(6.2.202
Wiaker workshop Chabauty —Kim, —Herclelberg *

LIvEAR AND QUADRATIC CHABAuTy

FOR AFFINMNE HYPERDOLIC

Curves

ilw  Lowius Leovharot,  Skelfew Mclle,

XI@Q smoolth pPro . curve of gerus g > 2

P grime of 3000( V‘Qo(., ut —, U Ga-e%f\r. quotimf

Chabaunfy - Kim oliag own

X)) —— X(®5)

| j
Vv

Sel, (x)

CLtdbGM*y—K.'W. locus
X@)y = [ xex(@) : 400 € logy( sel, (x) }

X(Q) € X(Q), € X(@Q,)

Cou‘[" '#X(Q,,)q <ow for U Su#{Cl’MH/y 10}‘39

. 91\ ab
° Ll‘heal' C‘ﬂabau‘): u =ue1t = (uet) -~ X{a?)-[

Thw: | ot T = ‘rsz Sele(Jacx) (= r uwader Tole- Shofarevi el Co“J")-

If g -7, >0 Wea 4X(Q,), < o.

35 -
® Quadrakc Chab%bﬂ U= Ug. = cerlas, ivitsediake %oj,@,,,f AN Uye — w’

-~ )((Qp)ac
Thu:  (Balakeishiaw - Dogra)
Let % = rk NS(3ac,) + 7k S (jacxa)"'h’ ’ = Complex Cou.

If G+ 9 ~1-—7 >0, M, #XQ;)g. < <o



Al gentralise Hacs to affive Llype.vbalic Curves

Setup:  Y/@ affine hyperbolic Curve, ¥ = Xx\D witty X projechve, iz #D(Q)

Ex: * ¥y = pP'\[o.1, o}
sy =€e\0o} whh E e[{,'P},‘C Carve,
e v= f(x) affae hoperell. carve

5 F,';,\;’-C S'.{{- o'p ph'lMCS‘
Ze = i x€@Q : Ylx)yo VLes] Fing of S-l'hl-(geﬂ‘

Yy = X\D ;-egu(av teodel of YV =X D over Zg

The: (Sfeﬁd, Fa”—;’wgs)

#’B(Zs) < 0.

Variant of Chabanty =i, for S-indegral poinks -

PES st Xﬂ:' auof :DFP snoolly, choose base point v Yl(Zs) ko L(e;t
uﬁ —» U G@-e%fu. q«,ok'uﬁ'.
Chabown‘y- Wi o(a'ajraw:

> %(Zr)

Y(zs)

j Je

v

Se,s,u(l})

{OCP

> H}(G?. u)

Chabaudy - iiu, locus:
Y(Zo)s, . = {}’e Y(Zp) = jp(y) € loce( Sels “ﬁ")}
o Linear Chabauh: U= U¥ ~ Y(Zps,

° Q%ﬂd"'ﬂ)’;c Chab%‘?' COMS‘)’L{C"‘ %lll'ﬂ.bl»e “’lj'u“"lfdv'mh %olb‘&‘qf
uft — Uge — uf'k ~ Y25 qc



lavariants affached to (Y, s, ¢):

° T? = rk'a' Selvn(:hcx) P”-S{W, Founk

° g9 = 366«4.:0‘[:)(

0 gF = rk NS(}QCX) + rk NS(quKé)r=-1

n = #’D(@) Uten bt 9‘6 9€towm, p/‘S at :'h#'a,’a‘y

-—

= M+ Lm etk w s#D(R),  2n, = 2{D(C)\ D(R)

o b 1= &’Dl-" h, ‘1 (>" o) sace Y szte)

° s = £5

Theovewm 4 ( Leonhard+ — L. — Mzller)

(1) If &= g-r-b-s >0, M # Y(2Zp)s , < .

('L) (F o, = &, + f; >O, I'LL&L, #g(Z?)S'Qc_ < @

Theorew - (Lem)

(O 1F (= 79(g4%) - Lapes) 14 —s > 0, Hieq

#Y(Zy)sy ¢ K, T (g +n)- Whl- #Y(F,) - (4-3 +2u-2) (¢+1)
LeS 2¢s

(M) I Ea=0i* 8 >0, same bound for Y(Zp)s q.

P-1
(p-2) Log (p)

Heve: Ke:= 1 + (P oclol), Ky, := 2L+ z

Log(2) -

ne iz #W"Cd. QPB O’F M"—a Wl‘l‘[ S'PCC—"G{ )cl'b}'e O{‘ XU:—( (/76 [¢S)

rep of e mainiumal Hegulos wotwal Crosnugs wwoclel of (x,D)

over Z, (if £€S)

Ruaks: ®  1ove similar vesulls for UY(Z)s, @ Set

L‘&K = oL,‘w.Q? H}- ( GQ- me( /\1 V7 jQCx, Qf(‘ﬁ))
(=0 cokjechw““/v by Bloh ~ Kak)



C’ l; g?. —Yf .f g .'_b -— S >(7’ M #y(zr)slz < o0
Do If {g9(3get) = Lr eyt F+L -5 —hLy >0
Hosnn 14(22,,)9,1 sabishes bound from Tl B,

. ) 2D

° Balakiishupa- Dogra hrick ~ Ck [oc/ lée ( Zs )S,u where
Th eoreas hold with v iuskad of %

* Behs = Comin — Leovhardt :  Bouyd on y(2z),, A SSUiming

Toake - Sha Farevidy + Bloch-kato.

1. Refrned Selmer schemes

For all £ leave o(ia}r-aw—;

Y(zs) — Yy Can replce  YI(Qp) wikh

4 Y(Zp) for L¢S

)
v

I’l1( GQ . u )

v

IOCl
> H1{Gp, u)

tay

2Y(Te)™, 24

Selumer huue tor: R = {“C Hf(Gal u) = locg(xy € 2a
el Y(Qe)™,  Les.

J

TLI-'S‘ s ;.e_m)-able 19/9 e (veﬁmd) Selnex Sclutsect Sels_“{"j)-
~ Ck c/lA'ag""“""

S“f )(,7(-:14\25) have Saue reduchon Yope if

Vﬂ-‘ wod L »-atuc)v'our oy /'t!l_ sawe ried. CPT. or (n" [GS)
the Same cuf?.'dal pomt.

reduchon type: T = (24), prive

Selwmer sreme  is  uniom Sels ,Y) = U Sel5 . (4),
P

_— poinks of i
Corresponcing o Y(zs) = 1| ylzey ¢ points oF ved. bpe T

Z



2 Y@y = U W ss

2 fme Ck oiagram
Yizos — Y%

;
Y lOCp v
Selz.u\Y) —— H}I(G, U)
SJ’W)-{Q;’ FU}’ f;lﬂ-')‘fl’llf'f °‘1£ Cu (oc, :
(f olim Sely (Y) < diw HE(Gp )

=> ’0C9 Mo"' GeOWL.‘V\au{-

= 3¢ f st fOIOCf‘O

= Y(Tplsu, s & Vifojp)  Hfruile

Cou Compute ol Lr e $70us ‘Ag','lq'j (abe[,‘az,,) Garlo;s Cohomoloﬂk

2. Weightt filhadicns ou  Selmesr scliewes

Bels: filhvabon . € W, U ¢ W, U = U by Subgroup sctemes
st [W..u. Wiul & W), U Vit

s o= Walfy, oy e of Gypooon fiul ol Qp-v.s

%
1 w
SQII,(A — ;('j; H‘_\[GQ, 5V_k U) X ;’:I; 62‘( (hov;-cauovt.’rd&)
§
C'r;sl-dal'kc af P, T

Unvom. away, from ¢
'™
= . ¢ . 1 w
> oim Sl 7, s+ th dimg Wil Gg, gr¥ U),

oli'm € 1

H}:(Gy, u) = H H}(C’P' gV_t’) {"0h~<‘auol4,‘ra/$¢)

P i HE(Gp U) = O diwg  H(Cp 9ni)

L=y



« Linear Chabauly : U= l,(,é+ = L(;b
Y o X iueuces U;b—» Us® = V, Jucx := ((é’_‘o. jacx(é)[?"]) ? Qs
“ P
D(Q a
1T — @p(’f) Q)/Qf“) - be — Vf -SDIC)( — 1

w
w
gr., =T 3r-

Cor  compule local owd globa| Conlois col:
wt -1: dim U (Gg, V;,Jack) = v,
cim Hi(Go, Vi Jacx) = o
wt -2 o HY(Gg, T) = R Y,
oy He(Gp, £)= 0 -1

If &y > O in Tha, A

= i Selzlh < oiua H;’c(Gy, Ll)
= kTg)s, < e

e Qugqolia)ic Cﬁwtlo@mly= C"“flvuc)-.'\go. of uQC.

1 — /\1 Ve Jacy ® I u}’/M/_—S(/(y - l/? j‘?c‘x — 1

|

T (Qr@’NSUacxa)v(ﬁ)@I — Uge — VpJaecx — 7

14
Con compule B Galpis coly.

wax. Arkin -Taje
{«o)-'n‘l’

Y

%, Bowwo&‘hq Clkk (ocy

Weight Filhakon on  O(Selz,) wed O(HI(Gp.U) by fiu wiun subspeces

pHeserved 2y Ioc_:;: Selg  — H:c

AS'S'W&C DL"M Ww. @(SC‘Z,M) < 0‘4"'4 Ww, (O(H?ﬁ)



= J o#fe W,0O(H}) st (ocff=(7 7

= Joje YT — Qp is "Colsmmn algebraic funclon of weigbt < u
Dedis: bouud ou wwubes of zewpesr v eack residue olisc

=> get bouad ou y(zr%.uz axdl {3{(&7)"“

o o heormns e et i 2 Lo
~ sy of double and sugle Colewaa  jylegral ot syt Rchigas

Compule olima W, 0(2) viq Hilbest serres.

WS, W= 5 o, v 02) £ € IN, It]

i=o

Defts: H Ss*’z.u(t) 3 -7 ﬁ- (1-¢%) o He (G grLu) = HS gton (4)
=1
WS (&) = TT (1-tk) 4= HiGe 97wy =2 HSp (b
He k=
FOV U= (,(f’tz

l—‘sslgb(t) = 1'(' r’,t + (g-f‘l/]q.fl/“___,ﬂ;(bl+§rp(y.?+1))tz +

W) = 1t gt + (n -1+ fg0gen) t* + -



