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Foundations of Chabauty Kim

sm.pro curve of genus g 2

Thun Faltings 19831

10

Q EffectiveMordell

How to find 101
Unknown whether a general algorithm exists
Bounds on 101

Uniformity Conjenture laporaso Harris Mazur

Ngls.to XIQ1cNIgl for all of genus g

Chabauty Kimtheory p adic approach adressing these still largely ionjectural

1 Method of Chabauty 11941 and Coleman 11985

J Jay ab vor Q of dim G
HQ is fg ab gp Mordell Weil

vi tkp7101 7101 Z finite
Assume 101 and fix b E X Q

Abel Jacobimap AJ X J P P 1b
Choose auxiliary prime p of goodreduction for X
Have commutative diagram

Q 1 10,1
Ag Afp 101 AJI JIQI Iap
Ja Jap



Idea find functions Off JQp Qp which vanish on 7101 2
then toAfp XQp Qp vanishes on IQ

This works if r g 1 1
TJ

Coleman integration Fix w H xap.nl HolJap Eh
Wytranslation inv on Ja antiderivative Fw J apl Qp sit

Fw is a homom

near OEJIQpl.tw is givenby a convergent power series with dfw Wg

Write f wo Fw D fw my for P Q
E XOpt

Get homom log J ap H Jap n D w s Wg

If r cg log 7101 HoJap I Ep submodule of rank r g
w HolJap 111 sit Fw vanishes on 7101

FwoAfp X Opt Qp p w vanishes on IQ

P w totally analytic givenbyconvergent power series on residuediscs

only finitely many zeroes

101 finite

Also get explicit bounds eg IQ XFpl 12g 2 if p 2g

Problem method fails if v4 g
Kim 12005 developed non abelian generalisation to overcome this

Central object Op pronnipotent itale fundamental group 4 of

Chabanty Kim diagram

101 s lap
jdR TK

Ip

selolx s HIIGp.net 199FUHR
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Properties

bottom vow affineQpschemes maps are algebraic

image of eachresidue disc red pl XQp EXEpl under ja
is Zariski dense

Conjeiturally los is non dominant Blok Kato con

Methodworks as follows

If top non dominant find off 017014 vanishing on

image of HfGa yet
foj.dk lap Qp non trivial analytic on residue discs

givenby iterated Coleman integrals

UffoidRl apl finite set containing 101

Def Chabanty Kim loins

10,10 Jp Ioc Selakt
above
VIfoj.dk IXlQpl

Note 101 IQplo

Conj 10pm is finite Bloch Kato

Conj Kim's conjecture

101 IQ

Runks replace net with u stepnilpotent quotient 44 10pm
roughly n 1 Chabauty Coleman

n 2 quadratic Chabanty

variant for S integral points on affine hyperbolic curves

2 Prounipotent itale fundamental group

IQ b EX QI as above

IQ als closure Go Gall Q



Tiit x ̅ b eitale fundamental group 4
It is a profinite group with its Go action
Coulxät category of finite e'tale covers Y a

Fb Coultät Finset y ts 11 f lb fibre funitor

1T E b AutFs acts iompatibly on f Ibl for all 14 to at Coultät

Comparison with topologital it via Riemann's existencetheorem

in Xo b profinite completion of TYP 101 b

an.be ag.bg ITlai.bi

15MalievlompletionITprofinitegp.p prime
The Op prounipotent completion of IT is the universal pronnipotent
algebraic gp TOP over Qp with a continuoushomom

IT IT Qp

Think TOP Op IT

Def mitOP x ̅ b Fit g b
Qp pronnipotent eitalefundamental group

Alternativedefinition via Tannakian formalism

Locälxal category of unipotent Qplocalsystems on XE
i e eitale totally constant sheaves of Qp v s on XE.it which
admit a filtration 0 Fil E FilmE

Es.t.FiliEF.li.gE directsumofiopiesof

p.fiby Lo Xa Q Veit El Elb fibre funitor preserves

mit.atXg.bl Aut Fibg tensorpreserving automorphisms

Notation U x ̅ ä b UI n stepnilpotent quotient

Go arts on UI Fix Ga equivariant quotient 4 U eg n net
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Path torsors For IQ have

Petty mit ä b x 150m Fibb Fibel path torsos
It is a Go equivariant 4 torsos over Op
Form pushout along Mit U

m P Pit xl Kermit U

Ga equiv U torsor

can do the same locally for Qe points l anyprime
Fix Qi one with embedding Öe
local Galois group 61 Galläelael Go

Have it Xäe b tit.ae Xai b
Given E 1011 Ge equivariant 4 torsor P x

3 Spares of torsors

G profinite gp U Op pro unipotent group GNU

Def R Qp algebra A G equivariant U torso P over R
is an R scheme P with a G action and a G equivariant right
U action PxU s u suchthat P Spec Rl is faithfully flat
and the map

Px U PEP lo a 1s g ru

is an isomorphism

Rank U pronnipotent implies that 9 U torsos are trivial as mere
torsos but not necessarily G equivarianty



Non abelian group cohomology G

C G KIRI is a royale if clot 010 CITI Vr TEG
c and I are tohomologous one if JUEUIRI sit lol u clara FreG

H G WIRD Solyius G MIRI

lohomology functor on Op algebras

H G UI R S H G WIRD

Prop G equivariant U torsors
so H G WIR

over R

Pf p Gequir U torso
U prounipotent PIRI
Choose Po PIRI For G lo EUIR st Po Po 1107

Theck c G MIRI is loyale
different choice of Pr gives lohomologous sopile

Conversely given c G MIR define torsor P 4 with
1 twisted Gaction 6 4 4 lo.nl is n als

Rink 1 A su su s central extension induces

long exact sequence of pointed sets ending at H G A

Ihm Assume U admits a separated Gstable filtration
U W.eu D W zu

with Will Will Wi jllki.is WuiteVn gr.IU
Note Vn is a Op v s Assume

111 H G Un 0

12 H G K is finden
for all ns 1 Then H G UI is representable by an affine
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p scheme which is non ianonisally isomorphic to a closed

subscheme of f HCGVal

Proofof representability Sketch

Let Un wwwnu then U himUn

H G U finnH G Un iso reduced to H G Un

Use induction on n

Case n 1 U V vertor group UnR V R

Show H G V R H G V R iso

HIG.ve represented by vectorscheme HfG V11

Inductive step n n 1

centralextension

1 Vn Un Un 1

LES of functors on Op algebras

iiiii iiii.IE
H GUn a and H GVn rept

K er s repr.by affineOpscheme

H GUnd K is surjective map of functors

K Spects then H GUn IS KIS Hom 5 S aids sung

getsplitting s K H GUn

H GUn K is H G K torsos

KxH GUnd H G Und iso

H GUnd representable



8
Cor XIQ.net 4 as before prima

R Geey tenors
is H Ge MIRI

is representable by affine Op scheme

Denote it by H Ge U't

Pf Ifor Afp
Cheek conditions of Theorem

Define W U via descending central series

w.nu U W.i.nu w.in u

Vn grün Claim Un is pure of weight n i e the eigenvalues α

of any geom Frobenius FEGe are alg.IQ and like 1 2 for all
embeddings 1 QIN C Follows from

V 14 i nit ab Heillos Qp pureof wt 1 by
Riemann hypothesis for curves over finite fields

V Vn v10 Un 1 vi vi UND

Vn pure of ut n

Claim HoffeVal 0 n

Ge has property IFI i e only fin manyopen subgroups of any given index

Hilfe.vn fin.dim

H GeU't representable by ihm

Getdiagram for every prime 1

Q c s lag i sie an non abelianKummermaps

n

or higher Albanese maps

H16.4.1 HI In



9Selmerfunctor

Seluilxt R s EH Ga U IRI 1 h locetat je 10011

If a p je 10911 finite
if I of good reduition je 10,11
if e p ip 10117 HfGp U R KerlH G U'IRII H Gp WIR jasubscheme of irystalline classes Fontaine's periodring

Thw The Selmerfunitor is representable by an affine Qp scheme
This is the Selmer scheme Sela x

IPfsketik for T finiteset of primes
G Galoisgp of max ext n of Q which is unram outside T

ii ü

4 The de Rham fundamental group

Ap for now

MIC X Tannaha category of unipotentvectorbundles w integrable connection

objects IE F with E vectorbundle on X
V E n E connection 52 0 automatically

filtration En E 0 s.t.E.gg E lOx

dlnnitobjectbEX1Qdefinesfibre functor Fib MIC X QpModf.cl

UR Auto Fib de Rham fundamental group

P x.gl 150mi Fib Fib deRhampathspare yf pl



Iterated integrals Let we wnEHTX.si yep x.glR RQpalgebra 10
an define w wa R as follows

E 10 1 wir E 88
1

See R Fib.IE sFibylEw R

Gwenwa eh Seelentall ER

Fact Everyalg function on P IXet is a Oplinear combination of
iterated integrals fwe.in

Iterated Coleman integrals

Xo special fibre of unique smooth model of over Ep
Tanaka category Ison X of unipotent isoluystals on to
crystalline fundamental gp 4 path space P

Comparison thus MIC IN soc Xo
UDR U party P x ̅ 5
Frob AU PdRIxiy

Ihm Besser

For all x.ge ap Frobenius invariantpath p pdRlx.gl

Qpl.DefLetx.yEXIQpl.wy wnEHOlX 2

W Wn
p
werwa Q iterated Coleman integral

Rank For Xy in the same residue disc tunif.at can compute wir wa by
expanding w f.lt dt as convergent power series and
integrating iteratively w wa fn.nlHffeltldt ty
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deRham Kummermap

Ud carries Hodge filtration FUd by subschemes and Frobenius autom
FUdk yd subgp Forced right coget seheme

Define admissible u torsors carry compatible Hodge filtu Froh

Than F Udk R admissible 4 torsos so

Sketch P adm.ua torso R

P FOPIR unique perE PIR
Pulp per E FLUR IR

deRham Kummer map

id IQp FLUR pdrb 1 1pA p
Hodgie

path Frob inv path

pulling back Sw wa O Fond along gives iterated Coleman integral
IQpt Qp 1 wir wa


