
b*aa,aab 5(qo,a)=(*th)
q
b*aa,aal 8 (qna) = R)
91
V*raa,aal 8 (q,a) = (R)
q91
VF*aa,aal 8(q,) = (@R)
92
V*aa,*al 8(gpa)=*qsL)
q3
V*aa,*al 8 (g3, =L)
* q3*
V*aa,*al 8 (g5 a) = (L)
*93
Y*aa,*al 6 (g3 a) = (L)
? |
% aa,*ap 8(q3 %) =)
.
#
Taa, apy 8 (g #) = (g R)
Y
*
L 5 (g0 %) = (R)
2
a,*
T ap 8(q0sa)=(*qu)
b**q‘ .
a,”a
ot 8 (g1, a) = (R)

g



q3
b‘**(z,**b

b’**? X %
G 5 b

q3
b**a,**b

e

2 a’**b

T

Z:;**
a,**b

T

o

b**a,**b

4o
b**a’**b

q .
b***o,**b

91
B*xk xxpy
b***,?kz*h

T

2
b’***,**b

T
- q2
y***’**G‘

qs

TURING MACHINES
8(qy; 1) = (g5 R)
8 (g5 *) = (y
5 (g, a) = (+ g1 L)
8 (g3, %) = (1)
8(q3,.,) = (1)
(g3, a) = (1)
S (g3, *) = (L)
S (g3, %) = (L)
(g3, B) = (g R)
8 (g0, *) = (R)
8 (90, *) = (R)
8 (g0, @) = (* q, R)
8(q1,,) = (g2 R)
6 (g2 ™ =R
3 (g2 *) = (R)

6 (g2, ¥) = (G, gs N)

Thus, the output of the TM indicates that m = 3 is greater than n = 2.
2. Let us simulate the working of the TM for m = 0 (i.e., €), and n = 1 (i.e., ‘@’). As the
first number is 0, the head points to the separator symbol °,’, to begin with.

V,ab
T
9o

initial configuration

167
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5 (gor ) =@ B

V.ap
g
b.L‘:b 6(q4,a)=(L,{]5N)
T
qs
— 0 s less thann = 1.
qual:letm =n =1 = ‘@

The output Z, indicates that m "
3. Let us consider the case when both numbers ar
initial configuration

Ya,aly
0
b al 5o @ = CaR)
T
b*,q'ab 8 (q1,») = (@R
T
b*’?b 8 (g2 a) = (Fq3L)
T
Y * ?3* Y 5 (g3 ) = (L)
1
g g 5 (g5 ®) = (L)
T
Zs* Yy 8 (g3, V) = (qoR)
1
Py 5 @o®) = (R)
i
by 5 (Gor ) = (@4 B
T
q4
p*,*py 8 (g4 *) = (R)
T
g4
b*, *%‘q 8 (qs B) = (E, qsN)

gs
Thus, m and n are equal, which is indicated by the output E,.

Example 4.9 Design a TM that performs the addition of two unary numbers.

Solution Let us consider the pair of numbers expressed in unary form using 2
symbol ‘a’, that is, a number x is represented by x consecutive a’s. Let the initial
configuration of the machine be as shown in Fig. 4.12(a). As both the unary numbers
are represented using the letter ‘a’, they are separated by the delimiter ‘¢’ on the tap.
The initial state of the TM is «, as specified in Fig. 4.12(a). The TG for this TM s

shown in Fig. 4.12(b).
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" p-—=R

st bee /

1 n\ anrun X | Secongd Number - c —+ R
“~jriedslalelelalalpT ) (B ))/ '
= < la¥T ¢ )
—v o —~— 2 i a—>R a—> L
ank rape 3 Read/Write head B]i\nk tape C BN

(a) Halt
(b)

Figure 412 TM that performs addition of two unary numbers (a) Initial

configuration (b) TG for TM that
adds two unary numbers

- Algorithm
ddition is nothing b . ‘
Arimary level nliltl]im::' COIlcalendflon. This is exactly similar to what is taught in pre-
§uch o Hinaiils and«lhlcs. To achieve 4 + n’, let us represent m and n by some object
en perform aggregation. Put m blue balls into a bucket and put n

blue balls into the same bucket- the -
’ Cn e . It
gives thevalueaftes addition, count the total number of blue balls in the bucket

Replace each a from the first numbe

r, that is, i i left side of ¢ by a
. blank character § and add one g after { at s, the string of a’s on the le y

he string of a’s representing the second number. In
this way, after completion of addition, the string of a’s
equal to the result of addition resides on the right side
of c. At the end, replace the ¢ with a blank character 4.

Table 411 SFM for a TM that adds two
unary numbers

I Je 2 For this TM, we have
2 2 b | I={a,pc)
a VBR B, VSN S = {a, B, v, 8 = halt}
z Rt Faovii R D = (L, R, N}
2 I s I The simplified functional matrix for the TM is given

in Table 4.11.

Note: In this example, entries for § state are not shown because they are null entries, as it is

a halt state. In all previous examples, we have used ‘-’ (hyphens) to indicate them as null/
unspecified entries.

Simulation

Let us simulate the working of the TM for the following example:
First number = 3 = ‘aaa’
Second number = 2 = ‘aa’

..VPaaacaalb... initial configuration

T

o



8 TR T TRETIN

,_}i:z«‘@fa}m

b4

L,}iaacmwabﬂ~
-~

i
Y
.“Iizzcaaaiu.
?
_#baacaach..
-
i
3
."iiﬁﬂfaﬁﬁﬁn.

I
¥

7.
phaacaaak...
T
) 4
.niﬁfataaaﬁ".
i
&
---ﬁ'ﬁ’l’;caaaﬁ."

B
l’ﬁb’a;'aaab'..

8
...Fﬁ#acfrzaaﬁ...

B
~Hkbacaaak..
T
B

Bem o g
W& = gy
SR = @)
dRD=@
B = 169
B = YX)
Sh@ =@
d(r=@
S =@
S(h)=@
d(na)=()
d(ra) =@
() =(@R)
d(@a)=@pR
dB.a=®
3B.0=®

3(B.a)=(@R)
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/’1’1‘«)«‘11,,(, o

i 5B, a) = (R)
V¥ ¥avan
a aaal . i
E 6 (3, a) = (R)
Wbbacaaahy
1 S (3, ¥) = (a ¥ N)

ol AN ) ] N ')’
B UPay AQaaal ., 5 ( ) = (L
! o (y,a) = (L)
N " )/
...1’1‘&’(1(‘00(1(1&1
o (v, a) = (L)

..hlibacaZaab”_ 8 (v, a) = (L)
,a) =
Y
BBl .
a%‘aaaab... o (y,a) = (L)
Y
. Bb
hgcagaap,. 8(7,0 =W
Y
Hipacaaaar.. 5(v.a)= (L)
Y
.-bhbfcaaaab.._ 8(v,¥) =(@R)
..bbbb;\‘aaaab... . 0(ax,a)= (BBR
B
..bbbbc%aaab... 8(B,c) =R
] .
..bbbbcag}z\aqb... - 8(B,a) = (R)
s B 4 ¥
...VbVbcaaaal... 8 (B,a) = (R)
5
..bbWPVPcaaaalk... 6 (B,a) = (R) k
5
.BWbBVcaaaalk... o (B,a) =(R)
B
.BBWVcaaaaal... 8B H=(ayN)
| T
Y
..wwcaaa%ah... é(r.a)=(L)

Y
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S (v, a) = (L)

kb bcaaaaal ... 6 (v
T §
Y 5 (y,a) = (L)
. bB¥bbcaaaaal ...

1 = L
.-1"111"110(1()7(1(1(114... S (y,a) = (L)
= (L
..bbbbc;{aaaab... 5 (v, @) (L)
T
= (L
..hbbbz,aaaaab... s(y,0) =)
T
.-bbb%caaaaab.. S(v. = (@R)
T
a —
bbbV bBaaaaal... 5 (a,c) =FS6N)
T
1)
is completed, and that is jj d

Example 4.10 Design a TM that multiplies two unary numbers. T

Solution Multiplication, as we know, is repetitive addition of multiplicand to itSelf,w

have already discussed unary addition using a TM in the previous exarpple.
If m is the multiplier and n is the multiplicand, then n X m can be viewed as;

Thus, the addition of the two numbers ‘3 + 2! s conp
the five a’s that are left on the tape before the machine halts.

n X m=n+n+ ... mnumber of times
Thus, we consider addition as the concatenation of m number of n’s.
Let us consider the initial configuration of the TM as shown in Fig. 4.13(a). The mj

tiplier and multiplicand are both unary representations of the decimal numbers, They g
represented here using symbol 1; for example, the decimal number 2 in unary formgy;
written as ‘11°. The rest of the tape is assumed to be filled with all O’s instead of ps. Ty

Multiplier Multiplicand
— = A

...]0’;11,11[;0000

Result of multiplication

() Read/Write head ' .
ol (ofof, |t ]t];|b|b]bf|b]

(a) (b)
Figure 413  TM that multiplies two unary numbers (a) Initial configuration (b) Final configuration of ™
(for the operation 2 X 2 = 4),
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mlliplivr and multiplie e TS
::v gemicolons ', 'l‘:\u:\‘:\‘x‘dl (“L" Separated by a comma ¢, and detimited 21 o e
), he I'CQU“ of the X ¢ pointg to ”‘C Rtiye a 4 ¢ e taitiall
T'he re ¢ multiplicatio Separator symbol ¢, initially. .colon (3)- we
pave an example final confipuy ker semic ’2 % 2), as
4 1

shown in Fig, 4.13(), Observe ok n onto the

The result is algo re ritte
e iplier
The multip
the

modiﬁes

u:li(l,x wr‘mcn'nmzr the right cnd—mar' L
h N of the TM for a sample multiplicatic
tape- prcst‘llle:]“i:’ the result is written and where it is W
at the end gets replaced with g o 1 unary format but using the symbol b.
Jarameters sent to it (in thi S. The algorithm thus is a destructive one, as it
I S case, the parameter modified is the multiplier)-

Algorilhm

1. Replace one ‘1’ of th inli
2. To add the mu]tiplic(:lr]ngutl el I e e B e el e |
replace one ‘1 of th © the result area, that is, beyond the right end-marker
¢ multiplicand by some symbol’ say ‘a’

3. Find the end of the result w ‘0’
represented by all “’s) here ‘0’ can be found, replace it with symbol &

4. Repeat the aforementioned ste
replaced by ‘a’s

(result is

Ps 2 and 3 till all the ‘1’s in the multiplicand are all

5. he mu1t1phcand is added on
‘l : . ce to th 5 ipli !
s i e ey sia (& ;:sultlarea, hence, reset the mu1t1p11 t

6. Stop when all the 1’s in the multiplier are replaced by all ‘0’s
For this TM, we have:

1=1{0,1,a,b,,)

S = {a, B, 7,8, ¢, f = halt)
D = {L, R, N} :

The SFM for the TM is shown in Table 4.12.
7 Table 412  SFM for a TM that multiplies two unary numbers

[

———" m— -

o | :
S E07 . B o foi ;
o 7 b —;OBR o """; e d)N L
B R aR — = yL R
7 — — 18R — R L
) beL R — R R o

L€ L L 16R L L aN
7 T =7 e 2 i =

In state «, the TM starts by replacing one ‘1’ from the multiplier by 0, that is, reducing
the multiplier by 1. In state 3, the TM moves right by replacing all 1’s from the multipli-
cand by a’s, and changes the state to y once the right end-marker ‘;’ is found. States 7,
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cible for cones ; islie
8. and ¢ are responsible for conc atenating the multiplicand to the

process, all the 1's in the multiplicand that were replaced by all g are o

2 The concatenated result o represented in unary form using tp : rep'ﬂce%»
ctate /IS entered onee all the multiplier 1's are replaced by 07, WhiCh‘; ol b(la
?.m"\\ when the multiplicand is added (concatenated) to itself m"“iplierr Cang t
Ler vs €€ & Simulation of this TM for a sample multiplication, n"fnber the

Spmulation

Let us Simulate the working of this TM for the following:
I\fu]llphcr =m=2= ‘11°
Multiplicand = » = 2 =1

.0;11,11;0000... initial configuratj,,
T
a
...0;11,11;0000... o (a,,) = (L)
T

a )
..0:10,11:0000... 6(a,1)=(0BR)
T

B
(Decremented multiplier by 1) '
..0;10,11;0000... 5(B,,) =R
T

(Concatenation of the multiplicand to the result area begins from he

e, .
..0:10,a1:0000... 5B, 1)=(aR) )
T

(Replacing all ‘1’s by ‘a’s from multiplicand is for performing concatep,

i
the multiplicand to the result) 0

...0,-10,aaT,-oooo... 6B, 1)=(@aR)
B
...0:;10,a2a;0000... 6(B,;)=(yL)
T
14
...0;10,a1?;0000... S(y,a)=(U6R)
P

(This step again replaces the ‘a’s in the multiplicand with 1; therefore, «
concatenation in the result area, the multiplicand will be restored as all ‘I's)
..0;10,a1;0000... 0@,;)=(R)

T
0

...O;IO,aIT;bOOO... 6(5,0)=(bel)

€

...0;10,01{;/7000... 5@ ;)=()

€
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- 0310.a1ip00¢
I 8 (&, 1y = (L)
0310115000
ST b(e,a) = (18R)

(Multiplicand is Compley
Cly replace
aced by 1s

031041 |.1b0()()___ again)
{ 85, 1) = (R
- 0:010,1 156000 .
i) 8.3 = (R
...0;10,11;17000__.
g‘ 8 (8,b) = (R)
..03510,11;bboo ..
T ' 8(8,0)=(bel)
(Concatenation of mult;
as a string of b's) 1plicand to the result area is complete. Result is represented
..0;10,11;b500.
& . 8 (e, b) = (L)
€
..0510,11;bb0
3 0... 8 (e,3) = (L)
€
...0;10,11;
T beO... 8(6, 1)=(L)
€
..0;101\11;be0... 5(6‘,1).=(L)
€
...O;IO’fll;beO... 8(,,)=(aN)
a _
...0;10,11;6b00... 8 (a,,) = (L)
a
..O;%O,ll;beO... 6 (a,0) = (L)
a
..O;Og,ll;beO... 6(a,1)=(0BR)
(Decrémented the multiplier by 1 again; the second iteration begins)
...0;00,11;6b00... 8(B,0) =W
T
P = (R
...O;Oo,ll;beO... B(B,,)—'()
T

B

175



Y OF 4".“"“;'7"‘?’:“"
& Y, % LN ) 2 &
stion of the multiplic and, tor the second time, 0 the

{Conoaten il liti ) -
) o eanetifive addition, we uge ran.. . 15
stion is repet { fe PCUHW 1y

hete; since minltiplics a
- [
hese) 3] ' e, !
: o(f3 1) = g
L0:00,a81:20000. ) = lap n
[
i

;\ ,’; < ’ ' ] 3“(""](' "S ‘()" )(.'.f . "

> \ | , La's Nt ﬂ}" “, °< ’ A ("n

i l‘}“:h'!!!g '” ‘1’8 ".‘ a. bl Hny (:fmn
q

the multiplicand to the result) "Th;,

5(B. 1) =
L 0:00.aa:p500... OB 1) = (ap)

{

.. 0:00.aa;b500... B.)=(yr)

.-VOIOO.II)I;[][]OO..- 6(%0):(151?)
T

o . _
. t area, the a in the multjn:
(Once it is concatenated t0 the resul Itipl; cang

IS by,
again by 1) N )
...o.-oo,m;gboo... : 80,5 =(R)

5 —
...O;OO,al;bTbOO... 0(,b) =R
6 —
...0;00,a1;bb1(?0... 0 (0,b)=(R)
) ,
...0;00,al1;bb50... 66,0 =(eL
€ —
..0:00,al;bbb0... 6 (e,b) = (L)
!
...0:00,al;bbb0... o (e,b) = (L)
T

€ ‘
..0;00,a1;6650... 8(e,3) =1

€ -
...0;00,al;bbb0... 6 1)=(L)
T

€
...0;00,1%;bbb0... | S, a) =(16R)

0
(Multiplicand is completely replaced by 1’s again)
..0;00,11;bbb0... 6(,1)=(R)

T
)



177

.,0;00,1155bb0... .
;r 65(6,3) — (R)
[
10300 11:b0bbO..,
%T 55 by = K
€
L0;00,11:bbbO '
;F ; 5 (5, by = (R)
C
L0:00,115bbb0.
g 6(6,1))’(R)
. 03005 11 3
bbbb .. 5(5,0)=(bel)

b
T
. c
(Concz.atenatlon of multiplicand to the result area is completed
result is represented as a string of b’s)

once again. The

...O;OO,ll;b,lbe... 5 (¢, b) = (L)
€
...0;00,11;?bbb... 5 (¢, b) = (L)
€
...O;OO,ll%bbbb... 5 (e, b) = @)
’ €
...0;00,1%;bbbb... 5 (€ ;) =D
_ €
...O;OO,%I;bbbb... 5 1=
€
...O;OO/I,\ll;bbbb... 5, 1) =)
€
...O;~00,11;bbbb... 5, = (@N)
T
a
...O;OO,ll;bbbb.. s (a,,) = (L)
T
a
O;OO,ll;bbbb S(a,'0)=(L)
T
a
0;00 11;bbbb 5 (a,0) = (L)
T
a
..0:00,11;bbbb... §(a,)=(@N
4

plete)

¢
(TM halts; multiplication is com
cation; 2 X 2 is ‘bbbb’, that is, 4.

Thus, we see that the result of the multipli
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& 3(,/
luu., ',‘."/"I' B3 (95 R)
T\
Qs % (@, ¢ (R)
laaa (\“bbh
a Y@~ g
laaa,(,CC‘b
T (Q2vh)\(c
1 q3 93 L)
aaa,Cch
T (Q3’C)=(L)
laaa-q3
rCcchy
‘ 8(%,0):
A (L)
laaa;cccb___ 5 ,
4, ; =(L)

q3
laaa;ccey

9o
Yaaa;ccey

We could also replace

is the expected ]
all the a’s by ¢ bected value, that is, 3.
as to have a non- !

. $ again, in order to retain the j
destructing algorithm. the input parameter, so

47 COMPLEXITY OF A TURING MACHINE

ComplexityofaTM=||_|><|Ql (or|I|x|S]),
where, | [ | = Cardinality of tape alphabet (i.e., number of tape symbols),
and | Q | = Number of states of the TM.
Let us consider Example 4.13 in which we designed a TM that finds log, (1), where
n is a perfect power of 2, and is represented in binary format. For this example, we have
={1,0,a,c,;,¥)
Q = {40, 91» 92, 93, 94 = halt}



_ e - -  an e R —or
Illw‘ﬁs R

AT TMEORY O COMPUTATOWN

kA g ’[x‘(),'—' 6 X5 = 30 .
N Wity ol the ™ , iy E zoye s e
Theretore, the comple "";‘t\i we must ensure that it ','m minimum Compl.
hus, while designing a ' _ er of input syr .
1;:"\', ;‘ :"h. d(”tli‘M such that it has lesser numl put symbo|g
we should design a s

ang (: i'yvt E
Stateg hag 3
S
4.5 COMPOSITE AND ITERATIVE TURING MACHINE
an be combined to solve a complex Problem, : b
‘ . next TM, and so on. This is ;  Such . S8
output of one TM forms the ir1!;x;t(t(:tiltcr¥;;). the functional matricegﬂ(:(f:(:hco p():;:?‘ ;
For realizing a composite TM (01 { _ 58, aid sui ec o
r izing ) P labeling the symbols. as rcqu:re. 1d suitably branc Mpg 3
TMs are combined by re-I e state at the completion of the perf, ing , it
appropriate state rather than the halt St‘"(c;o‘mpmition oF i TS MManc, thu_ ;
. p icts a S .
component TM. Figure 4.17(a) depicts ) : S
Agother way ofcl;aving a combination TM is by applying its own ougp,

: . put
petitively. This is called iteration or recursf(’l;l’ S S "
(or ITM). For an example, refer to Fig. 4.17(b).

TWwo or more Turing machines €

; as i"pul | ]
ltErativ RIS

Composition of ‘n’ TM'’s
@) (b)
Figure 4.17 Composite and iterative TMs (a) Composite TM (CTM) (b) Iterative T (ITM)

The idea of a composite TM gives rise to the concept of breaking a Complicyreq
into a number of smaller jobs, implementing each separately, and then COombinjpg 3
together to get the answer for the job required to be done. ’ljherefo.re,. We cap divi
problem into simple jobs and design different TMs for e.ac.h Jjob. This is 3 typica] Sepg.
ration of concerns achieved in software developrpent; it is analogous to the functg
composition that we know from discrete mathematics: f° g (x) = f (g (x)). The Outpyyp
g (x) is given as input to function f. In a way, modular programming can be conside L'_,‘T_
to be influenced by CTM. - o .
Functionally, most of the TMs that we have .111.1;?]emented ez.lr'her In the chy
example, multiplication as repetitive addition, division as repetitive subtraction
on, are examples of iterative TMs.

pter, fop
L/ an_ é;:;‘

Example 4.14 Design a TM to find the value of 712, where n is any integer = (),

Solution  Let us consider the initial configuration to be as shown in Fig. 4.18 (a).
The number 1 is represented in unary form using 0’s, as shown in Fig. 4.18(a). We fing

n? is in terms of the multiplication ‘n X n’. This involves copying n after the comma
onto the tape, and using that as the multiplicand—represented in unary form using symbo
I—as shown in Fig. 4.18(b). We can then perform the multiplication ‘n X n’, as we haw
done in Example 4.10. Figure 4.18(b) is the initial confi guration for the TM that perform
multiplication as we have seen earlier. '



“ o] ]‘1; 1o 1]“] e
C D) Readzw, ite heaq

(a)
Figure 418  TM that Computes 2 (
n= 0) (

a) Initia| configuration

Mitltipliee

Observe that the TV that com onto tape

= Algorithm

1. Replace one O at a time b

! Y symbo] 1
copy it after the right end-marker mand
2. Repeat this process till al] the O’S,frér.n n

are replaced by 1°s.

3. Thus, another copy of n gets prepared
after the right end-marker, . This is

done to store n as the multiplier as we]]
as multiplicand onto the tape.

4. Now, replace the end-marker, *;’, by

a comma, ‘), and add another end-
marker, ¢}’

;7, at the end of the copy of n
created at the right end.

3

The SFM for the required TM is shown
in Table 4.16.

Simulation

Let us simulate the working of the TM for n = 2.

.03:00:00...
T
9o
...0:;10:00...

1
q\

TURING

Multtiplicand

MACH IWHES

() Read/Write head

(b)

201

(b) Configuration after copying n

Table 416 SFM for the TM that prepares input for

90
q,
9>
q3
94
qs
9s

multiplication
0 : 1
1g,R »qsR =
R q>R —
1g;L — R
BT qsL L
L S qoR
el . — R
— — L

initial configuration

8(go 0 =0 @ R)

aN



.ﬂ;’“f”“ .

|
gy

L 0;10;00..

'
4

L 0:10;10...

)
/4]

e (1 | O;IIO.--

T
G
“.0:10;10...
T
94
v 0310;10...
T
90
s 02115104
T
q:
...0;11;10...

T

92
5503 115100
T

5 (g, ) = (R)

S ) = @ R)
§(gn0) =g L)
8 (g1 3) = (@GsL)

5 (94 0) = (L)
(g 1) = @ R)

8(q00) =g R)

8(q1,3) = (2 R)

(g 1) =(R)

p)
. 0:11;110... 68(g0=(1g3L)

T

q3
. 0:11;110... 6@ D=@)

T
g3
vaP311:110.5
T
94
..0;11;110...

T
qo

8(g3;) = (g4 L)

6 (g5 1) = (g0 R)

(n is completely copied to the right end)

e 0311,1105,

T
gs
"0;11’110...

s

0 (903) =( g5 R)

6 (qS’ 1) = (R)

..0;11,112... 8(g51) = (R)

qs
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“):'l-|l1

) D194, 0y = (s

O (‘!(,~ 1) (L%

031, 1.
) N 8 (g, 1)

0.

T B S (g¢, ,) = (a N)

Thus, we see that the origin
11:0...7- The number ,, Which waq -0500:0..." gotreplaced by *...0; 1 1,
‘11°. and is also duplic as

ated in orq Originally fepresented as ‘00’ is now represented as
ing n° = n X n. The new seque ‘cr 0 act as multiplicand/multiplier pair for comput-
performs multiplication, Hence nge OW matches the initial configuration of the TM that
the second (multiplication) TM’ (@6 ) = (o V) thus moves the TM to the initial state of

al S€quence, ¢

) : ) Thus, the

5 - the T™M SFM in Table 4.16 is followed by the SFM for
§ @_. TMpsen |—i s 12 = This malt(hat performs multiplication (refer to Table 4.12).
I P

S a composite TM, as required. The square of a

W .. : given number is thug represented as a function composition
I U (refer to Fig. 4.19),
2 In Fig, 4. 19, T
n

49 M, is the TM whose SFM is shown in Table
. -10,and TM,, His th, . iolication.
g Computing 2 using composite TM TM 2is th xn18 the TM which performs the multiplicatio

Figure 41 implemented as a composition of two TMs.

49 UNIVERSAL TURING MACHINE

-program (or meta-TM). The meta-
TM to be simulated as one of the inputs (program area on the
meta-TM’s tape). We will also need the initial ID or initial configuration, along with the
input string for the simulation (data area on the meta-TM tape).

We now implement the SFM for the meta-TM that represents the simulating algorithm
(system area). The simulating algorithm is responsible for checking the current state and
the current input symbol of the TM to be simulated by visiting the data area; it then, accord-
ingly, picks the quintuple from the program area, and visits the data area again to simulate
the action specified by the quintuple—it changes the state, if any, the symb?l read, if any,
and the direction as required. After one such simulation step, the data area of the meta-TM
starts depicting the next ID of the TM being simulated.

TM takes the SFM for the



204  THEORY OF COMPUTATION
o oarsable of simulating any raa
| e ine (UTM) s capable EARYTM T, i
A universal Tarving mach ' the f
information is availahle on fts tape.
ns of its sISM (program area of the tape) '
erny ) ;

1. The description of 7°in ! (h the processing data (input Strifg
£) ty b

2. The initial configuration of TW p
(dara area of the tape) TV / ; A
s mekns Shat the UTM <hould have an imitation aigos ithm (simy

is means the > U : R .
. e erpre
form of its SFM) in order 0 m“fd!fy e
of the TM being simulated, that 18, £ iy il of d should
gl = o eable look-up facility and should perform )
The UTM should also have a table 1o I Ot the fOHOWin 4

. ‘Nulatip,
t the rules of the operatioy, give; Ogi, .

Imitation algorithm direall

1. Scan the tape cell on the data arcd of the fﬂpcv‘”_’t‘qr] esatate efs; mbol from the g
that 7 reads from to start with; next, read .th.e HiUe 21 e mg 4
aining the SFM of T, and find the

2. Move the tape to the program area contal
SFM for the state symbol read in Step 1. .

3. Find the column for the input symbol read in S o

new state, direction to move) stored as the entry, which is the entry g the inte:ymb"‘

Seq- 1

l()n

&
r()w ]n

tep 1 and read the triplet (¢

of the required row and column. )

4. Move the tape to reach the appropriate tape cell 11 the data area.
5. Replace the symbol by the new symbol from the tr iplet read, change the sy, Sy,

ly

the next state symbol from the triplet read, and move the head in the fequireq gy,
Cli,

as specified in the triplet.
6. Read the next symbol to be read by 7 from the data area and the curren; state Sy,
L

Then, go to Step 2. '
. s T .
Since the UTM is a TM, the aforelmn,mloned in

tion algorithm is implemented as an SF)

Table 4.17 Example SFM
We know that every TM, including the UTM,},
/ i linear tape. Hence, we cannot arrange the gy (;v ;iSa
7 0 1 ¥ ' isamatrix or a table) for the TM to be simulatedCh
. . b Q
I~ 18R 1aR  baR it is, onto the UTM’s tape. Hence, we mug; storea{[
3 o o BN linearly either in row-major order or column-majo_,
order. For example, let us consider the SFM forT

(sample TM) as shown in Table 4.17.
This SFM can be represented as a linear sequence (column-major ordering) as folloys

OalBROB***lalaRIB***falfaRVBY YN

The unspecified entry (‘-’) here is translated to “kdk in order to keep the size of the
quintuple intact, that is, to ensure that there are five symbols to represent each cell. Ths
helps identifying the end of one quintuple and start of the next, in the linear storage.

The UTM tape consists of the program area, which is the SFM for the other TM stored
either in row-major or column-major order, as we have just seen in the case of the exampk

SFEM in Table 4.17. Thus, we see that the UTM needs to consume not only the input ™
bols but also the state symbols, as well as the direction symbols as inputs on its @

e
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{0, LB el By oy L, RN, ) ‘l(“ UTMm Wil
assume diftervent Sy ’ \

‘h(‘SL‘ '-l‘t\qs. i‘ ‘\p
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URING MACHINES 2
Uphaney ¢

" amely: [
ave an additional ten symbols, 0
C‘“‘“L‘S pr

. " . t users
eSiamiee the symbols are user-defined, and dlfft?ren e a1l
disren moETMS. Now, if we expect the UTM to simula e
SO, G 48 Srh h YOkas . .
[ ”,“ is. lo tneed g ¢ yde Possible to impose finiteness onto the tape alpha
Por this, let us ASSume hat ey, e SYmbols in gome unique way
. 1 N . ]C]‘(\ ‘ ' . > L > ay.
H 1 A\ @ > s, . -
sign a “‘“q‘:" f\nd CASY10- (o are altogether m distinct symbols. Hence, we can as
bits. where 2" = ;. nary ¢q

de to each of t mbols with n or more
i i S€ ¢ hols with n
Let us consider the uése sy

alorcm N
namely. {00 1, b, o,

VLR, N “Mple, in which we have ten different symbols,
We can represent Or encode th » that is, m = 10.
follows: 8¢ symbolsg USing a 4-bit binary code (2¢ > 10 > 2°) as
=0000: ‘
, : 1=9p
L=0110o; ~0loo, y:c())(i(l)?’.
¥ = ‘ R = 0 1 1 1. L]
There are more encodip
g tech
in Chapter 9. Essentially o

the b; iques ag well. We
UTM to two letters—( a;ld 1 nary €ncoding re

“program computers and interpretive
1’gal,tages. The SFM for UTM can be visualized as part of
simulating the other Programs, SehpSinite s

et of programs) capable of loading and
Hence, we see that the UTM

simulates them. This is bageq th;Scancetat— prfogram that takes other programs as input and
Cpto . .
Lambda-calculus as wel]. PLot program as data, which was later adopted in

140 MULTI-TAPE TURING MACHINE

. Multi-tape Turing machines are similar to the single-

Taper&ng tape Turing machines that we have discussed so far,

lfo CNEEDAE T - but with some constant k number of independent tapes,

— " .z having their own read/write heads. These machines have

._‘ oji1folsliifol— o independent control over all the heads—any of these can

:::‘—-I TR g = | R BT 5 move and read/write their own tapes. Al these tapes are
Blgxﬁittape ............ l----i ........

- unbounded at both the ends just as in the single-tape
Blank tape  pp Figure 4.20 shows a multi-tape TM.
SeadWiiEheag The multi-tape TM model intuitively seems to be much
more powerful than the single-tape model. However, any
multi-tape machine, no matter how large the k may be, can
be simulated only by a single-tape machine using quadfati-
Figure 4.20 Multi-tape TM cally more computation time. Thus, multi-tape machines

State

Finite control
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functions than the single-tape machines do, and ¢
: . utation) is alg

complenity (the time taken to pérform the comy «hinc)“ m ‘;r) not
: ! i-tape mac 5. In sh ;

& chtin won single-tape and multi-tape I y ort, the my,p.. rar o
by a change berween single-taj .ept for some differenca ; ultj., My,
single-tape TM are equivalent in power (ESEEE ‘ " ‘¢ in €Xecyy: PETy
Sigle-tay M« he convenience and not to the Power tig, 'M

cannot ealeulate any more Affer, OM
CCteq ,, Py

y J ¢ P

fum, the multi-tape TM just adds to t of C()r: ""m. K
p'*"a{; |

Formal Definition n

A &-tape Turing machine is denoted by:
M= 10, 3,1, 8. 95 B, F)

where,

Q: Finite set of states ) .
[: Finite set of allowable tape symbols including blank character 4

=: Subset of [, excluding blank character #; it is the set of input symbolg
B: A symbol in[; it is the blank character /.

do: Start (or initial) state € Q o

£ Set of final states (or halt states) C

8: Functional matrix, such that, 8: (Q X [¥) — (@ X (I x (L, R, Nhy

f

A k-tape TM can read up to k& symbols at every mstanc.e, while in 5 Curreny ;,
then can change the state, erase the current s:ymbol and write a new symp, e,
the X symbols, and can also decide the direction for each of the k heads, j

ol for Cach
ndependenr
each other.

Up|

4.11 MULTI-STACK TURING MACHINE

The symbols to the left of the head of the TM can be stored onto one Stac
symbols on the right of the head can be placed on the other stack.

On each stack, symbols closer ¢, the Tiy
machine’s head are placed closer 1, tha s
of the stack. This type of Organizatjop &

called multi-stack Turing machine or 4

k’ Whﬂ& h

Stack 1 Stack 2

Blank tape ] 0 [ 1 [ [ 5 ] T [ 1 [— Blank tape

A - + stack Turing machine. Figure 4.2] showss
Bottom Top fop Hgtiont diagram of a multi-stack TM. E
Read/Write head This is just a different visualization of g
single-tape TM that we have already s n‘*;.
| Sae ] : This TM can help in solving some problem
| Finite control | that might require the tape to be considered

Figure 4.21 Multi-stack TM as multiple stacks. "

4.12 MULTI-TRACK TURING MACHINE

A multi-track Turing machine is a specific type of multi-tape Turing machine. Ina U
k-tape Turing machine, k heads move independently along k tracks (tapes). On the ol
hand, in a k-track Turing machine, one head reads and writes on all tracks simultaneous;‘
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ape [msilitm Nk -

A Wring

phis 18 CQUIVAIERT 10 the g

b . #lphabet-
Wndarq g4, “|-" i denates & symbols from the tape d ites K
.\-n\lmls atone go, and lhm’cl'm(\ -"(n, b Tuting machine except that it reads/ Wit
S » QCCBHtA taniicet Amrk i el
Fornml Definition P8 te UIsively enumerable languages.
\ p-track Turing maching jg (lcm)lcq 1
. o y
M=1(Q, 51,5 4,5 Iy
\\'hc‘l‘m
4. Finite set of stateg
[: Finite set 01_ f\llowablc tape SYmbols inejyds
s: Subset of 1" excluding the pjgp, ¥ it isutd l:g b]a;‘k 4
’ Set of input symbols
B:A g i
; " £ Symbol for p)
e b 9o: Start (g 1 ank character y
P Or initial) state e Q
T3 | T[\ * SCtof final states (or halt states) C Q
— * Functiong) i ) % [* [
E— % Nal matrix, such that §: (Q X [ )—> (@ X
1 | 0 |\, {L,R,N})
| T ——

Ngte the difference in the definition of the functional

' Blank tape f;&mx for Multi-tape and multi-track TMs. Multi-track

e (P Read/Writeheaq o> ©31 Only read k symbols and print k new symbols
‘ e

' €rasing the old symbols, but the direction change
State ia.n only be done once, This is because they do not have
Finite control Inde

pendent heads ag the multi-tape TMs do; they

. h.ave k tracks and one head. Figure 4.22 helps us
Visualise g multi-track TM.

only
Figure 422 Multi-track TM

4113 SOLVABLE, SEMI-SOLVABLE, AND UNSOLVABLE PROBLEMS

If there is a TM” Wh‘iCh, when applied to any problem, always eventually terminates with
the correct “yes’ or ‘no’ answer, we call the problem solvable. For example, consider the
problem of determining whether or not a

> given binary number is a palindrome (refer to
Example 4.7). For any input binary numb

er, the TM halts with the answer T (i.e., ‘yes’)
or F (i.e., ‘no’), based on whether it is a palindrome sequence or not, respectively. Most
of the problems we have solved so far are solvable problems.

Now, if there is a TM, which when applied to any problem, always eventually terminates
when the answer is ‘yes’, and may or may not terminate when the answer is ‘no’ , we call
the problem semi-solvable or partially solvable. For instance, let us consider Example
4.12. Any division problem is undefined if the divisor is zero. In such a case the TM we
have designed might loop forever. This problem is thus partially solvable. .

However, if there is no TM, which when applied to a problem, eventually terminates
with the answer ‘yes’, we call the problem unsolvable. We axfe ){et tg see any such problem
that is unsolvable, though there are many such problefns exx.stmg' in the world. One such
problem is the halting problem that we are going to discuss in this chapter.
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LANGUAGES
415 RECURSIVELY ENUMERABLE AND RECURSIVE |
ccepted by 8 T™ is called recursively Cnumerqp,, /
{ g i b an
a, ® 4 "”llr
rom the fact that it is precisely thege fan e |
4 TM- FOI' cxa]nple, ffL(M) is SUCh i Iallageg‘
ally halts on input w; but if the input Slringuagea
1—then the TM M might fail ¢ halt Zg bey,,
Nt

~L(AM)—the snt of the set L} : .
L(M)—the complcmg g nning on some input, we can never te|) ig
However, as long as M is still ru ) Wheg, My
owever, at § alt, if we allow M to run long oy thErOrj

. n,

) + oot and h
M will eventually accept the inpu &% belong 16 :
will run forever. Recursively enume?ble languag g to the SembSOIVab]e’colr i
; d earlier. a
problems that we have discuss€ . b
It is convenient to single out a sub-class of recursively enume(rjable sets, caljeg .
cursive sets), which are the languages accel’ate by at leag; One i,
ches the ‘accept halt’ state if the input TM'ba‘
e]O

either rea
te if the input does not bel.ong to L(M). Recursiye la &y
roblems that we have discussed earlier. "guagﬁ
a subset (specialization) of the - ,
e

languages is .
anguages. Hence, 1n general, TMs are said €1y,
0 accem

The language that is
recursively enumerable

The term cnumerable is derived f
ated (listed) by

set).
!'(/
!

strings can be enumel o
: 2. 3 >nti
wis any string in Z(M), then M even

languages (or re
halts on all inputs. The TM M

the L(M), or the ‘reject halt’ sta
belong to the solvable class of p

Note that the class of recursive
class of recursively enumerable 1
recursively enumerable languages.

Formal Definitions
efinitions for recursively enumerable and Tecursiye
€Ls,

The following are the formal d
A set S of words over X is said to be recursjye), . |
>, which accepts every word in S and either rejgc:snu‘
o

Recursively enumerable set
s# — §). This can be represented as

merable, if there is a T, M over
loops for every word in ~S (=S =

Accept TM = §

Reject (TM) U loop (TM) = Z* =S
Recursive set A set S of words over > is said to be recursive, if there is a TM over)
which accepts every word:in S and rejects every word in ~§ (=S = 2* — §) Tpg cany‘

be represented as
Accept (TM) =S
Reject (TM) = Z* — §

Loop (TM) = ¢
4.16 FUNCTIONS
A TM may be viewed as a computer of functions that accept arguments (input parameter
in unary form and produce results (outputs) in unary form.
ing a. Ifafurc

For example, let us assume that an integer i = 0 is represented by the stri _
tion has k integer arguments, that is, i, i, ..., iy, then these integers are initially placed o3
the tape separated by some delimiter, such as ‘,’. For example, 0 I L ;

halts (i.e., accepts or rejects) with a tape consisting of ™ for some m, then w

S, i oo s ) = m,
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ore. if the T teg a functi®
more, if the TM M compute .

X Ly
for all differe Ad integers, fy. f "
different k-tuples of inte B all the

jefined

]n ol h
qrgume™
p divisOr =
L

defineq for all combinations of value

] A ¥, d 19 unc
defined for all values of divisors—it 18 !
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4161 Total Recursive Functiong

v: fa. ... Ip) 18 defined ; ,
1”\”"’:1 funétion These lf0r [ values of arguments, iy, ..., i, then f is said to be a total
pecursive ‘ d otal recursiye functions correspond to the~recursive languages.,
<jnce they are coms}?te 'by aTM thay always haite S
© mon arithmetic f i . : 2n

A“t:ﬂo;r;cursive functi;nf;l nlt/;lons On Integers, such as multiplication, [log; n1l, and 2 l

o . » VIOSt of the . are tota
?erzursi\’e funchions. €Xamples that we have solved so far ¢

4.16.2 Partial Recursive Functions

R AR .
If firs B20 oo '1,() s not defined for aj) values of arguments i, ... ir, then fis said to be a
artial recursive function. In other wor . N

ds, a function i ; by a TM, which
. . Nl I» .-, I;) computed by a >
may of i paltfcl)ln a glven input, is said to be a partial recursive function.
partial recurin;leb ncr;lons are analogous to recursively enumerable languages, since
they aré cOmputed by a TM that halts on acceptance, while for any other input it may or
may not halt. For example, factorial (

1att !) is only defined for integers, n = 0; it is undefined
for negative 1pt§gers. Another example that we have seen is that of division, which is
undefined if divisor = 0.

Most of the real world problems are partial function
example, while using an ATM, we cannot withdraw
more than the balance in the account (except in case
cannot have negative weight; hence, the weighing ma

$ (or recursively enumerable). For
amount zero, or an amount that is
of overdraft facility). Similarly, one
chine must show positive values only.

/17 CHURCH-TURING HYPOTHESIS

This hypothesis is also known as Church-Turing conjecture, Church’s Thesis, or Church’s
conjecture. It essentially states that everything that is algorithmically computable is com-
putable by a Turing machine. If some method (algorithm) exists to carry out a calculation,
then the same calculation can also be carried out by a Turing machine.

American mathematician, Alonzo Church, created a method called A-calculus (Lambda-
calculus) for defining functions. It is an equivalent computational model of the UTM.

Statement of the hypothesis The intuitive notion of a computable function can be
identified with the class of partial recursive functions. In other words, every problem

having an algorithmic solution can be solved using a machine having the foregoing set
of instructions.
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e d18 Posts Wite Wis coes Wim = Xipe Xi2e 2o Xim
Correspondence problem - e inst: has a solution for m = 4.
W 2 sokio Solution The given PCP instance 1=.4;
= = Ty my H=2
A B 1=
e — H=1
:‘ . i X 3= 1
e 0 000 =3
2 01000 01 Observe that
3 01 1 wawy s =(01000)(0)(0)(01)=01000000
T enxxn=01000(000(1)=01000000]
Hence, w, w; w) w3 = x, x; X, X3
Example4.16 LetX = {1, 0} and let A and B be defined as shown in Table 4.19. .{,_
correspondence sequence of integers, i, i,, ... i, form = 1, such that 5
7%4.19 Post’s WisWiay oo Wy, = Xils Xi2s «ves Xipy
Comespondence problem  Sofufion  We see that this PCP instance is unsolvable, since we cannot fin
. : o . i’
without a solution any correspondence sequence of integers as required.
i B Thus, every instance of the given PCP might not have a solution. v
Q’- . | words, the given PCP is undecidable; it means that the given PCP doesnd
’ " have any algorithmic solution. E
ba bab There are a wide variety of other problems, which are undecidable. |
abb bb As there is no algorithm that can handle an entire class of PCP instances, P <
' D considered an unsolvable problem. There is no TM (no algorithmic solution)t

&MT naEvey OF UMy Ta W

418 POSTS CORRESPONDENCE PROBLEM

Let g = "o, . w Wi and 8 ¢

e X . g be strings over some
o lps oo £

alphﬂhet }:

DT ind the correspondence ‘
m (PCP) s to find I ence SC(‘“eﬂcen |

Fao Bx ooy B, For s = 1 such that Iny

Post s correspondence proble

Wop Mmoo WS = Xjp e oo Yim

Yhe sbaniace. . & i is considered to be the solution for the PCp ins
e L - some set of values for A and B. Sang,
PCP instance is constituted by some se ) toable, i .
Note that the entire class of PCP msmm‘t‘.S 1S unsotvaole. If we Conside, th

a generic class of all such instances. then it is unsolvable. f.:urthcrm()re
generic algorithm that can find a solution for any such PCP EStAnCE; hence i
sndecidable problem. However, for a few values of A :‘md B, it might hyy

Let us now Jook at a few examples to understand this better.

Example4.15 Lets = {1.0} and let A and B be defined as shown in Table ai
correspondence sequence of integers. iy, iy «vs Iy form = 1, such that

can be built to solve a class of PCP instances. This also indicates that mathemal
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|~c 4.17  Design a Ty that
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by hould also be

inCreme
ber, wi
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l?)‘l"
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Olln.’l“

) The

of any binary number by Onbcer.
a binary num alue is one more than the given num l

| ‘ oblem
o Recall that we have designeq a Mealy Machine for solving the same pr
SO pter 2 (refer to Seetion 2,105, Example 216y,
n Chﬂl’following was the algorithy, 6t the i)
C .
iy gnifican

nts the vajye
10se vy

1
d bit by bit from least g
. Rea nght to left- .
from on replacing the 1°g by 0%s i1 YOu reach the first 0.
2 Keeface this first O by 1.
Repp the remaining bits ag they are.
4. Kee

xample, let us consider the
For €

binary Number 1
d, the following changes are made stepwige:
method,

i ), that is,
tbit (LSB) to most significant bit (MSB),

ASS} N

ioned
001°. According to the aforemention

01
Ho replace by 0
0
10 first O, replace by 1
1010
g

Th We shall
i ¢ > by one. We s
is the output obtained after incrementing value of ‘1001 y
¢ N 1 ( i
o tlig lgme algorithm to build the SFM fo
apply

ien,
initial configuration of the TM is con
The 1

ing the
sidered as shown in Fig. 4.24(a). Using
i SFM
forementioned algorithm, we form the
afore

iti aph
as shown in Table 4.20. The transition grap
s shown in Fig. 4.24(b).
e can be drawn a
for the sam

0—R 1—O0L

le string
Sampk

Ve

y [
(1 JoJo]1 ;T4
() Read/Write head

= M
(a)

i ition graph
iti uration (b) Transi
to any binary number (a) Initial config
i hat adds one to
Figure 424 TMt
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Table 420 SFM for TM that adds one to

any binary number
SRR ]
-_ @ R R q,L
@ 1g,L oL q:N .
'(92 A= L q:N _
;?3 | == e —

Now, let us simulate the workin

Simulation

1. Let us simulate the working of th

;1001

T
o

;1001

T
(]

;1001

T
do

;1001 ;

T
do

;1001
T
do
;1001 ;
T
q1
;1000;

T
q

(First O from the right end is found)

;1010;

T
q>2

;1010;

T
92

7= {0, 1,3} B
— 5= {(10, qi G2 qs = hﬂ]t}
D= {L, R. N]

6(q,,0)=(1¢g,L)

8 (g2, 0) = (L)

For this TM, we have

e for finding the right end of the Stein
the TM can start reading fr.om the LSB. State ¢,, Whi]eg
.o for the first 0 from the right end, replacfes all the 3 i
tlllllegn replaces the first 0 also by ’1 a"tfli] transits to state , .
ignores the remaining 0’s and I's—thatis, it keeps g)) g

bits as they are.
g of the

State go is responsibl

TM on some input binary strings,

e aforementioned TM for binary number ‘1001

initial configuration
5 (g, 1) = (R)
5 (g0, 0) = (®)
5 (40, 0) = (R)
8 (g0 1) = (R)
8 (g0, 3) = (@1 L)

8(q1, 1) =(0L)
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1010 S
) O (s, 1) =
qz
1010 8 (dis, :
i 120 1) = (g4 Ny
7K
2.1

€t us check the

CUI](“H()H’ th ra b(,undﬂry

Wworkj
at is, Whl;:‘g of the aforementioned TM fo
an empty string is fed as the input.

> -ad/\\"l'i(c hcﬂd
) R¢ When the j .
nput ig

pration

will be as shown ; an empty string, then the initial confi2
end-marker. oo | Fig. 4.25. Initi . s to the right
i arker, “;*, to ind; . Initially, the head points tO
nitial configuration The simulati icate that the input string is empty-
o s qinput is € 10n will be as follows: ‘
T
q0
i3 8 (90, 3) = (q, L)
T
do
;3 8 (q1,3) = (g3 N)
T
90

— mpled.18 Des ——
Example 4- esign a TM that computes the function f(x, y), which is defined as follows:

fix, y) =x—y ifx>y
' =0,ifx=y
g symbol a-

Solution  Letus consider x and y as integers represented in unary format usin
en subtract

For computing the aforementioned function, we must compare x and y, and th

yfrom X, if x> y.

We have already designed a TM that compares two numbers in Example 4.8 in

Section 4.6.
We are now going to use the same technique,

S, because here, we do not have to produce the result of the comparison; we nee
the result of the subtraction only if x > y.
The initial configuration of the TM will b

same is shown in Fig. 4.26(b).
If x>y, then the TM will write the result of the subtraction, ‘x — y’, after the semicolon

(.). Else the machine will not write anything onto the tape.
For this TM, we have
I={a*",; b}
S = {40, 91> 92> 93> 94> 95 9 17
D = {L, R, N}

but with a little modification to sets I and
d to show

e as shown in Fig. 4.26(a) and the TG for the

= halt}



ON

or the TM that computes f(x, y) is given in Table 421

qo
q)
12
13
14
{s

Table4.21 SFM for a TM that computes f(x, y)

St mlp'( x

Tifelalelel falat—

() Read/Write head

a
*qR

(b)
Figure 4.26 TM that computes f(x, y) (a) Initial conf Iguration

Transition graph

qsR

*

AN X ~

™~

Sample <

qsR

q:N

—~

(b)

qoR

a g6l
qoR



. p*aaa,aaip...

1
qi

* .
.p*aaa,aa;p...

T
9,

* ’
.p*aaa,aajp..

1
q2

* . 356
.p*aaa,*ay..

90

..b*¥aaa,*a¥b...

T
qo

.b**aga,*a;¥...

1y
q

6 (g), a) = (R)

6 (g, a) = (R)

6 (q1,,) = (2 R)

8 (gpa) = (* g3 L)
6 (g3, ,) = (L)

6 (g3, @) = (L)

6 (g3, a) = (L)

6 (g3, a) = (L)

6 (g3 *) = (L)

5 (g5 ) = (@B
8 (90 *) = (R)

8 (g @) = @1 R)

ririt

we have constructed for X

103

‘racd

Lot uS sil\l!ll:\l(‘ the working of (e ™
I ,.; {hat is, for the case x > y. In m"‘“' that
:L:m*csmm.‘(,l as ‘aa’, ary from, x will be f’?[’”'i'-"'""(:d s
LWpaaaa,aaily .
T nitial configuration
4o
L p*aaa,aaip..,
T b (qo, a) = (* g, R)
qi
...”*aaa’a'a;b.“
T o (ql’ a) = (R)
9

aa’ 2

,}4,',(',!“,”{‘(;

747

;| ”.nd 4 -

nd ¥ 15
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FE¥aa. wa ¥
i1
kg
» ® s
¥ " aia,
P :
/
1

~.»/'\"‘"‘u¢1."‘a.'/»'---

9>

" sxga,*a; V.

T
q>
Y S

T
g3

LF**aa,** b

7
q3

...11**00’**’-b“.

T
g3

P Eraa, Y

7
g3

W ¥*aa,*¥* ).
T
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Objective Questions

EXERCISES
. FoW “ﬂso'\’ed p

to

roblems 10 I

aji

o TMs.

itrary TM M is given, and a language L
< follows
£ M accepts at 1

000)" if M accep

21 Ana
is defined as fo
(© + 00+

0 + 000 + 0000)" if

: cast one string-:
f ts at least tWO
L =

strings.
jeast three strings

Similarly.
L=(0+OO+OOO+... T

at least n — 1 strings:
Choose the correct stat

(a) We cannot say any
question of whether or not a TM a

a string is undecidable.
(b) Lis context-sensitive b
(c) Lis context-free but not regular.

(d) L is not a finite set.

If the strings of a language
by a TM can be effectively enumerated in
lexicographic (i.e., alphabetic) order, which of
the following statements is true?

(a) L is necessarily finite.

(b) L is regular but not necessarily finite.

(c) L is context-free but not necessarily

M accepts at

07n)" if M accepts

ement.
thing about L, as the
ccepts

ut not regular.

L that is accepted

regular.
(d) Lisrecursive but not necessarily context-

free.

l)ounde(l automaton (LBA) i«

8% 1. while a TM has a tape \;a Fegy,
unhoundnd at both the ench' ';h‘g i“m%
nite contiguous portion of tﬂnn’\, e L i, |
function of the length of th’n {hogr’ !’;”)rl‘f 4
" computationally eq.,iVak‘:nmi iz ir'”pn !
0. The LBA Is & somewhat more ;r-;,'g 8- :_.,, :

¥ 1
tors than a Turing machine, Stic " |

mac
of compy

derstand the topic bet
Zelp the readers un ter ang Practj,
A

4.3 Ifthe strings of a language L that ,
by a multi-track TM M can be Ie g
enumerated in lexicographic (j.e f;f
order, which’of the fOHOWing S.Eaatepmh Ctig-,

eng i

O,

y

true?
(a) Lis necessarily finite.

(b) Lis regular but not necessarily fip:
(c) Lis context-free but not necessai] Nite,
(d) Lis recursive but not necessarjj YTeguly

free. Y Contey,
The language accepted by a TM i
language. lly
State whether the following sta

te

true or false. THEDLS a
(a) FSM and TM‘are equivalent machipeg
(b) For every FSM there exists an equivalén[

TM.
(c) For every TM there exists an equivalen

FSM.
(d) FSM is more powerful than TM.

SFM means
A single-tape TM M has two states, 4, and

g,, of which g is the starting state. The tape
alphabet of Mis {0, 1,/ } and its input alphatxt
is {0, 1}. The symbol § is used to indicate
end of the input string. The transition functe?
of M is described in Table 4.24.

®) 4.4
@ 45




fabl0 4.24  Transition function o M

0 1 W
« @ IR @ 1R Haly
{0 $
a ) R a1 L Qo b L
Uil

L he following statey in
i«h of the & nents jg false
whivet o

a"““:[‘hf;](s on any string in (0 + 1)+

@ 1 falts on any SHng in (00 + 1y
o / does ot halt on all strings ending ip
© }:[ goes not halt on all strings ending in |
qera TMM whose SI.:M is as shown i
48 S 4 25, where Qg 1s the initial state and Q
& j[‘aa anal (halt) state. 4
18

sable 4.25 Simplified functional matrix

| G R T |
0 0OR Q1L g
0 0, 1L Q1R QfN
0, G1L Q0L oWN
Ol i - -

Choose the correct statement:
(2) The machine accepts all strings over {0, 1}
ending with 1. .
(b) The machine accepts 0.
(c) The machine accepts 01.
(d) The machine accepts 001.
@ 49 Which of the following languages are
accepted by a TM?
@ L={a"b"|n=0,1,2,..)
(i) The set of palindromes over alphabet
{a, b}
(i) L= {a", b™ ™ | n,m = 0}
(a) Only (i)
(b) Only (ii)
() (i) and (iii)
(d) All of these

(€) None of these
D410 wye

h respect to the power of recognition of

!anguages, which of the following statements
Is false?

@) Linear bound automata are equivalent to
Turing machines.

‘ |
1‘31 |
rURING MACHINES 2

(b) Linens bound automata are .u.;m-.vu\r:nt 10
multi-track TMa4 :

(¢) Linear bound automata are Q(ll!i';:\]f:m to
deterministic finite antomata.

(d) Lincar bound autothata are cquiv:\lem to
multi-tape TMs
O 411 The ¢ s
The C language is

(2) a context-free language

(®) a context-sensitive language
(¢) aregular language.

©4.12 (d) completely parsable only by TMs.
12 Choose the correct stalemene

(2) There exists a universal TM, which can
simulate any TM M on its input w.
(®) There does not exist a universal Turing

machine, which can simulate any TM M
on its input w.

©a1 (¢) The universal language is recursive.

State whether the following statement is true
- of false:

Total recursive function is a special case of
partial recursive function.

Review Questions

@ 4.1 Compare FSM and TM.
4.2 Explain the halting problem.

4.3 Design a T™M for multiplying two unary

numbers. Show the stepwise functioning of
the TM for the input sequences:

(@ 111 X 1111 (b) 111 X 11
4.4 DesignaT™ to recognize an arbitrary string
divisible by 4 from = = (0, 1, 2}.
© 4.5 Design a TM to compute n! (factorial n).
Show the stepwise functioning of the TM for
the input n = 3.
© 4.6 Design a TM to convert a binary-coded
decimal number into a unary number. Validate
the design for:

(a) 1001 (b) 0000

: @ 47 What is a universal Turing machine?

(©) 48 Design a T™ to find the GCD of two given
numbers.

@ 4.9 Write a short note on the halting problem.

@ 4:10 DesignaTM to compare two numbers, which
will produce the output L if the first number
is lesser than the second number, output G
if the first number is greater than the second
number, and output E otherwise.
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which computes the 2's

©4.11 Design a TM,
» complement of a given binary number.

@4. 12 Construct a TM for the language, L = {a” b"
[m=nn=1).

é‘\ 4.13 Construct a TM for checking if a given set of
parentheses are well-formed.

@4.14 Write a short note on solvability and semi-

solvability.
U)4.15 Write a short note on recursive TM.

@4. 16 Consider the TM M = {(qo, g1, g2, g9, (0, 1),
(0.1, 5). 6, qo. B, (g9 }.
Describe the language L(M), if § consists of
the following sets of rules:

6 (go. 0) = (g, 1 R);
S (g1, 1) = (g0 O R);

8 (q1. B) = (q,B R).
@4.17 Design a TM that accepts the language {0"
1"0" [ n = 1}. In addition, give the transition

function and the transition diagram.
(E)4.18 Construct a TM that accepts the language (a"

ba' b).
@4.19 Design TMs that recognize the following

languages:
(@ {0"1"0"|n=1)
(b) {WW?| Wisin (0 + 1)*}

(c) The set of strings with equal number of
O’sand I’s
@4.20 De}ine the TM, explain its working, and give
the applications of the same.
@4.21 Construct TMs that recognize the following
languages:
@ L=(0"1"|n,m>=0)
(b) L= {x € {0, 1}* | xends in 00}
@4.22 Define and explain a multi-tape TM.
@4.23 Define recursive and recursively enumerdble
languages.

@ 4.24 Explain the following for a TM:
(a) Power of TM over finite state machine

(b) Universal TM

_j _Ahswe{'s to Objeétive Questlons
~41. (@) 4.2 (d) 4.3. (d)
(d) True 4.6. simplified functional matrix

(AL @) 412, () 4.3 True

4.4, recursively enumerable
4.7. (a)

T

() 4.25 Design a TM to replace <y
binary input string, by To;.
I

@4.26 Write a short note on Post’s .
problem (PCP), Otesp,
@4.27 Draw transitions tables fo, ™
the following languages: S th
(@) {a'V|i<j)
(b) The language Ie)
Parenlhesis ¢ ' balanced
(©4.28 Draw a transition table fo; aTym
the language of aJ| non-pa“ndthat gy
(a, b). omeg b
®)4.29 Define the following: ‘
(a) Multi-track TM

(b) Multi-tape TM

(¢) Recursively enumers

(d) Recursive Iaﬂguage ol language
@4.30 Design a TM to compute the functio, ,
@ 4.31 Design a TM to accept the languagen n?,

€ {0, 1}* | x contains equal "UmbéL Sk

and 1’s}. Simulate the operation fo ,hr of‘ /|

‘110100°. © Stripy
@4.32 Design a TM to find the value of |

where 7 is any binary numbper and p:f; :

annl

at g

Stﬁng

power of 2.

@4.33 Determine the solution for the followin
instance of Post’s correspondence prob] 8

’u;_

in Table 4.26.

| 4 B
[ w; x;
1 bl 0
2 110010 0
3 I 1111
4 11 01

4.5. (a) False (b) True (c) False' %

4.8. (b) 4.9. (d) 4.10. (¢)



