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Fig. 1. We introduce YASPS, an IPC [Li et al. 2020]-based simulation framework that is both extensible and performant. Users define parameterizations, shape
primitives, and energies in Python, from which YASPS automatically generates and compiles GPU code for first- and second-order differentiation. YASPS also
assembles the global gradient and Hessian and efficiently solves the resulting linear systems on the GPU. Despite its high-level interface, YASPS achieves
performance comparable to hand-optimized GPU IPC frameworks such as GIPC [Huang et al. 2024], while significantly reducing implementation complexity:
adding a new shape type requires only around 130 lines of Python code.

Incremental Potential Contact (IPC) has emerged as a robust and unify-
ing formulation for contact-rich physical simulation by casting elasticity
and collision handling as a single energy minimization problem. Achieving
high performance, however, typically requires heavily specialized imple-
mentations that hard-code assumptions about energies, primitive types, and
parameterizations, creating a major barrier to extensibility. Adding new
energies or alternative parameterizations often requires re-deriving first
and second-order derivatives, and implementing new assembly logic for
the global Hessian and gradient. This challenge is further exacerbated by
collision energies, where the same energy definition is often applied to
mixed parameterizations, which can lead to a combinatorial explosion of
parameterization-specific derivative and assembly cases.

In this paper we introduce YASPS, a framework for physical simulation
that resolves this limitation by making structural relationships explicit in
a differentiable representation. YASPS introduces two relational operators,
JOIN and UNION, which encode connectivity and heterogeneous parameteri-
zations directly in the symbolic computation graph. Using symbolic differen-
tiation over these operators, YASPS automatically derives local derivatives,
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and determines the induced sparsity and block structure of global gradients
and Hessians from the same description while avoiding any code explosion
induced by mixed-parameterizations.

Targeting IPC workloads, YASPS compiles the resulting symbolic graphs
into GPU kernels for local energy evaluation, derivative computation, and
block-sparse matrix assembly, and solves the resulting Newton systems
using a GPU-based iterative solver. This approach achieves performance
competitive with state-of-the-art IPC implementations while enabling new
energies and parameterizations to be added through localized symbolic
definitions, without hand-written derivative or assembly code.

CCS Concepts: • Computing methodologies→ Simulation languages.

Additional Key Words and Phrases: Simulation, Incremental Potential Con-
tact, Symbolic Differentiation, Compiler

1 Introduction
Incremental Potential Contact (IPC) [Li et al. 2020] has become a
reliable approach for simulating complex contact because it casts
contact and elasticity as a single energy minimization problem. Its
robustness comes with substantial computational cost: IPC relies
on Newton-type solvers that repeatedly evaluate local energies and
second derivatives and solve large, sparse linear systems. Making
this pipeline efficient is essential for IPC to be practical.
State-of-the-art IPC implementations such as PolyFEM [Schnei-

der et al. 2019] and GIPC [Huang et al. 2024] achieve high perfor-
mance through heavily specialized, hand-optimized kernels and
assembly logic tailored to a fixed set of energies, primitive types,
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and parameterizations. This specialization creates an extensibility
bottleneck: adding a new energy term, a new primitive type, or a
new parameterization (e.g., Affine Body Dynamics [Lan et al. 2022])
typically requires deriving and implementing new gradient/Hessian
code and new assembly rules for many combinatorial cases.
The root cause of the extensibility bottleneck is that the sim-

ulation pipeline lacks a unified way to represent and propagate
structural information:

(1) Which entities participate in each energy term (connectivity
and relations).

(2) How their positions are parameterized (direct coordinates,
rigid/affine bodies, etc).

(3) How local derivatives map back to global degrees of freedom
(sparsity and block structure).

In hand-written systems, this structure is encoded implicitly across
the kernels and case-specific matrix assembly routines, tightly cou-
pling energies to representations and preventing extension.
Automatic and symbolic differentiation [Fernández-Fernández

et al. 2025; Herholz et al. 2024; Schmidt et al. 2022] reduce the burden
of deriving local derivatives. However, heterogeneous parameteri-
zations, commonly found in collision energies, still require either
duplicated differentiated code paths or new hand-written projection
and assembly logic in those systems, because they lacks a represen-
tation of parameterizations and their sparsity pattern.

To make this concrete, consider a repulsive energy between two
points 𝑝1 and 𝑝2,

𝐸 (𝑝1, 𝑝2) =
1

∥𝑝1 − 𝑝2∥
, 𝑝1, 𝑝2 ∈ R3 . (1)

If points 𝑝1 and 𝑝2 are directly parameterized by three coordi-
nates each (free vertices), one can implement kernels for 𝐸, ∇𝐸,
and ∇2𝐸 directly. In many simulators, however, positions can be
derived from different parameterizations. For example, in Affine
Body Dynamics [Lan et al. 2022] a point is given by

𝑝 = 𝐴𝑏𝑟 + 𝑡𝑏 ,

where 𝐴𝑏 ∈ R3×3 and 𝑡𝑏 ∈ R3 describe the transform of body 𝑏 and
𝑟 is a rest-pose position.

With multiple parameterizations available, mixed interactions in-
crease exponentially. Consider a mesh with mixed materials, where
each vertex may be realized using one of three parameterizations. A
point–triangle collision energy, which involves four vertices, then
leads to 34 = 81 distinct parameterization combinations. In a naïve
implementation, each combination has a different derivative, Hes-
sian block layout, and assembly rule, requiring separate specialized
kernels at compile time and explicit case selection at runtime.
Human implementations, such as those in PolyFEM and GIPC,

typically avoid the exponentiality by factoring computation in the
following steps:

(1) Differentiate 𝐸 with respect to 𝑝1 and 𝑝2.
(2) Differentiate 𝑝1 and 𝑝2 with respect to their underlying param-

eters (body transforms, rest positions, or direct coordinates).
(3) Apply the chain rule to obtain the final gradient and Hessian

with respect to the global degrees of freedom.

They can exploit such optimization whenever such structural in-
formation – how the energy is constituted from different parame-
terizations, and what those parameterizations are – is made explicit
to the system.

In contrast, a straightforward automatic or symbolic differentia-
tion implementation operates on the concrete computation graph
produced by a particular choice of parameterizations. When pa-
rameterization alternatives are represented via branching, existing
systems differentiate each branch separately produced by differ-
ent combinations of parameterizations, and provide no principled
way to either factor out shared derivative terms across alternative
branches or derive a unified sparsity/assembly strategy from the
same description. As a result, supporting heterogeneous parameter-
izations still tends to produce exponentially many sub-kernels for
the same energy under different combinations of parameterizations.
Returning to the repulsive energy in Eq. 1, we can view its com-

putation as the composition graph below:

𝐸 (𝑝1, 𝑝2)
𝑝1

𝑝2

Position
Free position

ABD position
𝐴𝑏

𝑡𝑏

computed from instance of choice of

Fig. 2. The energy in Eq. (1) can be decomposed into different layers.

The structural information in Fig. 2 that guides the differen-
tiation in a manual implementation can also be used to determine
the sparsity pattern of the global Hessian. In hand-written sys-
tems, however, this structure is encoded implicitly in specialized
kernels and parameterization-specific assembly code, rather than
represented explicitly in a unified form that a differentiation and
assembly pipeline can share and extend.
While prior work [Herholz et al. 2024] partially addresses the

structural problem by asking users to declare which types of geo-
metric primitives (e.g., triangles, tetrahedra, free vertices, rigid-body
vertices) participate in each energy term, this approach again hard-
codes a fixed set of primitive types and parameterizations into the
framework, and still requires hand-written casework when new
types are introduced.

Overview. In this paper we address these gaps with YASPS (Yet
Another Symbolic framework for Physical Simulation), a frame-
work that introduces two relational operators that allow users to
express computations and parameterizations structurally:
• JOIN composes dependent quantities across user-defined rela-
tions. For example, onemay specify that a tetrahedron depends
on four vertices and pull their positions when evaluating a
volumetric energy; that each vertex depends on a single affine
body transform when evaluating body-space deformation; or
that each repulsive energy term retrieves two vertex positions
as its inputs (Fig. 2).
• UNION represents alternative parameterizations within a rela-
tion. In Fig. 2, one may declare that a vertex position is realized
either as a directly parameterized variable or as one derived
from an affine body (or another model), and that different
vertices may choose different alternatives.
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Users write energies and parameterizations directly in terms of
JOIN and UNION. Because these operators are differentiable in YASPS’
symbolic representation, we can obtain the symbolic differentiation,
derive the induced sparsity and block structure of global gradient
and Hessian, and generate efficient evaluation and assembly kernels.
Because IPC workloads are dominated by embarrassingly par-

allel evaluation of many local terms, YASPS compiles its symbolic
graphs into GPU kernels that compute local energies and deriva-
tives, perform index extraction through the relational layers, and
assemble a block-sparse matrix for the Hessian matrix and gradient.
A GPU-based conjugate gradient solver then operates directly on
this representation to produce the solution of the resulting linear
system for Newton iteration. The result is performance competitive
with specialized IPC implementations like GIPC [Huang et al. 2024]
while remaining extensible: adding a new energy or parameteriza-
tion requires only a high-level description, without hand-written
derivative or assembly kernels. In the examples shown in Fig. 1,
adding new parameterizations (Affine Body Dynamics and cage-
based deformation) and their corresponding energies—an orthogo-
nality regularizer 𝐸affine (A) = 1

2


A⊤A − I

2

𝐹
, and elastic energies

on the cages—requires only around 130 additional lines of Python
code. For collision energies, the only required change is to re-declare
which attributes are UNIONed. This avoids an exponential blow-up in
parameterization-specific kernels (both in user code and generated
code), making YASPS scalable on both the frontend and backend
with respect to the number of parameterizations.

Contributions. In summary, we:
• Introduce a relational abstraction based on JOIN and UNION
that encodes connectivity, instance relationships, and hetero-
geneous parameterizations.
• Develop symbolic differentiation rules over these operators,
including an efficient second-order procedure that reuses in-
termediate Jacobians and reduces Hessian-projection cost.
• Derive global gradient/Hessian sparsity and block layout from
the same relational description, enabling structure-aware block-
sparse storage and compression.
• Implement a GPU-oriented system that uses just-in-time (JIT)
compilation to generate evaluation, derivative, and solver ker-
nels directly from the symbolic graph at runtime, enabling fast
IPC-style simulation while preserving rapid extensibility.

To the best of our knowledge, YASPS is the first IPC-oriented
framework that achieves both extensibility and GPU-scale perfor-
mance by making relations and parameterization alternatives first-
class in a differentiable intermediate representation (IR), and us-
ing that same representation to generate derivatives and structure-
aware assembly.

2 Related Work

2.1 IPC-based frameworks
Incremental Potential Contact (IPC) [Li et al. 2020] has become a
widely adopted strategy for preventing interpenetration in contact-
rich simulation by combining barrier-style energies with step-size
control. Recent works have applied IPC to simulate thin solids with
codimensional geometries [Li et al. 2021], rigid body systems [Chen

et al. 2022; Ferguson et al. 2021; Lan et al. 2022], and the coupling
between domains with different discretizations, such as FEM-MPM
[Li et al. 2022, 2024], FEM-SPH [Xie et al. 2023], and DEM-MPM
[Jiang et al. 2022]. IPC has been integrated into or has inspired
several modern systems, including PolyFEM [Schneider et al. 2019],
GIPC [Huang et al. 2024] and its successor Stiff GIPC [Huang et al.
2025], etc. Broadly, PolyFEM emphasizes coverage of materials and
discretizations, while GIPC/Stiff GIPC emphasize performance and
robust contact handling. On the application side, Stark [Fernández-
Fernández et al. 2024] targets robotics, providing built-in constraints
and priors common in manipulation (e.g., ball joints, hinges).

Despite being broadly applied across different materials, contact
models, and application domains, frameworks that employ IPC are
largely element-centric: they are typically specialized to a fixed set
of geometric primitive types and discretizations, most commonly
triangle and tetrahedral meshes. Extending such systems with a
new shape representation or introducing a new energy generally
requires substantial modifications to the core system. In particular,
users must manually derive and implement the corresponding local
energy, gradient, and Hessian, as well as ensure their correctness
and efficient matrix assembly into global sparse structures.

This limited extensibility is further amplified in GPU implementa-
tions. To achieve high performance, GPU kernels often rely on fixed
memory layouts, compile-time constants, and hand-tuned data struc-
tures. As a result, extending an existing framework to support new
energies or representations on the GPU typically demands signifi-
cant additional engineering effort, including redesigning memory
layouts and writing specialized kernels.

2.2 Symbolic and automatic differentiation
To reduce the burden of manually deriving gradients and Hessians,
many simulation systems rely on automatic differentiation or sym-
bolic differentiation with form compilation [Griewank and Walther
2008]. Form-compilation approaches, such as FEniCS and its Uni-
fied Form Language (UFL) [Alnæs et al. 2014; Logg et al. 2012],
represent variational forms symbolically in a domain-specific in-
termediate representation and generate specialized low-level code
for derivative evaluation and assembly. PolyFEM [Schneider et al.
2019] uses automatic differentiation to obtain gradients and Hes-
sians for energies and discretizations. TinyAD [Schmidt et al. 2022]
provides a lightweight C++ automatic differentiation layer tailored
to geometry-processing energies (e.g., parameterization and smooth-
ing), enabling concise local formulations and rapid prototyping.

Tape- or trace-based implementations of automatic differentiation
may incur runtime overhead due to temporary objects, memory traf-
fic, and limited algebraic simplification. To mitigate these costs, sev-
eral systems adopt differentiation with code generation [Fernández-
Fernández et al. 2025; Herholz et al. 2024, 2022]: the energy is ex-
pressed in a restricted language, algebraic simplifications are per-
formed ahead of time, and specialized kernels for local gradients,
Hessians, and assembly are emitted for the target backend (CPU or
GPU). Classical IPC implementations [Li et al. 2020] also rely on
symbolic differentiation for the derivatives of barrier energies. How-
ever, existing symbolic systems are typically specialized to fixed
element types and interaction patterns (what pairs of element types
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can participate in the same computation), making it difficult to ex-
tend them to new geometric representations or contact formulations
without modifying the underlying compiler or code generator.

To simplify global matrix assembly, some frameworks [Herholz
et al. 2024] further expose interfaces that bind energies to specific
element types (e.g., triangles, edges, tetrahedra), enabling automatic
sparsity inference and consistent insertion of local contributions
into the global system. However, this again limits those frameworks
to the known primitives defined within the system.
Other frameworks [Fernández-Fernández et al. 2025; Schmidt

et al. 2022] instead require the user to explicitly provide the as-
sembly structure, such as the relevant connectivity and how local
quantities map into global degrees of freedom. While this offers
more flexibility than hard-coding assembly around fixed primitive
types, it still places the burden of structural specification on the user.
This becomes especially problematic for energies that admit multi-
ple parameterizations (e.g. collision between a soft body and affine
body would normally admit 2×2 = 4 different parameterizations for
each collision energy). Each parameterization is typically realized
as a separate kernel with its own connectivity, requiring the user
to manually partition cases, invoke different kernels, and assemble
results across multiple connectivity structures. Thus, structural vari-
ation is handled through duplicated user effort rather than a unified
representation.
Beyond mesh-centric toolchains, general-purpose differentiable

programming systems such as PyTorch [Paszke et al. 2019], Diff-
Taichi [Hu et al. 2020], andWarp [Macklin 2022] have been applied
to energy-based simulation. These systems excel in dense or grid-
structured settings and support sparse computations to varying de-
grees; however, assembling large, irregular mesh operators typically
requires additional domain-specific infrastructure—such as custom
kernels, data layouts, and explicit sparsity management—which
dedicated geometry and simulation frameworks often provide.

2.3 Relational mesh representations and DSLs
Representing meshes as relational data is common in prior work on
mesh-based systems, although this structure is often implicit. For
example, relationships like triangle to vertices are often encoded
through array-based data layouts and indexing schemes rather than
explicitly modeled as relations.
Domain-specific languages (DSL) such as Ebb [Bernstein et al.

2016] and Simit [Kjolstad et al. 2016] go further by defining explicit
relational data models. In Simit, meshes are modeled using hyper-
graphs. (For instance, a tetrahedron is a hyper-edge containing 4
vertices.) In Ebb, meshes are modeled as relational tables, inter-
connected by columns of references to other tables. Both systems
support the specification of imperative, local, stencil computations
patterned over the data structure. YASPS follows these prior sys-
tems in adopting a relational data model, but differs by specifying
simulations in terms of declarative energies, rather than imper-
ative computations. In order to compute the simulation, YASPS
must differentiate these energies. Doing so requires addressing how
differentiation interacts with relational operations like JOIN and
UNION.

3 System Overview
YASPS is designed to make it easy to introduce new parameteriza-
tions and energy formulations while retaining high performance.
Given a user-defined energy, YASPS automatically computes the
corresponding local gradient 𝑔local and local Hessian matrix 𝐻local
(which is also projected to positive semi-definite automatically by
perturbing the Eigenvalues of each local Hessian matrix), assembles
the global gradient 𝑔 and global Hessian matrix 𝐻 , and solves the re-
sulting linear system 𝐻𝑥 = 𝑔 as part of a Newton-type optimization
loop.

YASPS provides a frontend implemented in Python that exposes
the following core functionality to users:
• Scene and mesh structure specification. Users define the
structure of a scene by adding meshes, creating primitives
associated with each mesh (e.g., vertices, triangles, tetrahedra),
and declaring the topological relationships between primitives
(e.g., triangle–vertex adjacency). See Sec. 4.1.
• Symbolic attribute definition and computation.Attributes
can be defined symbolically at the scene, mesh, or primi-
tive level. Users may then express computations directly over
these symbolic attributes, including the use of two YASPS-
introduced operators, JOIN (Sec. 4.5) and UNION (Sec. 4.6),
which enable structured aggregation across topological re-
lationships. Any computation over YASPS’ symbolic attributes
produces a new symbolic attribute, allowing complex expres-
sions to be constructed compositionally.
• Energy definition. Users designate the symbolic attributes as
energy terms that guide simulation, and specify the attributes
with respect to which the energy is minimized. See Sec. 4.7.
• Solution extraction. Once all energy terms in the scene are
defined, users may compute and extract the solution 𝑥 of the
linear system 𝐻𝑥 = 𝑔. This solution can then be used as the
update direction in a Newton-type optimization method.

On the backend, YASPS consists of several systems that operate
directly on symbolic attributes to construct the linear system and
perform the numerical solve:
• Symbolic differentiator.Once users specify the energy terms
and the attributes with respect to which differentiation is per-
formed, the symbolic differentiator computes the correspond-
ing first- and second-order derivatives. The resulting gradient
and Hessian are represented as symbolic attributes. See Sec. 5.
• Index generator. Given the symbolic gradient and Hessian,
the index generator determines how local numerical contri-
butions are assembled into the global gradient and Hessian
(Sec. 6). It is also responsible for generating the compressed
global Hessian structure (Appendix B) to minimize storage
and computational cost.
• Code generator and compiler. For any symbolic attribute,
the code generator translates the corresponding computation
graph into CUDA kernels and links them into the main pro-
gram (Sec. 7). For symbolic attributes computing gradients
and Hessians, specialized kernels are generated for project-
ing the local Hessian matrix to positive semi-definite through
eigendecomposition (Sec. 7.2). Those specialized kernels will
also compress and scatter the locally computed Hessian and
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s0.addEnergy(snh_energy)
s0.addEnergy(affine_energy)
s0.addEnergy(pp_energy, dynamic_instances = True)
...
s0.addMinimizeTarget(
  [
    bunny_soft.vertices["position"],          # p_soft
    bunny_affine.affine_body["affine_matrix"],# A
    bunny_affine.affine_body["translation"]   # t
  ]
)

result = s0.minimizeEnergy(tolerance = 1e-6)
d_position_soft = result[0]
d_affine_matrix = result[1]
d_translation   = result[2]

bunny_soft.vertices["position"].updateValue(pos_soft_
copy - d_position_soft * step_taken, deepCopy = True)

bunny_affine.affine_body["affine_matrix"].
updateValue(affine_matrix_copy - d_affine_matrix * 
step_taken, deepCopy = True)

bunny_affine.affine_body["translation"].
updateValue(translation_copy - d_translation * step_
taken, deepCopy = True)

Fig. 3. An overview of how the YASPS’ backend works once user has specified the energies in the scene and the attributes to minimize against. The symbolic
attributes of the energy computation and the minimization target will be passed to YASPS’ index generator and differentiator. The differentiator will compute
the symbolic Hessian and gradient while the index generator computes the global Hessian and gradient structure, as well as how to place the local Hessian
and gradient to the global ones. The code generator will be invoked once the symbolic Hessian and gradient is computed, generating and compiling kernels
responsible for the computation. Code generator will also extract the pointers to the data so that when the generated kernels are invoked, they know exactly
where the input data lies. When user wants to extract the solution, YASPS’ minimizer will then use the generated kernels and data to compute the solution to
the system 𝐻𝑥 = 𝑔. Here we omit the construction of the scene and energies, which are mostly on the frontend. The detailed example regarding the frontend
is shown in Sec. 4.

gradient to the global Hessian and gradient (Appendix B). Ad-
ditionally, the code generator will support the kernel with the
correct numerical data source for the actual execution.
• Minimizer. Given the symbolic Hessian and gradient, to-
gether with the index mappings produced by the index gen-
erator and the compiled kernel to perform computation, the
minimizer will first invoke the compiled code to compute and
store the Hessian and gradient, then a solver kernel will be
compiled and invoked to compute the solution to 𝐻𝑥 = 𝑔 by
running a conjugate gradient solver. See Sec. 8.

To remain agnostic to specific parameterizations and energy for-
mulations, YASPS deliberately excludes several components that
are typically tightly coupled to particular representations:
• Collision detection and continuous collision detection.
Since the trajectory and geometry of a primitive are deter-
mined by its parameterization, supporting arbitrary user-defined
parameterizations makes it impractical for YASPS to provide
a built-in collision detection or continuous collision detection

module. Instead, YASPS is designed to interoperate with exter-
nal collision handling systems that supply contact constraints
or energies compatible with the chosen parameterization. In
the examples presented in Sec. 9, we use a CCD implementa-
tion specialized for linear parameterizations.
• Newton stepping. YASPS does not prescribe a specific New-
ton stepping or line search strategy. Instead, it provides the
solution of the linear system, which users may integrate into
customized stepping, damping, or termination schemes.

Figure 3 shows how the frontend call activates our backend. A
running example of how the scene and mesh are constructed, how
the two new operators JOIN and UNION are represented, and how
attributes and energies are specified on the frontend will be shown
in the next section.

4 Frontend Overview
We now detail the frontend of YASPS by showing a running example
of two bunnies, one modeled with soft material, the other rigid with
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Attributes: []

Connectivities: []

Number of Instances:     
NUM_BUNNY_VERTEX

Primitive vertices

Attributes: []

Connectivities: []

Number of Instances:     
NUM_TETS

Primitive tets

Mesh bunny_affine Mesh bunny_soft
Scene scene0

Fig. 4. In YASPS, scenes, meshes and primitive types themselves only con-
tain the next level entities and additionally some metadata. The primi-
tive types will also contain a list of attributes (Sec. 4.2) and connectivities
(Sec. 4.4), which are empty when the primitive is initialized.

affine body parameterization, colliding (see Fig. 3 for the rendered
scene). This section will also define the two new operators JOIN
and UNION and how they are used in our system. We also show the
core syntax grammar covering Secs. 4.1-4.6 in Appendix F.

4.1 Setup
At a high level, YASPS organizes a simulation into three layers of
abstraction: scenes, meshes, and primitive types.

A scene represents the global scope of a simulation and contains
one or more meshes.

In YASPS, the construction of the scene and meshes is performed
using the following code:

from yasps import scene
s0 = scene("scene0")
bunny_affine = s0.addMesh("bunny_affine")
bunny_soft = s0.addMesh("bunny_soft")

Each mesh contains a collection of user-defined primitive types,
such as vertices, tetrahedra, or affine bodies. Below, we define these
primitive types for the affine bunny mesh:

bunny_affine.addPrimitive("vertices", numInstances =
NUM_BUNNY_VERTEX)

bunny_affine.addPrimitive("affine_body", numInstances =
1)

bunny_affine.addPrimitive("tets", numInstances =
NUM_TETS)

These primitive types can later be accessed in the following way:

bunny_affine.vertices
bunny_affine.affine_body
bunny_affine.tets

When a primitive type is first created, it only needs to specify
the number of instances it contains. For example, in our current
setting, as the affine bunny is only controlled by one affine body,
the numInstances is set to 1. The scene structure from the previous
codes is illustrated in Fig. 4.

Importantly, scenes, meshes and primitive types in YASPS do not
carry intrinsic geometric or physical semantics. In particular, no
inherent properties, such as positions, are associated with meshes
or primitive types by default. Instead, such properties are expressed
through attributes defined on top of them.

0.1, 0.3, 3.2

5.6, 7.2, 1.0Value:

Parent: vertices

rest_position

Add rest_position  
to verticesAttributes: []

Connectivities: []

Number of Instances:     
NUM_BUNNY_VERTEX

vertices

Attributes: [  ]

Connectivities: []

Number of Instances:     
NUM_BUNNY_VERTEX

vertices

Fig. 5. Attributes.When attribute rest_position is added to the primitive
type vertices, YASPS initializes an array of size NUM_BUNNY_VERTEX ×3×1,
and saves it under the rest_position attribute, whose reference pointer is
then saved under the vertices primitive type. When the user updates the
values of this attribute, the new values will be copied into this array.

4.2 Attributes
In YASPS, scene, mesh and primitive types may bind multiple at-
tributes. Formally, let’s first define the notions of primitive type and
attribute.

A primitive type is simply a collection of instances. Let 𝑋 denote
a primitive type with 𝑛 instances, and let [𝑛] := {1, . . . , 𝑛𝑋 } be its
index set, an attribute on 𝑋 is then a function

𝛼𝑋 : [𝑛] → R𝑟×𝑐 ,

where 𝑟 and 𝑐 represents the attribute’s per-instance number of
rows and columns.

We also use the stacked tensor notation

𝜶𝑋 ∈ R𝑛×𝑟×𝑐 , [𝜶𝑋 ]𝑖 := 𝛼𝑋 (𝑖).

On the frontend, we can define attributes on the affine body and
supply its numerical values in the following way:

bunny_affine.affine_body.addAttribute("affine_matrix",
rows = 3, cols = 3)

bunny_affine.affine_body["affine_matrix"]. updateValue(
np.eye(3, dtype=np.float64))

bunny_affine.affine_body.addAttribute("translation",
rows = 3, cols = 1)

bunny_affine.affine_body["translation"]. updateValue(np.
array([0.0, 0.0, 0.0], dtype=np.float64))

As there is only one instance of affine body on the mesh, we only
need to supply a data array with total size 1×3×3 for the numerical
value of the affine matrix.

Similarly, we can define rest position of all the vertices and update
the value in the following way:

bunny_affine.vertices.addConstant("rest_position", rows
= 3, cols = 1)

bunny_affine.vertices["rest_position"]. updateValue(
BUNNY_VERTEX_POSITIONS)

Here, BUNNY_VERTEX_POSITIONS is a flattened array with size
NUM_BUNNY_VERTEX × 3 × 1 as each rest_position is an attribute
of size 3 × 1.

When calling addConstant or addAttribute on a primitive type
with number of instances 𝑁 with the signature (name, number of
rows 𝑟 , number of columns 𝑐), YASPS will initialize a 1-D array of
size 𝑁 ×𝑟 ×𝑐 on GPU, illustrated in Fig. 5. Subsequent value updates
to those attributes will directly write to those arrays.

Notably we used two functions addAttribute and addConstant
in the previous two code blocks. The naming does not suggest that
attributes created through addConstant need to remain unchanged
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Computation: 2.0 * 
dotted

Parent: vertices

dotted2

Attributes: [                      ]

Connectivities: []

Number of Instances:     
NUM_BUNNY_VERTEX

0.1, 0.3, 3.2

5.6, 7.2, 1.0Value:

Parent: vertices

rest_position

vertices

Computation:    
rest_position.dot(          
rest_position)

Parent: vertices

dotted

Computation: 2.0 * 
dotted

Value:

Parent: vertices

dotted2

10.34

84.20

Computation:    
rest_position.dot(          
rest_position)

Parent: vertices

dotted

Before dotted2.compute() After dotted2.compute()

Fig. 6. Attributes computation. Any computation of attributes will directly
result in another attribute. Attributes not initialized using the addAttribute
function will not be added under the corresponding primitive types, but
their parents can still be determined immediately based on the lineage
of the attributes participating in the computation, hence the dimension
of the numeric values can be immediately determined. Notice that after
computing dotted2, there is no value attached to dotted even though it is
an attribute used in computation as YASPS is designed to not materialize
any intermediate computation.

numerically throughout the simulation. It only means those at-
tributes do not participate in differentiation (i.e., differentiation w.r.t.
those attributes will always result in 0).

4.3 Computation of Attributes
In YASPS, attribute expressions are represented symbolically. For
example, the following code:

rp = bunny_affine.vertices["rest_position"] # per -
vertex , shape 3x1

dotted = rp.dot(rp) # per -vertex , shape 1x1
dotted2 = 2.0 * dotted # per -vertex , shape 1x1

will store the computation graph under a new attribute. This new
attribute is not stored under the vertices primitive type, but has its
parent pointed at vertices, as shown in the middle table in Fig. 6.

To obtain the numerical value of an attribute, we can invoke the
following function:

dotted2.compute ().value # flattened array of size
NUM_BUNNY_VERTEX * 1 * 1

This operation will invoke our code generator that traces the
computation graph stored under dotted2 all the way to the root
variable rest_position, and compile and execute a piece of kernel
corresponding to the computation trace to obtain the numerical
result. YASPS also avoids materializing any intermediate variable
as the additional writes and reads are more expensive than the
computation itself, hence the intermediate variable dotted is not
materialized during the computation, as illustrated in Fig. 6.

Although an attribute, when evaluated to numerical results, cor-
responds to a stacked tensor 𝜶𝑋 ∈ R𝑛𝑋 ×𝑟×𝑐 , the symbolic attribute
itself only represents the per-instance expression of shape 𝑟 × 𝑐 .
When an operator 𝑓 is applied to a symbolic attribute on primitive
type 𝑋 , it is implicitly broadcast over all instances: the generated
code for the computation tree stored on the attribute will evaluate
𝑓 (𝛼𝑋 (𝑖)) for every 𝑖 ∈ {1, . . . , 𝑛𝑋 }.
However, this also means that for any attribute 𝛼𝑋 , YASPS needs

to know exactly what the primitive type 𝑋 is. Thus, to preserve this

Attributes: [              ]

Connectivities: []

Number of Instances: NUM_TETS

tets

Value:
Parent: tets

youngs_modulus

Attributes: [                 ]

Connectivities: []

Number of Instances:        
NUM_BUNNY_VERTEX

vertices

Value:
Parent: vertices

rest_position

bunny_affine
scene0

0.01Value:
Parent: scene0

timestep_size

Fig. 7. Lineage of attributes. A simple scene hierarchy illustrating an affine-
body mesh. Attributes that share the same lineage (within the same box) can
participate in the same computation. By contrast, attributes from different
hierarchies cannot be directly combined until their relationship is made
explicit through a relational operator.

simplicity, YASPS enforces a key rule: all attributes participating
in the same computation must share a common lineage. The only
exceptions are the two new operators JOIN and UNION, which we
will introduce soon.

To understand this rule, consider our current setup, as shown in
Fig. 7. Any attribute defined on a higher level in the hierarchy, such
as the scene attribute timestep_size or mesh-level attributes, may
directly participate in computations involving attributes defined on
the primitive types beneath them. Intuitively, a scene-level attribute
influences everything within the scene, and a mesh-level attribute
influences all primitive types belonging to that mesh.

Likewise, attributes defined on the same primitive type can freely
interact with one another. When a computation involves multiple
attributes, YASPS will then determine the deepest entity that lies
on the shared lineage chain, and attaches the resulting attribute to
that entity, ensuring consistent scoping and lineage.

In contrast, attributes belonging to different primitive types, such
as youngs_modulus and rest_position, cannot appear in the same
computation. Attributes defined on one mesh should also not affect
attributes defined on another mesh.
Yet in practice, many quantities do conceptually depend on at-

tributes from different primitive types. For instance, a vertex’s cur-
rent position depends on the affine body’s affine matrix, and a
tetrahedron’s current position depends on the current positions of
its four vertices.
Such dependencies exist because there is a topological relation-

ship between different types of primitives. To make such a relation-
ship explicit, YASPS uses connectivity.

4.4 Connectivity
To express the relationships between different primitive types, we
need to introduce a mapping from the index set of one primitive
type to tuples of indices from another primitive type. In YASPS we
refer to such a mapping as a connectivity.
Formally, let 𝐴 and 𝐵 be primitive types with 𝑛𝐴 and 𝑛𝐵 in-

stances, respectively. Define the index sets 𝐼𝐴 := {1, . . . , 𝑛𝐴} and
𝐼𝐵 := {1, . . . , 𝑛𝐵}.

A connectivity of arity 𝑘 ≥ 1 from 𝐴 to 𝐵 is a function

𝐶 : 𝐼𝐴 → 𝐼𝑘𝐵 , 𝐶 (𝑖) =
(
𝑗1 (𝑖), . . . , 𝑗𝑘 (𝑖)

)
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Attributes: []

Connectivities: [  ]

Number of Instances:     
NUM_TETS

tets

Attributes: [  ]

Connectivities: []

Number of Instances:     
NUM_BUNNY_VERTEX

verticestet2v

Target: vertices

Value:
2, 0, 3, 4

0, 1, 2, 3

bunny_affine

Fig. 8. Connectivities. When connectivity is added to a primitive type, we
create a connectivity object and put it in the list of connectivities under
the corresponding primitive type. The connectivity object simply contains
a list, which indicates the relation between two primitive types, and the
target, which points to the other primitive type.

where each 𝑗ℓ (𝑖) ∈ 𝐼𝐵 is the index of the ℓ-th instance of 𝐵 referenced
by instance 𝑖 ∈ 𝐼𝐴 , and 𝐼𝑘𝐵 denotes the Cartesian product 𝐼𝐵 ×· · ·× 𝐼𝐵
(𝑘 copies), i.e. the set of ordered 𝑘-tuples of indices from 𝐼𝐵 .

As an example, consider tetrahedra and vertices. Since each
tetrahedron should connect to 4 vertices, the connectivity 𝐶tet2v
maps every index 𝑖 ∈ 𝐼tets to a 4-tuple of vertex indices in 𝐼vertices,
i.e.,

𝐶tet2v (𝑖) =
(
𝑗1 (𝑖), 𝑗2 (𝑖), 𝑗3 (𝑖), 𝑗4 (𝑖)

)
, 𝑗ℓ (𝑖) ∈ 𝐼vertices

In YASPS, connectivity is created through the following code:

# create connectivity between vertices and affine body
bv2abd = bunny_affine.vertices.addConnectivity("

bunny_vertex_to_affine_body", bunny_affine.
affine_body , [0] * (NUM_BUNNY_VERTEX), 1)

# create connectivity between tetrahedron and vertices
affine_tet2v = bunny_affine.tets.addConnectivity("tet2v

", bunny_affine.vertices , TET_INDICES , 4)

The four arguments of the addConnectivity function are the
name, the target primitive type, the connectivity list and the arity.
The first connectivity bv2abd is defined between the vertices

primitive type and the affine body primitive type. Since each vertex
corresponds to only one affine body, and there is only one affine
body under the mesh, the third argument to the function is an array
of zeros.
The second connectivity affine_tet2v is defined between the

tetrahedra of the bunny and the vertices of the bunny. The variable
TET_INDICES is a list of size NUM_TETS × 4 that contains the actual
index mapping from tetrahedra to vertices. The illustration of how
this connectivity is stored is shown in Fig. 8.

While connectivity provides the relationship between two prim-
itive types, the attributes defined on those primitives still have dif-
ferent parents and cannot participate in the same computation. As
such, we need to introduce a method that is able to transfer an
attribute from one primitive type to another.

4.5 JOIN
4.5.1 Motivation. Many simulation quantities are defined in terms
of attributes that originate on different primitive types. To handle
those cases systematically, we require a mechanism that makes
cross-primitive access to attributes explicit.

Given a connectivity that relates two primitive types, we intro-
duce an operator that uses this relationship to gather an attribute
defined on one primitive type and make it available on another. We
call this operator JOIN.

4.5.2 Definition. A JOIN uses a connectivity to gather attributes
from one primitive type and make them available on another.

Formally, let𝐶 : 𝐼𝐴 → 𝐼𝑘
𝐵
be a connectivity from primitive type

𝐴 to primitive type 𝐵, and let 𝛼𝐵 : 𝐼𝐵 → R𝑟×𝑐 be an attribute on 𝐵.
The result of the JOIN of 𝛼𝐵 through 𝐶 is an attribute on 𝐴:

JOIN𝐶 (𝛼𝐵) (𝑖) =
(
𝛼𝐵 ( 𝑗1 (𝑖)), . . . , 𝛼𝐵 ( 𝑗𝑘 (𝑖))

)
∈ R𝑘×(𝑟𝑐 ) (2)

where ( 𝑗1 (𝑖), . . . , 𝑗𝑘 (𝑖)) = 𝐶 (𝑖). In other words, each instance of 𝐴
collects the attributes of the 𝑘 referenced instances of 𝐵, stacked
along a new leading dimension of size 𝑘 . To avoid tensor represen-
tation, we also flatten the last two dimensions so that each instance
JOIN𝐶 (𝛼𝐵) (𝑖) is a 2D attribute.

By construction, JOIN𝐶 (𝛼𝐵) is owned by 𝐴, so it can participate
in expressions with other attributes on 𝐴 under YASPS’ lineage
constraints. The JOIN operation also does not abide by the lineage
rule as it is designed specifically to operate on two different primitive
types. However, the resulting attribute still does.

4.5.3 Code. On the frontend, a JOIN is performed by creating a
new attribute on the source primitive type and specifying (i) the
connectivity (through) and (ii) the attribute to gather (source):

# JOIN affine_body.affine_matrix onto vertices through
bv2abd (arity 1)

bva = bunny_affine.vertices.addAttribute("affine_matrix
", through = bv2abd , source = bunny_affine.
affine_body["affine_matrix"]) # bva has dimension 1
x9

# JOIN vertices.rest_position onto tets through tet2v (
arity 4)

btrp = bunny_affine.tets.addAttribute("rest_positions",
through = affine_tet2v , source = bunny_affine.

vertices["rest_position"]) # btrp has dimension 4x3

The first line performs:

JOINbv2abd (bunny_affine.affine_body["affine_matrix"])

and attaches the result to the vertices primitive type. Since bv2abd
has arity 𝑘 = 1 and the source attribute has shape 3 × 3, the per-
instance shape of bva is 1 × 9 (i.e. 1 × (3 · 3)).

Similarly, btrp gathers the 3 × 1 rest position of each of the four
vertices referenced by a tet, so its per-instance shape is 4 × 3 (i.e.
4 × (3 · 1)).

Because JOIN flattens the trailing 𝑟 × 𝑐 block, we may reshape
the result back to a matrix form when needed:

bva = bva.resize(3, 3) # 1x9 -> 3x3

Whenever a user performs a join operation, the newly generated
attribute is also a symbolic attribute and can participate in compu-
tations the same way any other attributes do. For example, we can
now compute the current position of the vertices as follows:

bvt = ... # get the translation to vertices through
join and resize it to 3x1

# perform p = Ap_rest + t
current_position = bva * bunny_affine.vertices["

rest_position"] + bvt

# optionally give this attribute a name
bvp =bunny_affine.vertices.addAttribute("position",

computed_attribute = current_position)
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Fig. 9. Joins. Illustration of how tets.position is computed using JOIN operators. The JOIN operator uses the connectivity (e.g., tet2v) to gather the
corresponding entries from the target attribute vertices.position. Intermediate attributes, such as vertices.position, vertices.affine_matrix, and
vertices.translation, are notmaterialized during this computation. Instead, when a required attribute is itself defined by a computation, YASPS evaluates the
specific entries referenced by the JOIN on the fly, temporarily materializing only those rows in memory before assembling the final values for tets.position.

Since bvp is an attribute on vertices, it can be gathered again
onto tets:

btp = bunny_affine.tets.addAttribute("positions",
through = affine_tet2v , source = bunny_affine.
vertices["position"])

This produces, for each tet instance, a 4×3matrix whose rows are
the positions of its four vertices. We illustrate how the JOIN operator
constructs the cross primitive relation and how tets.positions
can be materialized in Fig. 9.

With the JOIN operator, we can already express most of the stan-
dard relationships in mesh data structures, such as edge–vertex,
edge–triangle, or triangle–vertex associations. However, in settings
that involve collision, the JOIN operator alone is insufficient.

4.6 UNION
4.6.1 Motivation. In simulations that involve contact, or alternative
parameterizations, computations may depend on quantities origi-
nating from different parameterizations. Returning to the collision
energy example, both soft-body and affine-body vertices contribute
world-space positions of identical dimension (3 × 1), yet their con-
structions differ fundamentally: a soft-body vertex stores its position
directly as a free variable, while an affine-body vertex computes its
position from the body’s transform and translation.
If we write separate code paths for each parameterization, the

computation graph fragments into multiple versions (free–free,
free–ABD, ABD–ABD, ABD-free), each requiring its own derivative
kernel and assembly logic. If instead we precompute world-space
positions numerically and then forget where they came from, we
lose the ability to propagate derivatives back to their parameters.
We therefore need a way to merge those heterogeneous but

shape-compatible attributes (e.g., soft and ABD positions) into a

bunnies

Computation: 
UNION(bunny_affine.
vertices.position, bunny_
soft.vertices.position)

Value:                            
(materialized)        

Parent: vertices

bunnies.vertices.position

5.6, 8.2, 1.0

3.6, 2.2, 1.0

1.1, 2.4, 0.2

0.1, 1.3, 3.2

Attributes: [  ]

Connectivities: []

Number of Instances: NUM_BUNNY_
VERTEX * 2

bunnies.vertices

bunny_affine
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Value:                            
(if materialized)        

Parent: vertices

bunny_affine.vertices.position

5.6, 8.2, 1.0

0.1, 1.3, 3.2

vertices.affine_matrix * 
vertices.rest_position + 
vertices.translation

Attributes: [  ,  ,  ,  ]

Connectivities: [  ]

Number of Instances: NUM_BUNNY_
VERTEX

bunny_affine.vertices

bunny_soft

Value: 

Parent: vertices

bunny_soft.vertices.position

3.6, 2.2, 1.0

1.1, 2.4, 0.2

Attributes: [  ]

Connectivities: []

Number of Instances: NUM_BUNNY_
VERTEX

bunny_soft.vertices

Fig. 10. Unions. The UNION attribute, if materialized, stacks the materialized
values of the children being unioned. Just like JOIN, this operator can be
performed on attributes across different primitive types, or even different
meshes, making this operator, in combination of JOIN, particularly suitable
for describing computations involving collisions.
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single differentiable attribute that preserves each element’s depen-
dency trace. This attribute should ensure that computation and
differentiation still produces a single attribute instead of fragment-
ing into multiple independent attributes, which leads to even more
fragmentation with subsequent computation or differentiation.
YASPS introduces this mechanism through the UNION operator,

which combines attributes from heterogeneous primitive types into
a single differentiable attribute.

4.6.2 Definition. Suppose we have primitive types𝑋1, . . . , 𝑋𝑚 with
attributes 𝛼𝑋 𝑗

: [𝑛 𝑗 ] → R𝑟×𝑐 . The UNION of these attributes is the
function

UNION
(
𝛼𝑋1 , . . . , 𝛼𝑋𝑚

)
:

𝑚⊔
𝑗=1
[𝑛 𝑗 ] → R𝑟×𝑐

where
⊔

denotes a disjoint union of index sets. An element of the
domain is a tagged pair ( 𝑗, 𝑖) with 𝑖 ∈ [𝑛 𝑗 ], and the mapping is
defined by

UNION(𝛼𝑋1 , . . . , 𝛼𝑋𝑚
) ( 𝑗, 𝑖) = 𝛼𝑋 𝑗

(𝑖)

Although in the implementation the pair ( 𝑗, 𝑖) is compressed
into a single integer index, the mapping is reversible and can be
recovered as ( 𝑗, 𝑖) during runtime evaluation.

Unlike JOIN, where the destination primitive type of the resulting
attribute is unambiguous, the result of a UNION naturally spans
multiple primitive types. This multi-origin correspondence appears
to violate the rule introduced earlier, that all attributes participating
in a computation must share a common lineage.
YASPS resolves this by introducing a dedicated construct, the

primitiveUnion. A primitiveUnion is a new primitive type that
explicitly declares which primitives and primitiveUnions it uni-
fies, and exists one level below mesh. Attributes defined on this entity
are gathered from the constituent primitives through the UNION op-
erator and attached to the new primitiveUnion rather than to the
original primitive types. This design preserves the single-lineage
invariant while allowing computations to operate over unified at-
tributes spanning heterogeneous representations.
The UNION operator itself does not abide by the lineage rule

by design. However, as the resulting attribute now resides on the
primitiveUnion, it can only perform computation with other at-
tributes defined on the same primitiveUnion or the attributes of
the ancestors.

4.6.3 Code. Consider the example in Fig. 2 where we want to for-
mulate a point-point collision energy. As there are two types of
vertices in the scene (soft bunny vertices and affine bunny vertices),
we therefore want to create a unioned representation of vertices. To
do this, we first create the primitiveUnion under a new mesh:

bunnies = s0.addMesh("bunnies")
bunnies.addPrimitiveUnion("vertices", [bunny_affine.

vertices , bunny_soft.vertices ])

We then add attributes that are unioned:

bunnies.vertices.addAttribute("rest_position")
bunnies.vertices.addAttribute("position")

Note that this addAttribute function accepts a string input. This
means attributes with those names must be available in both prim-
itive types bunny_affine.vertices and bunny_soft.vertices.
Additionally, those attributes must have the same shape, as en-
forced by the definition of the UNION operation. As demonstrated in
Fig. 10, once we add the attribute position to bunnies.vertices,
YASPS will create a new attribute under the primitive union. This
new attribute’s materialized value will be the stacked material-
ized values of the children bunny_affine.vertices.position and
bunny_soft.vertices.position. And just like before, materializ-
ing this UNION attribute will not result in the immediate material-
ization of the children attributes.

Since the collision energy depends on exactly two position vectors,
we introduce a dedicated primitive type to represent point-point
collision pairs:

bunnies.addPrimitive("pp", numInstances = 0, isDynamic
= True) # for point point collision

pp2v = bunnies.pp.addConnectivity("pp2v", bunnies.
vertices , [], 2)

Unlike the primitives defined earlier, the number of point-point
pairs is not known at construction time, as it depends on the run-
time collision detection results. We therefore initialize pp with
numInstances=0 and mark the primitive type as dynamic. For the
same reason, we create the connectivity pp2v with an empty index
list, specifying only its arity 2; its contents will be populated at
runtime once the set of collision pairs is determined.

We can then apply JOIN to gather the two positions for each pair
from the unioned vertex representation:

pp_positions = bunnies.pp.addAttribute("positions",
through = pp2v , source = bunnies.vertices["position
"])

The resulting attribute pp_positions has per-instance shape 2×3
(two 3D points per pair) and can be used directly in downstream
computations. As an example, we define a point-point barrier energy,
and add the attribute back to bunnies.pp with a given name:

def point_point(position , dHat, kappa):
p0 = position.row(0)
p1 = position.row(1)
d = (p1 - p0).dot(p1 - p0)
I5 = d / dHat
lenE = d - dHat
I5log = I5.log()
return kappa * lenE * lenE * I5log * I5log

pp = point_point(pp_positions , DHAT , KAPPA)
pp_energy = bunnies.pp.addAttribute("point_point",

computed_attribute = pp)

4.7 Energies
So far we have shown how to construct symbolic computations
using attributes. To run a simulation step, we must additionally
(1) Define and register system energies using computed attributes.
(2) Specify the attributes that are treated as optimization variables.
In the previous subsection we defined an attribute pp_energy

that evaluates the point-point barrier energy per collision pair. We
now register it as an energy term in the scene:
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s0.addEnergy(pp_energy , dynamic_instances = True)
...... # add other energies

Here dynamic_instances=True indicates that the primitive in-
stances (e.g., the set of point-point pairs) may change at runtime, so
the number of energy contributions is not fixed at construction.

Since the soft bunny is directly controlled by the position attribute
of each vertex, and the affine bunny is controlled by the affine
matrix and translation vector of the affine body, we therefore want
to minimize the energies in the scene w.r.t. those attributes:

s0.addMinimizeTarget(
[bunny_soft.vertices["position"],
bunny_affine.affine_body["affine_matrix"],
bunny_affine.affine_body["translation"]]

)

Once energy terms and minimization targets are declared, YASPS
can follow the workflow in Fig. 3 to (1) symbolically differentiate
the registered energies with respect to the targets, and (2) determine
the sparsity structure of the global Hessian.

4.8 Solution Extraction
At each minimization step, YASPS assembles the global gradient
vector 𝑔 and the projected Hessian matrix 𝐻 , and solves a linear
system to obtain an update direction. Concretely, the update Δ𝑥 is
obtained by solving𝐻Δ𝑥 = 𝑔. We did not negate the right-hand side
𝑔, but users can simply negate Δ𝑥 to get the true update direction.

On the frontend, the (negative of) update directions can be ob-
tained by calling:

result = s0.minimizeEnergy(tolerance = 1e-6)

Sincewe previously registered threeminimization targets, result
is a list of length three, where each entry contains the update di-
rection corresponding to one target attribute in the same order as
passed to addMinimizeTarget.
The first time minimizeEnergy is invoked on a scene, YASPS

triggers code generation to produce specialized kernels that numer-
ically evaluate the (symbolically derived) derivatives and assemble
their contributions into the global 𝐻 and 𝑔. Subsequent calls reuse
these generated kernels.
After assembling 𝐻 and 𝑔, the minimizer computes the solution

using a conjugate gradient solver and returns the resulting update
directions in result.

5 Symbolic Differentiation
To compute gradient and Hessian for the Newton iterations, YASPS
performs symbolic differentiation and then generates GPU kernels
to numerically evaluate the resulting expressions.
The design of YASPS’ differentiation system must satisfy two

requirements and two performance needs.
The two requirements are:

• Differentiating a computation graph in YASPS should yield
another graph expressed entirely in terms of operators already
defined in YASPS (including JOIN and UNION).

• Differentiating a computation involving UNION (i.e., alternative
parameterizations) should produce a single unified computa-
tion graph rather thanmultiple branched versions, which leads
to exponential growth of such branches with more differentia-
tion and computation.

The two performance needs are:
• Maximize reuse of symbolic intermediates to avoid redundant
computation.
• ProduceHessians with structures that are well-suited for eigen-
decomposition, enabling efficient projection of the local Hes-
sian matrix to positive semi-definite form (required by conju-
gate gradient solvers).

To fulfill the two requirements, we introduce explicit differentia-
tion rules for the JOIN and UNION operators.
To meet the two performance needs, YASPS adopts a two-pass

symbolic differentiation scheme to compute both gradients and
Hessians efficiently. During the first pass, YASPS traverses the com-
putation graph to derive local Jacobians, gradients and Hessians. In
the subsequent pass, these symbolic expressions are propagated to
assemble the final gradient and Hessian of the energy following the
second-order chain rule:

∇2𝑥 𝑓 (𝑔(𝑥)) = 𝐽𝑔 (𝑥)⊤ ∇2𝑔 𝑓 (𝑔(𝑥)) 𝐽𝑔 (𝑥) +
𝑚∑︁
𝑗=1

𝜕𝑓

𝜕𝑢 𝑗
(𝑔(𝑥)) ∇2𝑥𝑔 𝑗 (𝑥),

(3)
where 𝑢 𝑗 denotes the 𝑗-th component of 𝑔(𝑥) and 𝐽𝑔 (𝑥) is the Jaco-
bian of 𝑔.

In the remainder of this section, we will first establish the differ-
entiation rules for the two operators JOIN and UNION, followed by
an explanation of how the two-pass differentiation scheme satisfies
the performance needs.

5.1 Differentiation of Joined Attributes
Because the JOIN operator concatenates attributes without modi-
fication, its derivative with respect to the joined attributes is the
identity. Specifically, for an attribute JOIN𝐶 (𝛼𝐵) (𝑖) that gathers
elements

(
𝛼𝐵 ( 𝑗1 (𝑖)), . . . , 𝛼𝐵 ( 𝑗𝑘 (𝑖))

)
, we have

𝜕 JOIN𝐶 (𝛼𝐵) (𝑖)
𝜕
(
𝛼𝐵 ( 𝑗1 (𝑖)), . . . , 𝛼𝐵 ( 𝑗𝑘 (𝑖))

) = 𝐼 ∈ R(𝑘𝑟𝑐 )×(𝑘𝑟𝑐 ) , (4)

where 𝑘 is the number of joined instances and each instance has
shape 𝑟 × 𝑐 .
If each instance of 𝛼𝐵 depends on another set of parameters 𝛽

(e.g., the position of each vertex depends on an affine matrix and a
translation vector), then the derivative of the JOIN operator with
respect to 𝛽 becomes block-diagonal, with each block corresponding
to the derivative of one joined instance:

𝜕 JOIN𝐶 (𝛼𝐵) (𝑖)
𝜕𝛽

=



𝜕𝛼𝐵 ( 𝑗1 (𝑖 ) )
𝜕𝛽

0 · · · 0

0 𝜕𝛼𝐵 ( 𝑗2 (𝑖 ) )
𝜕𝛽

· · · 0
.
.
.

.

.

.
. . .

.

.

.

0 0 · · · 𝜕𝛼𝐵 ( 𝑗𝑘 (𝑖 ) )
𝜕𝛽


.

(5)
A simple performance optimization at this stage is to ignore the

zero entries in the block-diagonal structure. After eliminating these
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zeros, the differentiation of JOIN becomes equivalent to applying
JOIN to the differentiations of its child attributes:

𝜕 JOIN𝐶 (𝛼𝐵)
𝜕𝛽

≡ JOIN𝐶

(
𝜕𝛼𝐵

𝜕𝛽

)
. (6)

By Eq. (3), the second derivative of JOIN with respect to 𝛽 has
the same structure: since the operator is linear, the first term of the
Hessian chain rule vanishes, leaving another block-diagonal matrix:

𝜕2 JOIN𝐶 (𝛼𝐵) (𝑖)
𝜕𝛽2

=



𝜕2𝛼𝐵 ( 𝑗1 (𝑖 ) )
𝜕𝛽2

0 · · · 0

0 𝜕2𝛼𝐵 ( 𝑗2 (𝑖 ) )
𝜕𝛽2

· · · 0
.
.
.

.

.

.
. . .

.

.

.

0 0 · · · 𝜕2𝛼𝐵 ( 𝑗𝑘 (𝑖 ) )
𝜕𝛽2


.

(7)
Thus, the Hessian of JOINwith respect to any parameter (or other

node in the graph) is computationally equivalent to the JOIN of the
Hessians of its children with respect to those parameters.

5.2 Differentiation of Unioned Attributes
We now establish the rule to differentiate a unioned attribute.

Conceptually, what UNION does is take an index and return the
corresponding attribute by checking the stacked attributes. Hence,
when differentiating a unioned attribute w.r.t. its direct children, it
becomes a union of identity matrices:

𝜕UNION(𝛼𝑋1 , . . . , 𝛼𝑋𝑚
)

𝜕(𝛼𝑋1 , . . . , 𝛼𝑋𝑚
) = UNION(𝐼𝑋1 , . . . , 𝐼𝑋𝑚

),

where 𝐼𝑋𝑛
is an identity matrix bound to the primitive type 𝑋𝑛 .

Similarly, when computing the Jacobian matrix of the unioned
attribute w.r.t. any other parameter 𝛽 , it becomes the union of Jaco-
bians:

𝜕UNION(𝛼𝑋1 , . . . , 𝛼𝑋𝑚
)

𝜕𝛽
= UNION

(
𝜕𝛼𝑋1

𝜕𝛽
, . . . ,

𝜕𝛼𝑋𝑚

𝜕𝛽

)
Hessian computation also follows the same fashion: the Hessian

of UNION w.r.t. any parameter becomes the UNION of each child’s
Hessian w.r.t. the parameters.

However, a subtle issue arises because UNION is designed to com-
bine attributes originating from different parameterizations. As a
result, not all unioned attributes necessarily depend on the same set
of parameters.
To illustrate this, suppose that 𝛽 is a collection of parameter

sets {𝛽1, 𝛽2, . . . , 𝛽𝑚},where each 𝛽𝑛 corresponds to the parameters
governing the computation of 𝛼𝑋𝑛

and may have a different dimen-
sionality. In this case, while the partial derivatives 𝜕𝛼𝑋1

𝜕𝛽
, . . . ,

𝜕𝛼𝑋𝑚

𝜕𝛽

share the same shape, the derivatives with respect to their true
parameter sets, 𝜕𝛼𝑋1

𝜕𝛽1
, . . . ,

𝜕𝛼𝑋𝑚

𝜕𝛽𝑚
, generally have different shapes.

From a performance standpoint, it is inefficient to compute the
differentiation of each 𝛼𝑋𝑛

with respect to the full parameter set 𝛽 ,
since the resulting Jacobian or Hessian matrices would be largely
sparse. To address this, whenever such differentiation is required,
we first identify the parameter set 𝛽𝑙 with the largest dimension

𝑞𝑙 = 𝑟𝑙 × 𝑐𝑙 . Each derivative 𝜕𝛼𝑋𝑛

𝜕𝛽𝑛
is then padded so that its shape

becomes 𝑝 × 𝑞𝑙 , where 𝑝 denotes the flattened dimension of 𝛼𝑋𝑛
.

This padding ensures consistent dimensions across all derivatives,
allowing them to be safely combined within a single UNION. The
result of the differentiation is then a new UNION attribute on the
primitiveUnion in which UNION(𝛼𝑋1 , . . . , 𝛼𝑋𝑚

) resides in.
By treating the result of differentiation as a UNION attribute, the

derivative paths are merged symbolically into a single node in the
computation graph. Although the UNION operator still performs path
selection at runtime, it no longer induces code fragmentation at
compile time. As a result, all parameterization-specific derivatives
are represented within one unified symbolic structure, ensuring
both correctness and compile-time efficiency.

5.3 Reusing Intermediate Symbolic Differentiation
As YASPS explicitly assembles the global Hessian matrix and gradi-
ent vector, it must also explicitly compute the corresponding local
Hessian and gradient for each energy term. Therefore, YASPS first
performs symbolic differentiation on the computation graph of an
energy to obtain a per-instance computation trace for the local gra-
dient and Hessian. From this symbolic trace, YASPS later generates
code; in this subsection we focus only on the symbolic stage.
Just like any differentiation system, we would like to reuse in-

termediate results whenever possible. Here we focus on symbolic
reuse: when multiple energies (or intermediate computations) de-
pend on the same intermediate attribute, we want the differentiation
information for that attribute to be computed once and reused.
To illustrate, consider simulation on a mixed-material bunny

mesh with elasticity and collision (a similar example is shown in
Section 9.4). A subset of the bunny’s vertices’ positions, marked as
bunny.abd_vertices.position, is controlled by affine transforma-
tion, while the other vertices, bunny.soft_vertices.position,
have independent 3-DoF parameters.

In this example, we first UNION these two position fields to obtain
bunny.vertices.position. We then JOIN this unified position
field using different connectivities to form three attributes:
• bunny.tets.position for the elastic energy,
• pt-pairs.positions for point–triangle collisions and point–
triangle frictions,
• pe-pairs.positions for point–edge collisions.

Each of these attributes receives bunny.vertices.position through
its own JOIN operator and evaluates its corresponding energy term
on the resulting attributes.
When computing first- and second-order derivatives, it is de-

sirable to reuse the derivatives of the unified position attribute
bunnies.vertices.position. Without reuse, every computation
tree that passes through this attribute would redundantly recompute
its symbolic Jacobian and Hessian. The generated code will also
contain duplicate information which may not be detected through
common-subexpression elimination.
The desire for such reuse motivates a differentiation method

that preserves the structure during differentiation, which is why
we choose to explicitly follow the second-order chain rule (Equa-
tion (3)). The use of chain rule allows us to factor a computation into
smaller parts 𝑓 ◦𝑔. Through this decomposition, any differentiation
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through 𝑔 will reuse symbolic computation generated for the first-
and second-order differentiation on 𝑔 regardless of what 𝑓 is.

However, we still need to choose the decomposition 𝑓 ◦𝑔. In reality,
there are many ways to cut the graph, and globally optimizing
the choice of 𝑓 and 𝑔 to minimize the number of operations in
differentiation can be hard. Fortunately, we do not need to pick
a single decomposition because the second-order chain rule can
be composed recursively: we can further decompose both 𝑓 and 𝑔
recursively into smaller function combinations.

YASPS takes advantage of this by using the structural information
provided by the JOIN and UNION operators to drive the decomposi-
tion of the computation graph. Concretely, we restrict attention to
a small set of nodes, which we call boundary nodes:

• the energy attribute
• JOIN attributes
• UNION attributes
• data attributes, whose values are directly supplied by users

The boundary nodes are not themselves the cut points for 𝑓 and 𝑔,
but they tell us where separations should occur. Algorithm 1 in the
appendix traverses the computation graph and, for each boundary
node, extracts its neighboring boundary-node descendants. This
induces a coarsened “boundary graph” whose edges indicate where
local Jacobians and Hessians must be computed.
Once we have identified all neighboring boundary nodes, we

compute the local derivatives, namely ∇𝑔 𝑓 and ∇2𝑔 𝑓 for each pair.
However, as the differentiation rules for JOIN and UNION in Secs. 5.1

and 5.2 show, differentiating these operators is computationally
equivalent to applying the operators to the differentiation. In other
words, the Jacobian and Hessian of a JOIN or UNION node can be
obtained from the Jacobians and Hessians of its children via another
JOIN or UNION.

Consequently, once we obtain the local boundary-node pairs
(𝑣,𝑢) (where 𝑢 is a tuple of boundary nodes, which we treat here
as a merged attribute), we do not compute derivatives directly on
𝑣 when 𝑣 is a JOIN or UNION attribute. Instead, we differentiate the
direct children of 𝑣 (the attributes being joined or unioned) with
respect to 𝑢, as detailed in Algorithm 2 in the appendix.
The final step at this stage is to assemble the symbolic gradient

andHessian expressions from the decomposed graph. This is done by
recursively applying the second-order chain rule along the boundary
graph, using the local boundary-node pairs identified byAlgorithm 1.
Although we only explicitly compute local derivatives for the direct
children of boundary JOIN and UNION nodes, the derivatives of their
parent nodes can be symbolically inferred using the differentiation
rules in Secs. 5.1 and 5.2. As a result, the symbolic computation
tree for the Hessian and gradient for the energy 𝐸 = 𝑓1 ◦ 𝑓2 ◦
· · · 𝑓𝑛 is fully determined by the local derivatives on the boundary-
node pairs (namely (𝑓1, 𝑓2), (𝑓2, 𝑓3) . . . , (𝑓𝑛−1, 𝑓𝑛)). This is detailed
in Algorithm 3 in the appendix.
Eq. (3) is written for a scalar-valued function 𝑓 , whereas bound-

ary nodes in YASPS often are not. In practice, we apply the chain
rule component-wise and then stack the results to avoid tensor
representations. For simplicity, in the algorithms we also assume
that all data nodes are the target nodes of differentiation, while in

reality we simply discard the boundary data nodes (and the branch
that only contains this node) that are not the differentiation targets.

By recursively applying the chain rule over the boundary graph,
YASPS reuses derivatives at two levels. Local Jacobians and Hessians
on boundary edges are computed once and shared by all energies
that touch those edges, while intermediate gradients and Hessians
(w.r.t. the target attributes) stored on boundary nodes are reused
across the assembly phase for the final gradient and Hessian.

5.4 Eigendecomposition (EVD) and PSD Projection
Newton-type solvers for energy minimization typically require a
(locally) positive semi-definite (PSD) Hessian to produce a descent
direction and to keep the linear solve well behaved. In IPC-style
simulations, this is commonly enforced by projecting each local
Hessian block onto the PSD cone, usually by clamping negative
eigenvalues after an eigendecomposition.
In practice, the eigendecomposition itself often becomes a bot-

tleneck during Hessian assembly. Existing systems reduce this cost
using three broad strategies:

(1) Reduce the dimension of the matrix being projected.
(2) Derive closed-form eigenvalues/eigenvectors for specific

energy Hessians.
(3) Reformulate energies so that their Hessians are PSD by

construction.

Because the latter two strategies require a priori knowledge of the
energy’s algebraic form, they are difficult to apply in a general
system such as YASPS. We therefore focus on the first strategy,
which is universally applicable.

Projecting in reduced coordinates. Recall the second-order chain
rule for a composed energy 𝐸 (𝑥) = 𝑓 (𝑔(𝑥)) in Eq. (3).

During symbolic differentiation, YASPS determines whether the
second term

∑𝑚
𝑗=1

𝜕𝑓
𝜕𝑢 𝑗
(𝑔(𝑥)) ∇2𝑥𝑔 𝑗 (𝑥) vanishes. This occurs, for ex-

ample, when each 𝑔 𝑗 is a linear function of 𝑥 , so that ∇2𝑥𝑔 𝑗 (𝑥) = 0.
In this case, the Hessian reduces to

∇2𝑥𝐸 (𝑥) = 𝐽𝑔 (𝑥)⊤ ∇2𝑔 𝑓 (𝑔(𝑥)) 𝐽𝑔 (𝑥) .

To enforce PSD in this setting, it suffices to project the reduced
Hessian ∇2𝑔 𝑓 (𝑔(𝑥)), since

𝐴 ⪰ 0 ⇒ 𝐽⊤𝐴𝐽 ⪰ 0.

Therefore, if we replace ∇2𝑔 𝑓 (𝑔(𝑥)) by its PSD projection, the result-
ing Hessian is guaranteed PSD, while the eigendecomposition is
performed in a (typically) smaller space.

Example. Consider the repulsive energy in Equation (1), where
𝑓 is the scalar energy as a function of two world-space positions
(𝑝1, 𝑝2) ∈ R6, and 𝑔 gathers these positions via JOIN. If both points
are controlled by affine bodies, then 𝑥 ∈ R24 (two affine bodies,
12 DoF each), while 𝑔(𝑥) ∈ R6. Consequently, 𝐽𝑔 (𝑥) ∈ R6×24 and
∇2𝑔 𝑓 (𝑔(𝑥)) ∈ R6×6. Moreover, because the map from affine parame-

ters to positions is linear, the curvature term
∑

𝑗
𝜕𝑓
𝜕𝑢 𝑗
∇2𝑥𝑔 𝑗 is identi-

cally zero.
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Symbolic rewrite. When the curvature term can be determined to
be zero at compile time, YASPS rewrites the local block

𝐽𝑔 (𝑥)⊤ ∇2𝑔 𝑓 (𝑔(𝑥)) 𝐽𝑔 (𝑥)

as
𝐽𝑔 (𝑥)⊤ Project

(
∇2𝑔 𝑓 (𝑔(𝑥))

)
𝐽𝑔 (𝑥)

before lowering to generated code. Here Project(·) is a symbolic
operator that is compiled into an eigendecomposition-and-clamping
kernel. This reduces the projection dimension from the expanded
DoF space to the smaller 𝑔-space, substantially lowering the cost of
EVD in common IPC energy terms.

6 Index Generator
While the symbolic differentiation gives us the ability to obtain
the computation graph for Hessian and gradient locally (for each
instance of the energy), to assemble the global linear system𝐻𝑥 = 𝑔,
we still need to determine where each per-instance Hessian and
gradient contribution belongs in the global system.
In YASPS, such information can be gathered by traversing the

computation graph. By lowering JOIN and UNION to the connectivity
list instead of the actual numerical data, YASPS can easily extract
the placement index for per-instance Hessian and gradient.
Furthermore, such operation can be parallelized on GPU as the

computation graph is fixed at compile time. This allows YASPS
to easily handle such index computation in scenes with collision,
where connectivities constantly change.

We defer the detailed implementation of how the index is com-
puted to Appendix A. Specifically, such implementation asserts static
memory usage per device kernel. We also show the performance of
our index computation kernel in Sec. 10.6.

7 Code Generator
YASPS uses a just-in-time (JIT) compiler to translate a symbolic
computation graph to GPU-optimized code. In this section, we first
introduce how the JIT generates code for any symbolic attribute,
then discuss special code emitted only for attributes that compute
Hessian and its projection.

7.1 Modular Code Generation
Just like differentiation, YASPS associates each symbolic operator
with a code generation rule that translates its computation into
low-level GPU code. Code generation proceeds by traversing the
symbolic computation tree in a depth-first manner, eliminating
common sub-expressions, and composing the results into a GPU
kernel. The generated kernel is then compiled to a linkable module
and bound to the attribute for subsequent execution.
Because the traversal also records which data attributes (leaf

nodes) are accessed, users do not need to manually specify ker-
nel arguments. Instead, generated kernels read the required data
attributes directly.
However, rather than emitting a single monolithic kernel for

an entire computation, YASPS exploits the layered composition of
attributes to generate modular kernels that can be linked into other
computations. Going back to the mixed-material example we briefly
mentioned in Sec. 5.3, multiple energy terms depend on the same

unioned position attribute. Re-generating identical code for this
shared subcomputation would be wasteful. Instead, YASPS compiles
a dedicated object file (e.g., .o) for the shared subgraph and allows
downstream kernels to link against it.

The key question is which attributes should be compiled as stan-
dalone modules. Analogous to the boundary-node notion in Sec. 5.3,
YASPS treats a small set of nodes as semantically important and
compiles them separately:

• the requested output attribute (the attribute whose value is
being generated),
• JOIN and UNION attributes, and
• named attributes (attributes explicitly given a name via
addAttribute).

During traversal, when YASPS encounters such a node, it triggers
JIT compilation for that node and caches the resulting object file
on the attribute. When generating code for a larger kernel, these
cached object files are reused and linked rather than regenerated.

The code generation process is then separated into three stages.
In the first stage, YASPS performs a DFS from the requested output

attribute and collects the set of semantically important nodes 𝑁 .
When a node in𝑁 is discovered, YASPS schedules it for separate code
generation and compilation, and does not traverse its descendants
in the current generation process. All other attributes are pushed in
a duplicate-free stack 𝑆 . (See Algorithm 4 in the appendix.)

In the second stage, YASPS loops over 𝑆 and, using per-operator
code generation rules, emits code strings while replacing repeated
sub-computations with intermediate values. (Algorithm 5 in the
appendix.)
In the final stage, YASPS links all previously generated object

files for the semantically important nodes to the current kernel, and
compiles the result into a final linkable kernel. (Algorithm 6 in the
appendix.)

When generating an object file for a node, the emitted code does
not need to inline all of its descendants. For example, if 𝛽 = 2.0 · 𝛼
and 𝛼 is a JOIN node compiled as a standalone module, then the
kernel for 𝛽 only needs a declaration (a symbol reference) for 𝛼 .
The implementation of 𝛼 (stored in the object file compiled for 𝛼) is
linked later when CompileFinalKernel is invoked.

7.2 Hessian Code Generation
The code generation process for local gradient/Hessian evaluation
uses the same modular infrastructure as ordinary symbolic attribute
evaluation, but it additionally offers two optimizations tailored to
second-order derivatives and PSD projection.

When the condition in Sec. 5.4 holds, the local Hessian takes the
form 𝐻final = 𝐽⊤ Project(𝐻inner) 𝐽 . In this case, instead of explicitly
materializing 𝐻final, YASPS offers the option to materialize only 𝐽

and the projected inner Hessian 𝐻inner, and compute the contribu-
tions of 𝐽⊤𝐻inner 𝐽 on the fly as it scatters blocks into the global
matrix.

If𝐻final would be larger than the combined storage of 𝐽 and𝐻inner,
this strategy can reduce peak memory usage. The trade-off is addi-
tional arithmetic during assembly (partial evaluation of 𝐽⊤𝐻inner 𝐽 ).
In practice this option is rarely needed because typical local blocks
remain small. But in cases with significantly rank-deficient local
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Hessian f(g(x), j(y))

SeparateCode 
Generator

Index 
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Find Compressed 
Hessian Size [6, 12, 15...]

Link

f_g.o

f.o

f_6.o

f_12.o

f_15.o

g_x.o

j_y.o

Generate

Link

...

#include "f_6.cuh"
#include "f_12.cuh"
...
int compute(...){               
  ...

switch(hessian_size){
case 6:

f_6<<<...>>>(...);
break;

case 12:
f_12<<<...>>>(...);
break;

    ...
default:

// should never
      // happen

return -1;
  }
}

compute_f.so

Fig. 11. Illustration of the compilation pipeline for a Hessian computation into a final linkable dynamic library. When the Hessian computation has a structure
of the form 𝑓 (𝑔 (𝑥 ), 𝑗 (𝑦) ) , YASPS first analyzes the computation graph and separates it into multiple kernels, such as 𝑔 (𝑥 ) , 𝑗 (𝑦) , and 𝑓 (𝑔, 𝑗 ) . This separation
process is described in Algorithm 4. YASPS then generates code for each kernel and compiles each one into a separate object (.o) file. These object files are
subsequently linked to produce the final computation kernel for 𝑓 (𝑔 (𝑥 ), 𝑗 (𝑦) ) . At runtime, after the index of each Hessian block has been computed, YASPS
determines the compressed size of each local Hessian block. Whenever a new compressed Hessian size 𝑘 is encountered, YASPS triggers an additional code
generation and compilation step to produce a new f_k.o file. This kernel is responsible for compressing the local Hessian to size 𝑘 × 𝑘 before accumulating it
into the global Hessian matrix. Finally, these size-specific compression kernels are linked with the overall coordination kernel to produce the final shared
library, which orchestrates the separated Hessian evaluation and compression pipeline. Notably, YASPS does not generate separate kernels on different
combinations of parameters, which may lead to combinatorial explosion, but on the final compressed Hessian size, which almost always leads to smaller
kernel counts in practice.

Hessian matrices (e.g. Sec. 9.3), generating the Jacobian and inner
Hessian matrices can lead to a 6× size reduction compared to the
final local Hessian. We detail this in Sec. 10.9.

When the condition in Sec. 5.4 does not hold, YASPS falls back to
projecting the full local Hessian, i.e., applying Project(𝐻final). From
a performance perspective, however, the uncompressed local block
can still be larger than necessary.

Consider the point-edge collision example in Fig. 12. The energy
depends on three position vectors, where each position is obtained
from a UNION of multiple parameterizations. If two of the partici-
pating vertices are controlled by the same underlying parameters
(e.g., both come from MeshA and share 𝛼, 𝛽), then multiple entries
in the local Hessian may map to identical coordinates in the global
Hessian. As shown in Fig. 13, several local blocks correspond to
the same global block and can be aggregated prior to projection,
reducing the dimension of the matrix on which eigendecomposition
is performed.

In YASPS, after index generation is complete, we compute an ad-
ditional per-instance permutation/aggregation pattern. This pattern
is derived by inspecting the index array for the current instance
and detecting repeated global coordinates. When repetitions are
found, YASPS records a permutation and aggregation rule so that
the generated Hessian kernel first compresses the local Hessian into
a smaller matrix by merging duplicate rows/columns.
In addition, because UNION reserves a maximum-sized represen-

tation, the resulting local blocks may contain structurally zero rows
and columns corresponding to inactive branches. At this stage,
YASPS also removes such zero rows/columns, further shrinking
the matrix before projection.
This local compression is performed even when the reduced-

space projection optimization from Sec. 5.4 applies (in that case,
it is applied to the assembled contributions without an additional
projection step). Besides reducing the dimension for eigendecompo-
sition, compression also minimizes the number of atomic additions

required when scattering into the global Hessian, which is itself
stored in a duplicate-free compressed format. We detail the global
Hessian storage in Appendix B.

In Fig. 11 we illustrate the flow of how a Hessian computation 𝑓

is compiled to the final kernel.

8 Solver
Since all other computations in YASPS are performed on the GPU, it
is natural to run the linear solver, which solves the system 𝐻𝑥 = 𝑔,
on the GPU as well. YASPS therefore uses the modified precondi-
tioned conjugate gradient (PCG) method [Baraff and Witkin 1998],
where most of the work consists of sparse matrix–vector multipli-
cations (SpMV).

The optimization of this step has two main aspects:

• Reducing the cost of SpMV
• Reducing the number of PCG iterations

To reduce the cost of SpMV, YASPS further compresses the global
Hessian matrix by eliminating repeated blocks. At the same time,
we implement a special kernel for SpMV that is designed for our
storage layout. We detail the compression in Appendix B and the
SpMV algorithm in Appendix C.

To reduce the number of PCG iterations, YASPS employs a block
Jacobi preconditioner, which is detailed in Appendix D.

9 Examples
We include all the code of the examples, and YASPS itself, in the
supplementary material.

9.1 Cloths on Bunny on Cloth
For our first example, we simulate a soft bunny falling onto a cloth
sheet, followed by additional layers of cloth dropping onto the
bunny (Fig. 14). The bunny’s deformation is governed by a stable

ACM Trans. Graph., Vol. 45, No. 4, Article 142. Publication date: July 2026.



142:16 • Xuan Tang, Kemeng Huang, Gilbert Bernstein, Minchen Li, and Tzumao Li
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Fig. 12. A small example of collision energy involving two types of vertices. MeshA’s vertex positions are controlled by two parameters 𝛼 and 𝛽 , which are
attached to MeshA itself. MeshB’s vertex positions are controlled by the translations of multiple affine bodies. When a collision occurs, it is possible that two
vertices participating in the collision correspond to the same underlying attributes. The resulting Hessian is then compressible.

alpha

alpha

P1 P2 P3

beta alpha beta

beta

t

t

Fig. 13. The local Hessian generated in the example from Fig. 12, where 𝑃1
and 𝑃2 are both from MeshA and 𝑃3 is from MeshB. Blocks with the same
pattern correspond to the same global block in the global Hessian and can
be merged before projection is applied. Note that the block representing
𝜕2𝐸
𝜕𝛽𝜕𝛼

vanished in the compressed Hessian. This is because it is compressed

into the lower triangle of the matrix, which is simply the transpose of 𝜕2𝐸
𝜕𝛼𝜕𝛽

in the compressed Hessian.

Neo-Hookean material with Young’s modulus 10259 Pa and Pois-
son’s ratio 0.205. All cloth meshes share identical parameters and
are modeled using the Baraff-Witkin energy, with stretch stiffness
33570 Pa, shear stiffness 100607 Pa, and a bending term with stiff-
ness 0.055. The CG solver uses a relative tolerance of 10−4, and each
Newton iteration terminates when the maximum vertex displace-
ment, normalized by the timestep 𝑑𝑡 = 0.01 s, falls below 10−2 m/s.
We selected this scene because an analogous setup can be conve-
niently constructed in both GIPC [Huang et al. 2024] and Stark
[Fernández-Fernández et al. 2024]. For GIPC, we match the material

Fig. 14. A soft bunny is dropped onto a cloth sheet whose four corner
vertices are fixed. Extra cloth layers are then dropped sequentially onto the
bunny.

Fig. 15. A set of soft (light blue) and rigid (dark pink) bunnies falling onto
a cloth sheet whose four corner vertices are fixed. The rigid bunnies are
controlled by their own affine transformation matrices.

and scene parameters exactly, while for Stark we modify the mate-
rial model to approximate the same behavior as closely as possible.
The time comparison is reported in Sec. 10.2.

9.2 Many Bunnies on Cloth
For our second simulation example, we dropmultiple bunnies - some
deformable and some rigid - onto a cloth whose corners are fixed
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Fig. 16. We additionally drop a bunny controlled by a cage deformation.
The cage points do not participate in collision detection but the bunny
controlled by the cage points does. During the simulation, the cage nicely
deforms to avoid collision.

Fig. 17. A bunny model with mixed materials. The middle of the bunny is
fixed in space (white strip) while the two ends of the bunny are modeled
using two different affine bodies. The rest of the bunny can be deformed
freely under elasticity constraints.

(Fig. 15). This example, in combination with the evaluations shown
in Sec. 10.1, demonstrates how users can use YASPS to rapidly add
new materials and energies.

9.3 Caged Bunny
In Fig. 16, in addition to the soft bodymesh and the affine bodymesh,
we implement a soft bunny controlled by a set of cages forming a
uniform grid pre-computed for this mesh.

Each surface point of the bunny is controlled by exactly 8 vertices
of the cage (a cube) enclosing that point. Each cage is then divided
into 6 tetrahedra so that we can directly apply stable Neo-Hookean
energy to the entire cage structure. The bunny’s surface is affected
by collision, which in turn deforms the cage points.
Since the third bunny is a surface mesh, volume preservation is

instead enforced on the cages. As shown in Fig. 16, for the Tet4
discretization we decompose each cage into 6 tetrahedra by con-
necting its vertices and apply the stable Neo-Hookean energy on
those tetrahedra. In Appendix G we compare this against a Hex8 dis-
cretization, where each cage is treated as a hexahedral element with
eight Gaussian quadrature points for evaluating the same energy.

This example adds an additional 140 lines of code to the previous
example to support the caged bunny. No modification to YASPS
itself is needed.

9.4 Mixed Materials
Mixed materials can be easily represented in YASPS. By creating
separate primitive types for each material region and then forming
a union over them, we can get a unified representation of vertices.
Those vertices can then be used to form energies like elasticity and

Fig. 18. We compute a repulsive curve on a bunny. To do this we first con-
tinuously smooth the bunny until we obtain a sphere as a parameterization.
We then repulse a curve by adding barrier energy as well as inverse length
penalty. Each point also gets its mass from the spherical parameterization.
In the end we map the points on the curve back to the original bunny via
the parameterization.

collision. Fig. 17 shows a bunny which is modeled with two affine
bodies, soft materials, and fixed vertices.

9.5 Repulsive Curve On Bunny
In this example, we implement a repulsive curve on the surface
of a bunny. To fully use what YASPS already offers, instead of the
technique used in the recent paper [Noma et al. 2024], we simulate
the curve on a sphere and then map it to the surface of the bunny.

To do this, we first need to obtain a mapping from the input bunny
mesh to the sphere. This is done by deforming the bunny mesh to
a sphere via energy minimization, also using YASPS. A bending
energy is added to each edge with its two incident triangles:

𝐸bending = 𝑙init∥𝑁1 − 𝑁2∥,
where 𝑙init is the length of the edge at rest pose, and 𝑁1, 𝑁2 are
the current normals of the two incident triangles. To maintain the
relative triangle shape and size for the mapping, we add the Baraff-
Witkin energy to the mesh. Additionally, we also add an energy
to push the points on the bunny surface to the surface of a sphere
centered at the bunny’s geometry center (average of all bunny’s
vertices’ rest position). Barrier energies are also added to avoid
penetration during the process.
Once the sphere is obtained, we want to use the density of the

surface as a damping force. The density is computed as 𝜌 =
𝐴bunny
𝐴surface

,
where 𝐴bunny is the area of the triangle on the original bunny sur-
face, and 𝐴surface is the area of the same triangle on the sphere sur-
face. The density is then distributed to the 3 points of the triangle.
A final UV map is then computed and stored through interpolation.

When simulating the repulsive curve on the sphere, we use the
density information read from the UV map as the mass of the vertex.
A higher mass means it’s harder to move the points in that region. As
shown in Fig. 18, the part of the sphere surface that corresponds to
the bunny ear has high density due to how themeshwas constructed,
making it harder to move the loop around the region. Once the curve

ACM Trans. Graph., Vol. 45, No. 4, Article 142. Publication date: July 2026.



142:18 • Xuan Tang, Kemeng Huang, Gilbert Bernstein, Minchen Li, and Tzumao Li

Soft + Cloth

Soft + Cloth
+ ABD

Soft + Cloth
+ ABD

+ Cage

37%

36%

36%

16%

20%

22%

28%

25%

23%

776 LOC

900 LOC

1038 LOC

Setup
YASPS Integration
Energy Definition

Collision Detection Initialization
Visualization
Newton Iteration

Fig. 19. The total lines of code (LOC) for each part of the first three simu-
lations discussed in Sec. 9. Adding a new material does not need a major
addition to YASPS itself, but translates to an additional 130 lines of Python
code.

is obtained on the sphere, we map it back to the bunny surface
through the mapping we obtained earlier.

10 Evaluation
In this section, we quantify the implementation effort needed to
support new mesh types by reporting the lines of code required for
the first three examples in Sec. 9. This analysis demonstrates how
extensibility in YASPS translates to concrete development cost. We
then examine how YASPS’ optimizations in differentiation, code
generation, and assembly improve overall performance.

10.1 Lines of Code
We first demonstrate the amount of code required to implement
a complete simulation pipeline using YASPS. Since YASPS is im-
plemented as a Python package, all reported line counts refer ex-
clusively to Python source code. When using YASPS, the overall
workflow naturally decomposes into six conceptual stages: Setup,
YASPS Integration, Energy Definition, Collision Detection, Initial-
ization, Visualization (optional), and Newton Iteration.
We show the total lines of code (LOC) for each part for the first

3 examples (Secs.9.1, 9.2, 9.3) in the previous section in Fig. 19.
While the number is not exact due to white space, comments and
formatting, it gives a good sense of how many lines are added for
any additional material. As each new material is added, the part
of code that YASPS handles only increase by a small fraction in
terms of lines of code. This allows users to quickly prototype new
materials and energy using YASPS.

For comparison, we implemented the example in Sec. 9.1 in GIPC
and the example in Sec. 9.2 in StiffGIPC [Huang et al. 2025]. Simi-
larly we also implement the two examples in Stark. While Stark’s
formulation for the elastic material and contact forces are different
from that of GIPC, and the support for affine body is replaced with
rigid body, we mainly focus on achieving similar simulation settings
instead of a one-to-one replication. The increased line count on the
frontend for GIPC and Stark are 53 and 45 respectively.

While the increase of LOC is lower compared to YASPS, it is only
because those frameworks already included routines for loading
triangle and tetrahedron meshes, as well as for assigning soft and

stiff materials (ABD for StiffGIPC and rigid body for Stark). For
example, to support affine bodies, GIPC added at least 1, 000 LOC
just for the energy, gradient and Hessian computation due to the
new parameterization and new block sizes induced by the new
parameterization. Similarly, Stark’s contact and friction module
already contains 1, 400 lines of code, which exhaustively lists out
all possible contact scenarios for each energy (soft-soft, soft-rigid,
rigid-soft, rigid-rigid). Adding a new parameterization like the caged
deformation in Sec. 9.3 will only increase the workload significantly.

At the same time, YASPS does not need to modify anything in the
backend. All changes are made at the frontend. For example, in terms
of energy definition, YASPS only added 8 lines to define the rigidity
energy 𝐸affine (A) = 1

2


A⊤A − I

2

𝐹
which penalizes deviations of

the affine matrix A from an orthogonal matrix.

10.2 Simulation Time Comparison
Table 1 shows the overall runtime for the examples in Sec. 9.1. While
YASPS andGIPC are able to finish the simulation, Stark failed when
collision happens as its line search algorithm wasn’t able to find a
valid step size that progresses the simulation without intersection.
Hence, for Stark we only report the time steps before failure. All
experiments are conducted on RTX 4090 and i9-13900F.
This benchmark demonstrates the performance of our system

without any manual optimization as well as with manual optimiza-
tion (the “Optimized” rows), which boosts the performance of the
Hessian computation and projection (the “Diff Average” column).
We will explain in detail how the manual optimization is imple-
mented in Sec. 10.4.

Notably,GIPC already uses analytic Hessians for both the collision
and stable Neo-Hookean energies to accelerate the PSD projection
step. This gives it advantage in differentiation shown in the “Diff
Average” column compared to YASPS’ un-optimized version. The
version of GIPC we compare to also implemented the MAS precon-
ditioner, which significantly reduces the average CG iterations per
Newton solve by 2 − 3× compared to YASPS. However, GIPC does
not optimize for the storage compression like YASPS (Appendix B).
As a result, even with the reduced CG count, the larger average
CG iteration time, which is dominated by sparse matrix-vector mul-
tiplication (SpMV), makes the overall solver performance worse.
In comparison, the compression technique implemented by YASPS
gives a close to 10× performance gain when performing CG iter-
ations. As a comparison, while Stark is evaluated on CPU, the
effective storage compression they perform on the Hessian matrix
makes its per CG iteration time similar to that of GIPC.

However, even with this close performance, the total runtime of
YASPS can still be theoretically optimized. To illustrate, we break
down the time distribution of each important routine during the
simulation loop for the un-optimized version.
Shown in Fig. 20, since collision detection (CD) and continuous

collision detection (CCD) are not the primary focus of YASPS, we
directly integrated the corresponding components from GIPC. As
a result, those routines, which are not optimized for our usage,
take a significant portion of the execution. In comparison, GIPC’s
native integration of the collision module makes these same parts
more than 2× faster than ours, nearly 10% of our total execution
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Table 1. Performance comparison against GIPC and Stark. We benchmark a scenario in which 1–3 cloth layers are dropped onto the Stanford bunny with
𝑑𝑡 = 0.01s, and the bunny itself is dropped onto another piece of cloth whose 4 corners are fixed in space. Each cloth contains 10,201 vertices and 20,000
triangles, and the bunny mesh contains 19,193 vertices and 79,935 tetrahedra. The “Diff Total” column reports the total time spent computing all per-element
Hessians (including the projection) and gradients and assembling them into the global system as the assembly is often performed right after the numerical
value is computed. “Diff Average” reports the average time spent per Newton iteration. Similarly, the “CG Total” column reports the total time to perform the
CG solve, while “CG Average” reports the average time spent per CG iteration. For Stark, hard constraints are not supported, so the four corner vertices of the
bottom cloth are fixed using penalty forces. In YASPS, these corners are instead treated as a special primitive whose degrees of freedom are excluded from
differentiation, resulting in a slightly smaller linear system (4 × 3 fewer DoF). Although Stark is unable to complete the full 200-frame simulation due to their
Newton iterations failed to converge on collision, the partial timing still provides a useful indication of its relative performance.

System # Vertices Diff
Total (s)

Diff
Average (ms)

CG
Total (s)

CG
Average (ms) Total (s) # Newton # CG # Frames

YASPS 39,595 53.25 13.53 44.91 0.075 139.31 3,934 597,428 200
Optimized 39,595 43.55 11.06 44.82 0.075 130.20 3,939 600,303 200
GIPC 39,595 25.46 8.81 156.32 0.97 199.06 2889 160,751 200
YASPS 49,796 81.23 15.83 68.91 0.083 218.29 5,132 825,519 200
Optimized 49,796 65.17 12.89 67.35 0.083 201.26 5,055 811,759 200
GIPC 49,796 49.02 14.80 264.09 1.31 342.76 3313 200,886 200
YASPS 59,997 124.64 18.99 95.36 0.092 328.51 6,564 1,036,455 200
Optimized 59,997 98.09 15.21 93.83 0.092 300.62 6,448 1,022,530 200
GIPC 59,997 92.13 11.12 439.22 0.67 586.46 8,287 655,328 200
Stark 59,997 29.1 124.89 110.9 0.91 141.90 233 122,357 64

38.2%

37.2%

37.9%

32.2%

31.6%

29.0%

17.6%

20.1%

22.7%

Differentiation+Assembly
CG
Computation
CCD+CD+LargestStep
Data Transfer
Misc

Fig. 20. Runtime distribution for the cloths-on-bunny simulation (Sec. 9.1)
using 3 (top), 2 (middle), and 1 (bottom) cloth layers. Each bar visualizes the
contribution of the major computational components to the total simulation
time. Differentiation+Assembly is the time to compute the gradient, Hes-
sian, and putting them back to the global gradient vector and Hessian matrix.
CG marks the time spent on CG solver. Computation is the time to evalu-
ate some required attributes, like current positions. CCD+CD+LargestStep
is the time to invoke our CCD. Data Transfer is the time to transfer any
data from host to device or device to host. Misc is the accumulation of any
other parts whose individual contribution is negligible. The total runtime is
shown in Table 1.

time. The performance of Hessian computation and projection (the
“Differentiation+Assembly” bar in Fig. 20) can also be optimized
further by manually changing how the energy is formulated in
YASPS, which we detail in Sec. 10.4.

Additionally, we show the scalability of the system by dropping
1-25 soft bunnies inside a container shown in Fig. 21. As shown in
Fig. 22, as the number of collision pairs increases due to the increased
number of bunnies in a confined space, the runtime for each major
component of the simulation increases in a similar trend.

10.3 Eigendecomposition: Automatic Optimization
The usage of the Conjugate Gradient (CG) solver requires the entire
matrix to be positive semi-definite. YASPS makes this guarantee by
projecting each local Hessian matrix to positive semi-definite by

Fig. 21. We show scalability by dropping 1-25 bunnies inside a glass con-
tainer. All bunnies have the same material property. Each bunny contributes
57, 579 DoF with 79, 935 tetrahedra.

setting the negative eigenvalues of the matrix to 0. YASPS relies
on the C++ Eigen library to perform explicit eigendecomposition
(EVD), which runs on GPU due to its templated implementations.
As this operation is quite expensive, i.e.𝑂 (𝑛3) where 𝑛 is the matrix
size, it can become a bottleneck during the Hessian computation if
the energy is simple but the resulting matrix is large in size.

For this reason, YASPS places strong emphasis on minimizing the
size of the matrix that must be projected, rather than merely acceler-
ating numerical differentiation. The core optimizations that enable
this reduction are described in Secs 5.4 and 7.2. To illustrate the
impact of these optimizations, we consider the point–point barrier
energy commonly used in IPC-based frameworks. This energy has
a very simple formulation, which makes EVD the major bottleneck
in the Hessian computation:

𝐸 (p0, p1) = 𝜅 (𝑑 − 𝑑)2
(
log

(
𝑑

𝑑

))2
, (8)

with
𝑑 = ∥p1 − p0∥2, p0, p1 ∈ R3, (9)
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Fig. 22. Scalability with respect to the number of bunnies for the simula-
tion shown in Fig. 21. Top: Runtime breakdown of the major simulation
components. Bottom: Total number of detected collision pairs by type
(point–point, point–edge, point–triangle, and edge–edge).

where p0, p1 are the two position vectors, 𝜅 is the barrier stiffness
and 𝑑 is the activation distance. In a scene where all vertices are
free (each has its own 3 DoF), no optimization can be done for the
projection step from YASPS’ perspective as every matrix simply
has size 6 × 6. However, if the collision may occur between free
vertices (3 DoF each) and vertices controlled by an affine body (12
DoF each), a naïve differentiation strategy must account for four
possible cases: free–free (6 DoF), free–ABD (15 DoF), ABD–free (15
DoF), and ABD–ABD (24 DoF). This is where YASPS’ optimization
can help.

YASPS conservatively represents all possible collision configura-
tions using the UNION operator. As a result, the symbolic Hessian is
initially constructed at the maximum theoretical size of 24 × 24. Di-
rectly projecting this matrix—even though many rows and columns
may be structurally zero—incurs a substantial cost, as shown by the
“No Optimization” baseline in Fig. 23.

No Optimization (24×24)
Block Compression (15×15)

Fully Optimized (6x6)
Hessian Computation

1857.1×

449.9×

42.4×

1.0×

Fig. 23. Time comparison for PSD projection with and without YASPS opti-
mizations for the point-point barrier energy in a scene with free and ABD
vertices, normalized by the cost of Hessian computation. The results are
shown on a log scale. Coincidentally, the 3 unique matrix sizes also cor-
respond to the 4 separate cases, with 24 × 24 corresponds to ABD-ABD,
15 × 15 corresponds to both free-ABD and ABD-free, and 6 × 6 corresponds
to free-free.

A first optimization becomes possible once the collision type is
known at runtime. For example, when a free vertex collides with
an affine-body vertex, the effective degrees of freedom reduce to
15. In this case, rows and columns introduced solely by symbolic

UNION operations can be safely eliminated. This block compression
strategy (Sec. 7.2) reduces the matrix size to 15 × 15 and yields the
performance shown in the “Block Compression” row of Fig. 23.
However, since both free-vertex and affine-body parameteriza-

tions are linear, the effective matrix that must be projected is in fact
only 6 × 6, as shown in Sec. 5.4. Performing PSD projection on this
reduced matrix results in a 44× speedup compared to the unopti-
mized 24× 24 projection, clearly demonstrating that preserving and
exploiting structural information during symbolic differentiation is
critical for performance.

In contrast, differentiation systems that manually enumerate and
separate cases must both branch at runtime and perform PSD pro-
jection on larger matrices, even when the underlying degrees of
freedom are much smaller. YASPS avoids this complexity entirely:
the UNION operator enables automatic handling of all cases within
a single symbolic representation, while still allowing aggressive
matrix-size reduction at projection time.

10.4 Eigendecomposition: Manual Optimization
On the other hand, for energies that are complex, like the stable
Neo-Hookean and the Baraff-Witkin, the ratio of EVD projection
to base Hessian computation is significantly lower (5 to 1, shown
in Fig. 24). However, with YASPS’ reuse strategy of differentiation
(Sec. 5.3), it is still possible to optimize this performance from the
user’s perspective without any modification to the system itself.

Take the formulation of the stable Neo-Hookean energy:

F(x) =
[
x1 − x0 x2 − x0 x3 − x0

]
∈ R3×3

F𝐼 = F𝑇B−1, 𝐽 = det(F𝐼 ), 𝐼𝐶 = tr(F𝐼 ),

Ψ(F) = 𝑉

[
𝜇

2
(𝐼𝐶 − 3) −

𝜇

2
log(𝐼𝐶 + 1) +

𝜆

2

(
𝐽 −

(
1 + 3𝜇

4𝜆

))2]
(10)

where x ∈ R4×3 is the position vector of a tetrahedron and B is
formulated by the rest position of the tetrahedron. While it is triv-
ial that Ψ is essentially a function of x (which is what we did for
comparison in Table 1), if we explicitly follow the formulation of
Ψ(F(x)), the Hessian can then be written as:

𝜕2Ψ

𝜕𝑥2
= 𝐽F (x)𝑇

𝜕2Ψ

𝜕F2
𝐽F (x)

This means instead of projecting a 12 × 12 matrix, we can instead
project a 9× 9 matrix since F only produces 9 outputs. Similarly, for
the Baraff-Witkin elasticity energy, the effective matrix we need to
project can be reduced from 9 × 9 to 6 × 6.

In YASPS, users can do this by first creating the attribute F under
the tetrahedron, then creating a new primitive type, which has a
one-to-one relationship to the tetrahedra. By performing a JOIN
operation to pull F from tetrahedron to the new primitive type, we
are effectively concretizing the formulation of Ψ(F(x)). As shown in
Fig. 24, although the addition of a new primitive type does make the
base Hessian computation slightly worse due to additional Jacobian
matrix multiplication, the reduction in the projection cost makes the
entire computation significantly faster. (2× performance gain for
Baraff-Witkin and 1.56× for stable Neo-Hookean). In Table 1, for the
“Optimized” rows, we apply this trick to the stable Neo-Hookean
energy (12 × 12→ 9 × 9), Baraff-Witkin energy (9 × 9→ 6 × 6) and
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20%

80%

0.54 ms

18%

82%

1.11 ms

48%

52%
0.27 ms

42%

58%

0.71 ms

Original Modified Original Modified

Baraff-Witkin Stable Neo-Hookean

Hessian (no projection)
EVD (projection overhead)

Fig. 24. We compute the Hessian and its projection of the Baraff-Witkin
energy and stable Neo-Hookean energy on 20k instances. The original
method always uses the current position as the direct input to the energy
computation, while the modified method uses the deformation gradient F
as the input to the energy computation.

the bending energy (12 × 12→ 9 × 9). Those size reductions give a
significant boost to the Hessian computation and projection.

10.5 Hessian Computation
Next, we evaluate the performance of our base Hessian computation.
As shown in Fig. 24, even though in all cases the projection takes
more time than the base Hessian computation, the latter is still not
negligible.

To demonstrate our base Hessian computation performance, we
replicate a single element 𝑁 times and evaluate the gradient and
Hessian individually on different energies in parallel using both
PyTorch and JAX. Since all replicated elements are independent,
the resulting Hessian for an energy such as stable Neo-Hookean
elasticity has dimensions𝑁×12×12, rather than a single 12×12 block.
In addition, we evaluate a fully symbolic approach using SymPy.
The gradient and Hessian are derived symbolically, followed by
SymPy’s built-in common sub-expression elimination (CSE), and the
resulting expression trees are translated directly into custom GPU
kernels. Despite the fact that YASPS only performs very basic CSE,

Bending

Baraff-Witkin

Stable Neo-Hookean

1.0x

1.0x

1.0x

16.6x

344.2x

7.4x

1.9x

44.8x

5.8x

3.0x

1.4x

1.7x

Gradient
1.0x

1.0x

1.0x

4.6x

159.9x

367.7x

0.8x

33.3x

18.1x

0.8x

1.4x

1.7x

Hessian

Ours
PyTorch
JAX
SymPy

Fig. 25. Average time required by PyTorch, JAX, and SymPy to compute the
gradient and Hessian of a single instance, normalized by the runtime of
YASPS. YASPS exhibits increasing performance advantages as the energy
formulation becomes more complex. The x-axis is on a log scale.

we match and in some cases outperform all baseline methods, as
shown in Fig. 25. Notably, the performance advantage becomes more
pronounced as the complexity of the energy formulation increases.

The speedup can partially be attributed to the fact that differen-
tiation in YASPS is carried out at the matrix level rather than at
the scalar level. This is true both at the symbolic differentiation
phase and in our generated code. For example, consider the stable
Neo-Hookean energy in Eq. (10). In this energy, the variable 𝐽 is the
determinant of F𝐼 ∈ R3×3. If this formulation is expanded explic-
itly, the determinant becomes a sequence of scalar multiplications
and additions, which in turn leads to a combinatorial growth of
operations when computing first- and second-order derivatives.
In contrast, the derivative of the determinant admits a compact

matrix-level expression:

𝜕 det(A(𝑥))
𝜕𝑥

= det(A(𝑥)) tr
(
A(𝑥)−1 𝜕A(𝑥)

𝜕𝑥

)
Crucially, both the first- and second-order derivatives of det(A(𝑥))
are expressed by det(A(𝑥)),A(𝑥)−1 and trace operator. In particular,
the second-order derivative repeatedly involves the same matrix
quantities like det(A(𝑥)) and A(𝑥)−1 across multiple terms. This
repetition exposes substantial common sub-expressions, enabling
CSE to effectively remove redundant matrix operations.

Additionally, as YASPS chooses to differentiate on a matrix level,
we can then fully use the Eigen library for those matrix operations.
As an experiment, we can replace the computation of 𝐽 from a deter-
minant operation to a sum operation (summation over all elements
of F𝐼 ) and perform the differentiation again. As shown in Fig. 26,

SymPy

JAX

PyTorch

Ours

19.29%

36.79%

93.27%

5.19%

Fig. 26. Overhead of computing the Hessian of the determinant operator for
YASPS, PyTorch, JAX, and SymPy, normalized by their time of computing the
Hessian of the stable Neo-Hookean energy (with determinant) respectively.
The x-axis is on a log scale.

YASPS is minimally impacted by the replacement of the determi-
nant operator (only 5% time difference) while other methods get a
major performance boost when computing the Hessian without the
determinant operator.
YASPS’ symbolic differentiation is also significantly faster than

SymPy at compile time. For example, computing the symbolic Hes-
sian and gradient and performing CSE for the stable Neo-Hookean
energy takes about 500ms for YASPS while SymPy takes 11 seconds.
Note that we did not compare to recent work SymX [Fernández-

Fernández et al. 2025], as its target platform is CPU. Its CPU bench-
mark also shows that the performance of SymPy is close on the
Hessian computation of stable Neo-Hookean energy (SymPy is
27% slower than SymX). Similarly, we did not compare to TinyAD
[Schmidt et al. 2022], as SymX is 40× faster than TinyAD on the
stable Neo-Hookean example on CPU.

10.6 Index Computation
As described in Sec. 6, Appendix A.3 and Appendix B, YASPS per-
forms a global compression step to eliminate repeated blocks in
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the assembled global Hessian. In scenes with contact, this proce-
dure must be invoked whenever the set of collision pairs changes.
However, the connectivity of most of the scene can be naturally
decomposed into two parts: static and dynamic. Static connectivity
arises from topological relationships that do not change over time
(e.g., elasticity), since the tetrahedralization connectivity of a mesh
remains fixed even in the presence of collisions. In contrast, dynamic
connectivity arises from interactions whose incidence changes over
time (e.g., collision pairs), and can be treated as frequently varying.
Motivated by this observation, YASPS separates index computa-

tion and global Hessian construction into two components. Rather
than assembling a single matrix 𝐻global, we construct

𝐻global = 𝐻static + 𝐻dynamic

where 𝐻static corresponds to contributions with fixed connectiv-
ity, and 𝐻dynamic corresponds to contributions whose connectivity
depends on the current collision set. This decomposition is also ex-
posed in the frontend (Sec. 9.2): the construction of primitive types
and energies can explicitly specify whether they are dynamic.

25.73%
(6.85 ms)

25.13%
(6.69 ms)

49.14%
(13.08 ms)

Static

27.91%
(0.84 ms)

10.63%
(0.32 ms)

61.46%
(1.85 ms)

Dynamic

Index Computation Index Compression Hessian Computation

Fig. 27. Percentage and the wall-clock time spent on index computation,
index compression, and Hessian computation for the static (often elasticity)
and dynamic (often collision) parts, measured for a single iteration in the
example from Sec. 9.1 with 1 piece of cloth falling on top of the bunny.

As a concrete example, consider the scenario in Sec. 9.1. We
extract a representative frame containing 840 collision pairs, and
report the time breakdown for index computation, compression,
and Hessian evaluation for both 𝐻static and 𝐻dynamic and show it in
Fig. 27.

While index computation and compression account for a substan-
tial fraction of the runtime in both cases, the absolute time for index
computation for the dynamic part is only around 4% of the total
time (index computation plus Hessian computation for both the
static and dynamic parts), while the index computation for the static
part takes around 46% of the total time. As such, even though the
compressed matrix from 𝐻dynamic may still overlap with 𝐻static in
structure, by not performing the index computation for the largely
static part, we are saving more time than what a total compression
can save us.

10.7 Compile Time: Modular Code Generation
While compilation time for frameworks that deploy a just-in-time
compiler is often discarded as amortized time, since the code gener-
ated for the same computation can be reused, it is still important
as we want to reduce the wait time for whenever users want to
try something new. In Sec. 7.1, we described how YASPS generates
separate object files (.o) for semantically meaningful nodes in the
computation graph. This strategy allows the computation graph to

be naturally segmented and compiled in parallel. Such paralleliza-
tion is essential, as NVCC’s compilation time scales poorly with
code size. Moreover, because YASPS currently employs only a basic
form of common subexpression elimination (CSE), the generated
kernels can become quite large in practice.
We report the compilation time of both computation kernels

(which compute a specific attribute) and Hessian kernels (which
compute the gradient, Hessian, and perform projection) with and
without our optimizations, using the example from Sec. 9.2.

Optimized No Parallel Monolithic

33
80

309

106

370

872

Compute
Hessian

Fig. 28. Compilation time under different compilation strategies (in sec-
onds). “Optimized” uses our fully modularized pipeline with parallel compi-
lation. “No Parallel” compiles the same modularized object files sequentially.
“Monolithic” corresponds to generating and compiling a single monolithic
kernel for each attribute, which includes the code for all of its children
attributes. The y-axis is on a log scale.

As shown in Fig. 28, our modularized code generation and parallel
compilation strategy is significantly faster than generating and com-
piling a monolithic kernel for each attribute (and Hessian). While
the overall compilation time remains substantial, this cost is largely
attributable to the simplicity of our current CSE implementation,
which can result in occasionally large generated kernels.

Nevertheless, this modularization strategy remains highly effec-
tive in certain cases even when the code size is relatively small.
As an illustrative example, Fig. 29 shows a simple mass-spring

system. Unlike the previous examples, where positions are parame-
terized linearly, this system is inherently non-linear. Each spring
(zigzag segment) is parameterized by the angles between its seg-
ments, and the position of the spring endpoint is determined by
these angles. The central lever is similarly controlled by an angular
degree of freedom governing its tipping motion. As a result, the
lower portion of the system is entirely driven by angular parameters,
leading to a deeply nested non-linear dependency structure.
The energies used in this system are relatively simple: spring

elasticity is defined by the deviation between the current angle and
a rest angle, while inertia is applied only to the two mass blocks at
the ends of the system, whose positions are defined by not only the
springs at the end of the lever, but also by the rotation of the lever and
the spring hanging from the ceiling. Despite this simple setup, the
Jacobian computation is more complex than the energy evaluation
itself. Due to the nested dependency structure, the Jacobian contains
repeated sub-expressions that can be naturally reused. This makes
the example particularly well suited for demonstrating the benefits
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Fig. 29. A textbook mass-spring system implemented in YASPS. Color in-
dicates spring stress, with red corresponding to higher stress and green
corresponding to lower stress.

of modular code generation and compilation. Using YASPS’ modular
compilation strategy, the NVCC compilation time for inertia on the
mass blocks is reduced from 6 seconds (without modular reuse) to 4
seconds.

10.8 SpMV
Here we compare YASPS’ SpMV routine against cuSPARSE-based
SpMV implementations under different storage formats. All matrices
are pre-compressed prior to multiplication so that there are no
duplicate coordinates. To evaluate scalability, we construct scenes

2 4 6 8 10 12 14 16 18 20

0.0

0.2

0.4

0.6

0.8

1.0

1.2 Format
BCOO
BCSR
COO
CSR
Ours
Storage
full
upper

Fig. 30. Time comparison for a single SpMV operation using different stor-
age formats. The y-axis shows runtime in milliseconds, and the x-axis in-
dicates the number of bunnies in the scene. Each bunny contains 57,579
degrees of freedom and 238,279 3 × 3 blocks in the upper triangle of the
system matrix.

containing 𝑁 bunnies, each consisting of 19,193 vertices. Stable Neo-
Hookean energy is applied to the tetrahedral elements of each bunny,
producing 238,279 3×3 blocks in the upper triangular portion of the
Hessian matrix per bunny. Vertex indices are randomly permuted
to avoid artificially favorable memory locality.

For cuSPARSE, since block sparse SpMV routines are deprecated,
we manually implement block coordinate (BCOO) and block com-
pressed sparse row (BCSR) SpMV kernels. These kernels explicitly
unroll computations for fixed 3× 3 blocks. In the BCSR implementa-
tion, each row is assigned to a single thread, while in the BCOO im-
plementation, each block is processed independently by one thread.
Additionally, we also expand the matrix to see the performance
difference of full matrix SpMV against only upper-triangular sym-
metric matrix SpMV.

As shown in Fig. 30, YASPS’ storage format outperforms all other
tested formats. This improvement is attributable not only to reduced

memory storage (Appendix B), but also to the reduction technique
introduced in Appendix C. Among the baselines, the closest com-
petitor is the BCOO format that stores only the upper triangular
portion of the matrix.

Note that this benchmark is run outside of the entire simulation
pipeline. In the full simulation, using identical SpMV code on the
same data can lead up to a 15% slower execution. Additionally, if
we instead do not generate kernels for each different block sizes at
compile time, a 2− 3× slowdown is observed because loop unrolling
will be absent for the dense block-vector multiplication for each
thread.

10.9 Separation of Hessian and Jacobian
At the beginning of Sec. 7.2 we mentioned how we give the user the
choice to generate inner Hessian ∇2𝑔 𝑓 (𝑔(𝑥)) and Jacobian matrix
𝐽𝑔 (𝑥) instead of the entire multiplied Hessian matrix ∇2𝑥 𝑓 (𝑔(𝑥)) in
Eq. (3). In many cases this optimization will not affect the perfor-
mance. However, GPU is memory sensitive, and a slightly larger
matrix will make the Hessian computation run out of memory even
though the theoretical memory usage is below the threshold. (We
discuss this further in Appendix E.)
Take again the caged bunny example in Sec. 9.3. Each surface

vertex is controlled by exactly 8 cage points. This means that in the
worst scenario, a collision energy that involves 4 vertices on the
caged bunny, will have 8 × 4 × 3 = 96 DoF. The resulting Hessian
then always has a theoretical maximum size of 96× 96. Running the
computation code that involves a matrix this large can trigger an
out-of-memory from GPU.

However, a closer observation tells us that this 96× 96matrix can
be nicely separated into the Jacobian matrix of size 12 × 96 and the
inner Hessian matrix of size 12 × 12. Generating those two matrices
instead leads to a 6× size reduction compared to the 96 × 96 matrix.
As a result, when this optimization is turned on, we can successfully
run the simulation without any out-of-memory issue.

11 Memory consumption
Although YASPS executes the majority of its kernels on the GPU,
we do not explicitly optimize for memory footprint. As a result, the
observed GPU usage can exceed the theoretical amount required by
the simulation.
This behavior arises from CUDA’s management of thread-local

stack and local memory. CUDA may automatically increase the
per-thread stack size for kernels with large stack frames, and this
setting is sticky for the rest of the execution.
Consequently, a kernel with large per-thread temporaries can

increase the apparent memory footprint of subsequent kernels
launched in the same context, even when those later kernels re-
quire much less local storage.
In YASPS, this effect is amplified by the UNION operator, whose

generated code may materialize the largest possible per-thread local
Hessian matrix at compile time. This increases local-memory pres-
sure and can therefore raise the persistent context-wide memory
reservation.

To illustrate this effect, we report memorymeasurements in Sec. E
for two cases: mat-twist, where the cloth resolution is increased,
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and a collision example with multiple soft bunnies and affine-bodied
bunnies. We will also discuss possible ways to help mitigate the
memory usage in that same section of the appendix.

12 Conclusion and Future Work
In this paper, we introduced YASPS, a symbolic framework built
around two differentiable operators, JOIN and UNION. These oper-
ators enable users to define new primitive types and parameteri-
zations in a declarative manner, while allowing differentiation to
propagate directly through user-defined constructions. By treating
shape composition and attribute aggregation as differentiable op-
erations, YASPS can assemble gradients and Hessians with known
sparsity patterns, and efficiently construct and solve the resulting
linear systems.

YASPS demonstrates that exposing structural operators as part of
the differentiable program provides both flexibility for rapid proto-
typing and strong performance guarantees during optimization. Our
results show that this approach enables concise implementations
of complex simulation models while maintaining competitive—or
superior—performance compared to existing systems.
Despite these results, YASPS is still in an early stage of develop-

ment, and several important limitations remain. Addressing these
limitations presents immediate directions for future work.
A first area for improvement is code generation. Currently, the

generated code does not explicitly reuse previously allocated regis-
ters, whose owner will not participate in any further computations,
for new intermediate values. Although nvcc performs a certain level
of register pruning, explicitly optimized code generation would
further improve performance. In addition, the current common
subexpression elimination (CSE) algorithm is relatively basic. For
example, in the stable Neo-Hookean energy, the generated code
performs nearly 4× more multiplications than code produced by
SymPy, indicating substantial room for optimization.

A second area for improvement is differentiation. While the reuse
strategy allows YASPS to expose and reason about the structure
of energy compositions, it also increases the number of matrix
operations required to multiply Jacobians. Moreover, explicitly con-
structed Jacobian matrices are often sparse, leading to unnecessary
computation. Similarly, the current Hessian kernels always reserve
space for the largest possible Hessian blocks, which significantly
increases GPU memory pressure. More efficient differentiation al-
gorithms that avoid explicit Jacobian construction and excessive
memory reservation would greatly improve scalability.
A third area is to expose even more backend to the users. For

example, if the Hessian computation is known to the user, as well
as the analytic eigenvalues and eigenvectors, it would be beneficial
to directly use the user-provided formulation instead of a system
generated solution.
Several larger future directions are also promising.
The first is support for dynamic arities. This limitation prevents ef-

ficient representation of relationships such as vertex-to-neighboring-
triangle connectivity, and is imposed by the need to allocate static
memory when compiling GPU kernels.

Another direction is support for dynamically sized data attributes.
Currently, any change in attribute length requires recomputation

of index mappings and Hessian structures, which precludes applica-
tions that rely on adaptive remeshing or resolution changes during
simulation.
Finally, an especially promising avenue is inverse simulation.

Supporting inverse problems would require YASPS to introduce and
manipulate the global Jacobian matrix, enabling optimization over
control parameters, material properties, or target states. Extension
in this direction would further position YASPS as a unified system
for both forward and inverse physics-based computation.
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A Index Generator

A.1 Gradient Size Computation
The first step of index generation is to determine the size of the
global gradient vector. Given a set of minimization-target attributes,
the global gradient length is the sum over targets of

(per-instance dimension) × (number of instances).

Concretely, for a target attribute 𝛼 with 𝑛𝛼 instances and per-
instance shape 𝑟𝛼 × 𝑐𝛼 , it contributes 𝑛𝛼𝑟𝛼𝑐𝛼 scalar degrees of
freedom.
Consider the example we used in Section 5.3 for the mixed-

material mesh. Suppose 𝑁 vertices are free, each contributing 3
degrees of freedom, and there is a single affine body with affine ma-
trix 𝐴 ∈ R3×3 and translation 𝑡 ∈ R3. Differentiating with respect
to these targets yields a global gradient of length

𝑠 = 3𝑁 + 9 + 3,

and the global Hessian is therefore an 𝑠 × 𝑠 matrix.
During this initialization pass, YASPS assigns each target attribute

a contiguous block in the global gradient vector and stores the cor-
responding prefix-sum offsets in the Boundaries array (Fig. 31).

These offsets allow the system to compute, for every attribute in-
stance, the exact gradient range (start offset and block length) in
the global layout.

Fig. 31. At the beginning of differentiation, YASPS fixes the layout of the
global gradient and assigns each target attribute a contiguous segment. The
resulting prefix-sum Boundaries array stores the segment boundaries; in
this example, three target attributes induce four boundary values.

A.2 Index Size Computation
With the global layout fixed, the next step is to determine—for each
energy term, howmany placement indices must be stored in order to
scatter its local gradient into the global gradient vector. Importantly,
this count is not necessarily equal to the number of scalar entries
in the local gradient.
For example, consider a stable Neo-Hookean energy applied to

four free vertices. Each vertex position has per-instance dimension
3. Although the local gradient has 12 scalar entries, it does not
require twelve placement indices. Instead, it requires four indices,
each indicating where to place a contiguous 1 × 3 segment of the
local gradient in the global vector.
Because YASPS has access to the symbolic structure of each en-

ergy, it can traverse the computation graph to determine the maxi-
mum number of index entries required at each node. This ensures
that our computation kernel for index generation can allocate a
static array even before the actual connectivity is set.

Let 𝜅 denote the index-computation function (defined in the next
subsection), and let |𝜅 | (𝑥) denote the number of index entries pro-
duced for node 𝑥 . YASPS computes |𝜅 | using the following rules:
• For any data attribute 𝑑 , |𝜅 | (𝑑) = 1, since a single referenced
instance of𝑑 corresponds to one contiguous block in the global
gradient.
• For any computation 𝑓 that takes attributes 𝑥1, . . . , 𝑥𝑛 as in-
puts,

|𝜅 |
(
𝑓 (𝑥1, . . . , 𝑥𝑛)

)
= |𝜅 | (𝑥1) + · · · + |𝜅 | (𝑥𝑛),

because the placement indices are formed by concatenating
the indices required by each input.
• For a JOIN attribute of arity 𝑘 ,

|𝜅 |
(
JOIN𝐶 (𝛼𝐵)

)
= 𝑘 · |𝜅 | (𝛼𝐵),

because JOIN gathers 𝑘 referenced instances and therefore
replicates the underlying index requirements 𝑘 times.
• For a UNION attribute,

|𝜅 |
(
UNION(𝛼𝑋1 , . . . , 𝛼𝑋𝑚

)
)
= max

(
|𝜅 | (𝛼𝑋1 ), . . . , |𝜅 | (𝛼𝑋𝑚

)
)
,

since only one branch is active at runtime and the worst-case
branch determines the required index capacity.
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Using these rules, YASPS performs a symbolic pass over each
energy’s computation graph to determine, for every node, the maxi-
mum number of indices it may need to store once the computation
graph is fixed.

A.3 Index Computation
We now describe how YASPS computes the actual placement indices
used to assemble local gradients into the global gradient vector.
This procedure resembles the index-size computation above, but
differs in one key aspect: whereas |𝜅 | depends only on the symbolic
graph structure, 𝜅 must be evaluated using runtime information
(e.g., connectivity values and the active branch of a UNION).

For clarity, we describe index computation for a single instance.
Computing indices for all instances is trivially parallelizable.

Data attributes. Let 𝛼 be a target data attribute with per-instance
shape 𝑟 × 𝑐 , and let 𝑖 denote the instance index. Let start(𝛼) be the
(0-based) starting offset of 𝛼 ’s block in the global gradient array
as determined by Boundaries. Then the starting coordinate of the
block corresponding to 𝛼 (𝑖) is

start(𝛼) + (𝑟𝑐) 𝑖 .
In practice, YASPS stores placement indices using a 1-based conven-
tion so that the value 0 can be reserved to denote “no contribution”
(used by UNION padding). We therefore define the stored index as

𝜅 (𝛼 (𝑖)) =
(
start(𝛼) + (𝑟𝑐) 𝑖

)
+ 1.

(The assembly kernel subtracts 1 before indexing into 0-based ar-
rays.)

JOIN. For a JOIN attribute, indices are gathered according to the
connectivity. Let 𝐶 : 𝐼𝐴 → 𝐼𝑘

𝐵
be the arity-𝑘 connectivity used by

JOIN𝐶 (𝛼𝐵). For instance 𝑖 ∈ 𝐼𝐴 with 𝐶 (𝑖) = ( 𝑗1 (𝑖), . . . , 𝑗𝑘 (𝑖)), the
placement indices are obtained by concatenating the indices of the
referenced base instances:

𝜅 (JOIN𝐶 (𝛼𝐵) (𝑖)) =
[
𝜅 (𝛼𝐵 ( 𝑗1 (𝑖))), . . . , 𝜅 (𝛼𝐵 ( 𝑗𝑘 (𝑖)))

]
.

UNION. Index computation for a UNION attribute is branch-dependent.
Although all unioned attributes share the same value shape, they
may require different numbers of placement indices. Suppose the
precomputed capacity for the union node is |𝜅 | = 𝑝 . For an instance
identified by ( 𝑗, 𝑖) (meaning “instance 𝑖 from branch 𝑗”), we compute

𝜅
(
UNION(𝛼𝑋1 , . . . , 𝛼𝑋𝑚

) ( 𝑗, 𝑖)
)
= pad

(
𝜅 (𝛼𝑋 𝑗

(𝑖)), 𝑝
)
∈ Z𝑝 ,

where pad(·, 𝑝) appends zeros so that the result has length 𝑝 . These
zeros correspond to inactive index slots and are ignored during
assembly.

General computations. For any computation 𝑓 that takes inputs
𝑥1, . . . , 𝑥𝑛 , the placement indices are formed by concatenation:

𝜅
(
𝑓 (𝑥1, . . . , 𝑥𝑛)

)
=
[
𝜅 (𝑥1), . . . , 𝜅 (𝑥𝑛)

]
.

B Global Hessian Compression
In Section A.3, we computed, for each energy instance, how its
local gradient and Hessian contributions map into the global system.
After these per-instance indices (and block coordinates) are collected,
YASPS constructs a compressed global Hessian layout.

Block-sparse representation. YASPS stores Hessian coordinates
per block (rather than per scalar entry), and represents the global
Hessian in a compressed block-sparse format.

The first step is to obtain the set of distinct block shapes. This is
straightforward, as the possible shapes are given by the Cartesian
product of all attributes’ dimensions (we only consider the attributes
we are minimizing against), which provides a superset of the block
shapes that occur in practice.
For each distinct pair of row/column sizes (𝑟, 𝑐), YASPS then

gathers all block coordinates contributed by all energy instances
(restricted to the upper-triangular part due to symmetry), sorts
them lexicographically by (row, col), and removes duplicates. This
produces a unique list of global blocks to be stored for each block
shape.

The resulting global layout is represented by the following arrays:
• BlockRowSize and BlockColSize: arrays describing the set of
unique block shapes (𝑟, 𝑐), ordered from smaller to larger (ac-
cording to a fixed ordering).
• BlockCoordinateStart: for each block shape, an offset into the
global coordinate arrays indicating where the blocks of that
shape begin.
• RowCoordinate and ColCoordinate: the row/column indices
of each unique block in the global Hessian (stored in upper-
triangular form).
• HessianBlocks: the numerical storage for all unique Hessian
blocks, laid out contiguously by block shape.
• PositionInData: a per-instance lookup table that maps each
local sub-block produced by an energy instance to the corre-
sponding destination location in HessianBlocks.

Assembly. After evaluating and (locally) compressing a Hessian
instance as described in Section 7.2, the kernel first uses the per-
instance index information from Section A.3 to determine the global
block coordinates of all sub-blocks contributed by that instance. Us-
ing the precomputed lookup (PositionInData), YASPS then identifies
the destination block in HessianBlocks and accumulates the local
contribution into the global storage (typically via atomic additions).

This global compression reduces the number of stored blocks and
eliminates duplicates, which in turn substantially lowers the cost
of downstream operations such as sparse matrix-vector products
(SpMV), since fewer blocks need to be stored and multiplied.

C SpMV
As the conjugate gradient (CG) solver is largely dominated by sparse
matrix–vector multiplication (SpMV), optimizing this kernel is criti-
cal. While block compression significantly reduces the total number
of nonzero blocks, further performance gains can be achieved by
improving the SpMV kernel itself.

A naïve SpMV strategy for the block-sparse format is to launch a
generic kernel in which each thread processes a single block: loading
its coordinates, multiplying the dense block with the right-hand-side
vector, and additionally accumulating the transpose contribution.

However, in our storage layout, blocks are first grouped by block
dimension and then sorted by row index. This structure allows us
to generate a specialized SpMV kernel for each block dimension.
By doing so, the dense block–vector multiplication can be fully
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unrolled at compile time, eliminating loop overhead and improving
instruction-level efficiency.
Furthermore, because blocks of the same dimension are sorted

by row, it is common for multiple blocks processed within the same
CUDA thread block to contribute to the same contiguous segment of
the output vector. We exploit this property by performing an intra-
block reduction, as shown in Algorithm 7. Unlike classical warp-
level reductions, this reduction is linear rather than logarithmic,
since blocks within a CUDA block are not guaranteed to all belong
to the same row. Instead, threads perform a forward scan over
contiguous row segments and accumulate partial results locally
before atomically updating the output vector.

Although this reduction does not have logarithmic complexity, it
still reduces the number of atomic operations and improves mem-
ory locality. We demonstrate that this strategy yields substantial
performance improvements in Section 10.8.

D Preconditioner
To effectively reduce the number of iterations required by the PCG
method, YASPS uses a block Jacobi preconditioner.
Instead of solving the system

𝐻𝑥 = 𝑔,

we solve
𝑀−

1
2𝐻𝑀−

1
2𝑦 = 𝑀−

1
2𝑔, 𝑥 = 𝑀−

1
2𝑦,

where𝑀 is a block-diagonal approximation of 𝐻 , and𝑀−
1
2 is the

Cholesky factorization of𝑀−1. With proper variable substitutions,
the system can be solved without factorizing𝑀−1 [Solomon 2015].
In YASPS, every time a local Hessian contribution is inserted into
the global system, its diagonal block is simultaneously accumulated
into a dedicated global array. Once the global Hessian assembly is
complete, YASPS inverts each diagonal block independently. These
blocks are typically small, and the inversions are trivially paralleliz-
able on the GPU, yielding an explicit representation of𝑀−1.
As a reference, in the example shown in Section 9.3, computing

the block-diagonal inverse takes 0.53 ms, whereas the Hessian and
gradient computation for the static component alone takes 20.63ms.
The cost of forming the preconditioner therefore constitutes only a
small fraction of the overall execution time.

While the reduction in CG iterations varies across scenarios, the
block Jacobi preconditioner consistently improves convergence. In
particular, for scenes composed entirely of affine body dynamics
(ABD) meshes, inverting the diagonal blocks alone is sufficient to
directly invert the system. More generally, we observe a 20–30%
reduction in CG iterations compared to using a scalar diagonal
(Jacobi) preconditioner in many practical cases.

E GPU Memory

E.1 Mat Twist
In this first example, we stress test the system by continuously
twisting a piece of cloth shown in Fig. 32, and report the timing as
well as the memory usage in Table 2 under different resolutions.

Under this setting, the largest per-thread local Hessian among all
energies is of size 12 × 12, produced by the point-triangle collision

Fig. 32. We continuously twist a piece of cloth for 2 seconds, with a time
step of 0.001s, and a rotation of each side at 5 rad per second. We report
the memory consumption for this same setting at different cloth resolution
in Table 2.

energy and the bending energy (which involves 4 vertices in a hinge
stencil, with 2 adjacent triangles).
To demonstrate that the memory increase scales steadily with

respect to both mesh resolution and the number of collision pairs,
we also report the following two metrics:
• Minimum YASPS memory increase per 10k vertices, de-
fined as

𝑀
(𝑖 )
min −𝑀

(𝑖−1)
min

|𝑉 (𝑖 ) | − |𝑉 (𝑖−1) |
× 10,000, (11)

where𝑀 (𝑖 )min denotes the minimum observed YASPS memory
at resolution level 𝑖 , and |𝑉 (𝑖 ) | is the corresponding number
of vertices. This checks if YASPS’ memory allocation for the
simulation without any collision indeed scales linearly with
the number of primitive instances (vertices, triangle, edges)
in the scene. Note that the number of triangles and edges
also scales linearly with the number of vertices, as shown in
Table 2.
• Memory increase per 100k collision pairs, defined as

𝑀
(𝑖 )
max −𝑀

(𝑖 )
min

𝐶 (𝑖 )
× 100,000, (12)

where 𝑀 (𝑖 )max denotes the maximum observed YASPS memory
at resolution level 𝑖 , and𝐶 (𝑖 ) is the maximum number of colli-
sion pairs at resolution 𝑖 . This evaluates how memory behaves
when we increase the number of collision pairs, which in turn
increase the number of non-zero entries in the global Hessian
matrix, as well as the number of local Hessian blocks generated
for collision energies.

As shown in Fig. 33, both metrics stabilize as the mesh resolution
increases, indicating that the amortized memory growth approaches
a constant.

E.2 Soft and Affine Body Bunnies
For the second example, we re-run the dropping-bunnies-in-a-container
simulation shown in Fig. 21 with 𝑁 bunnies, where 6 ≤ 𝑁 ≤ 10. For
each value of 𝑁 , we evaluate three settings (the rendered result is
shown in Fig. 34):
• All bunnies are soft, where each vertex is controlled by its own
3 DoF.
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Table 2. Timing and memory consumption for the twisting mat example shown in Fig. 32. For all resolutions, we use the same CCD query capacity, with
maximum limits of 108 collision pairs and 108 continuous collision pairs. For each case, we report the mesh resolution (number of vertices, faces, and edges),
the maximum number of collision pairs, the total runtime of each major component, the GPU memory allocated for the CCD module, and the minimum as
well as the maximum GPU memory used by YASPS over the 2,000 frames. YASPS memory is computed by subtracting the memory initialization for CCD
from the total memory consumed by the program. This means that the minimum YASPS memory will always record the memory allocated by YASPS itself
(excluding CCD module) when no collision happens. However, if the CCD module allocates any additional memory during the computation, it will be captured
in the max YASPS memory entry.

# Vertices # Faces # Edges # Collision
Pairs(Max)

CCD & CD
Total (s)

Diff
Total (s)

CG
Total (s)

CCD
Memory (MB)

Min YASPS
Memory (MB)

Max YASPS
Memory (MB)

10,000 19,602 29,601 109,898 172.69 109.93 30.58 9216.98 2027.75 2086.87
40,000 79,202 119,201 467,006 224.77 356.51 54.85 9250.54 2137.00 2248.47
90,000 178,802 268,801 1,097,477 305.79 705.38 120.90 9317.65 2361.39 2766.01
160,000 318,402 478,401 2,014,214 435.10 1190.16 248.65 9380.56 2562.66 3290.43
250,000 498,002 748,001 3,301,877 609.22 1839.86 439.90 9477.03 2858.42 4053.27
360,000 717,602 1,077,601 4,545,714 682.14 2277.02 733.69 9598.66 3290.37 4920.97
490,000 977,202 1,467,201 6,204,614 933.33 3147.01 1161.76 9724.49 3694.46 5866.13
640,000 1,276,802 1,916,801 8,393,014 1170.94 4111.04 1780.36 9892.27 4209.83 6529.87
810,000 1,616,402 2,426,401 10,798,135 1516.92 5381.39 2524.11 10070.52 4806.68 8428.46
1,000,000 1,996,002 2,996,001 12,806,211 2054.95 6828.68 3819.17 10261.36 5427.57 9718.21

Table 3. Performance and memory statistics for the simulation shown in Fig. 34. For every group of three rows, the number of bunnies is increased by one
(each bunny contains 19,193 vertices), and we evaluate three settings: fully soft, mixed soft and affine, and mixed with turning on the optimization introduced
in Sec. 10.9. For each configuration, we report runtime breakdowns (collision detection, differentiation, and conjugate gradient solve), along with the maximum
YASPS GPU memory consumption and the maximum CUDA per-thread stack size limit during the simulation.

# Vertices # Soft
Bunnies

# Affine
Bunnies

Separate
Jacobian

CCD & CD
Total (s)

Diff
Total (s)

CG
Total (s)

Max YASPS
Memory (MB)

Thread Stack
Limit (KB)

115,158 6 0 False 71.48 137.36 53.14 2438.92 8.72
115,158 5 1 False 71.46 188.78 46.44 10661.92 43.53
115,158 5 1 True 73.73 192.48 46.61 5389.02 21.28
134,351 7 0 False 99.97 192.31 77.93 2503.93 8.72
134,351 6 1 False 100.43 257.92 66.55 10710.15 43.53
134,351 6 1 True 105.45 277.91 72.67 5438.63 21.28
153,544 8 0 False 126.19 246.42 98.10 5274.27 8.72
153,544 7 1 False 121.27 331.57 88.41 10785.78 43.53
153,544 7 1 True 129.92 329.18 92.73 5515.64 21.28
172,737 9 0 False 159.13 313.58 149.46 11541.55 8.72
172,737 8 1 False 144.59 387.55 108.66 10848.56 43.53
172,737 8 1 True 155.20 392.04 113.75 5582.61 21.28
191,930 10 0 False 181.48 358.41 156.24 2696.42 8.72
191,930 9 1 False 166.88 434.80 132.92 10905.32 43.53
191,930 9 1 True 183.93 462.10 138.83 5635.04 21.28

• One bunny is parameterized as an affine body. The collision
kernel is constructed over a UNION of soft vertices and affine-
body vertices.
• Same as the previous setting, but with the optimization in
Sec. 10.9 enabled.

Since each affine-body vertex is associated with 12 degrees of free-
dom, when the collision energy involves the UNION of soft vertices
and affine-body vertices, the largest possible per-thread Hessian for
collision energies in configurations involving affine bodies increases
to 48 × 48 = 2304 entries after local matrix expansion.

When the optimization that separates the inner Hessian and the
Jacobian is enabled, the required storage reduces to 12×12+12×48 =

720 entries. Although this optimization introduces an additional
temporary 12 × 48 matrix to materialize partial multiplication re-
sults, the total number of temporary variables remains significantly
smaller than 2304.

As shown in Table 3, the maximum YASPS memory is positively
correlated with the per-thread stack limit. In fact, the ratio of max-
imum YASPS memory between different settings closely matches
the ratio of their per-thread stack limits.
Notably, although not explicitly shown in the table, the number

of collision pairs is similar across settings with the same number of
soft and affine bunnies. This indicates that the observed reduction
in memory consumption when enabling the optimization is not
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Fig. 33. The two metrics defined in Eq. (11) and Eq. (12) for the simulation
shown in Fig. 32. All numbers are computed from Table 2.

Fig. 34. We drop 10 bunnies in a container with different settings to show
how different matrix sizes generated in Hessian computation affect the total
memory consumption. Left: all 10 bunnies are soft. Middle: 9 bunnies are
soft and 1 bunny is controlled by affine body (colored light blue).Right: same
asmiddle, but we turn on the optimization where we separate the generation
of inner Hessian and Jacobian matrices, which reduces the memory size.

driven by differences in collision workload, but rather by reduced
per-thread temporary storage requirements.

E.3 Mitigation
Since the GPU memory overhead primarily stems from the persis-
tent per-thread stack size within a single CUDA execution context,
two seemingly straightforward solutions arise:
• Resetting the stack size after each kernel execution.
• Separating execution into multiple CUDA contexts.
However, neither approach is well-suited for our simulation set-

ting. For the first approach, the kernels are invoked repeatedly
within each simulation loop. Even if the stack size is reset, subse-
quent kernel launches will increase it again to meet their require-
ments. This leads CUDA to repeatedly resize the per-thread stack
allocation, introducing additional overhead without reducing the
overall memory footprint.

For the second approach, although separating kernels into differ-
ent CUDA contexts can in principle isolate stack growth, it is not
effective in practice. Memory allocated within one context is not
shared with others. As a result, splitting execution across multiple
contexts can lead to duplicated memory usage rather than reduction.
Without a mechanism to dynamically manage contexts based on
stack requirements, blindly assigning kernels to different contexts
may increase the total memory footprint. Furthermore, frequent con-
text switching and independent allocation patterns across contexts
can exacerbate memory fragmentation.

That being said, there are several ways to reduce memory usage.

E.3.1 Front-End Code Optimization. From the user’s perspective,
memory usage can be reduced by reformulating the computation.
For example, in point–triangle collision energy, instead of expressing
the computation as a JOIN over four vertices, each from a possibly
independent affine body, one can formulate it as a computation over
one vertex and one triangle, where the triangle is represented by
an affine transformation (e.g., an affine matrix and a translation).
In this formulation, the maximum Hessian size can be reduced to
24×24 (corresponding to collision of two affine bodies), significantly
lowering per-thread memory pressure.

E.3.2 Code Generation. Another approach to alleviating memory
pressure is to optimize the code generation routine. Two optimiza-
tions are particularly relevant.

The first is to offload intermediate computations to global memory.
This reduces per-thread stack usage at the cost of additional memory
accesses, resulting in a modest performance trade-off.

The second is specific to YASPS’ Hessian code generation routine.
Currently, YASPS materializes many matrices, either to store the
uncompressed final Hessian in memory or to compress the Hessian
matrix locally. However, these matrices do not necessarily need to
be materialized if accumulation and compression are performed
directly in global memory.

E.3.3 Locally Sparse Representation. Probably the most effective
approach is to exploit sparsity in local Jacobian matrices. Consider
the position of a vertex in an affine body mesh, computed as

𝑝 = 𝐴𝑟 + 𝑡,
where 𝑝 is the current position, 𝐴 is the affine body matrix, 𝑟 is the
rest position, and 𝑡 is the affine body translation.

The derivative of 𝑝 with respect to 𝐴 (with column-major flatten-
ing) is

𝜕𝑝

𝜕𝐴
=


𝑟𝑇 0 0
0 𝑟𝑇 0
0 0 𝑟𝑇

 ,
which is highly sparse.

In YASPS, if we directly multiply 𝜕𝑝

𝜕𝐴
with another variable, YASPS

will automatically exclude the zeros from computation, which is
also reflected in the generated code by never performing the zero
multiplications. However, if this Jacobian is UNIONed or JOINed
with other variables, YASPS will materialize this matrix as an Eigen
dense matrix, and offload the multiplication to the Eigen library.
This wastes both computation on redundant operations andmemory
on storing zeros. Thus, designing a sparse local representation that
integrates naturally with JOIN and UNION operations and works
on GPU could therefore significantly reduce memory usage while
preserving computational structure.

F Core Syntax
We present a compact abstract syntax for how symbolic attributes
can be declared and how the scene, mesh and primitive can be
declared in YASPS in Fig. 35. This excludes syntax for declaring
energies, obtaining the differentiation and minimization, whose API
calls are shown in Sec. 4.7 and Sec. 4.8.
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𝜎 ::= (𝑛𝑟 , 𝑛𝑐 ), 𝑛𝑟 , 𝑛𝑐 ∈ N>0

𝑠𝑖𝑑,𝑚𝑖𝑑, 𝑝𝑖𝑑,𝑢𝑖𝑑, 𝑐𝑖𝑑, 𝑎𝑖𝑑 ∈ String, 𝑖, 𝑘 ∈ N≥0

Scene Definition

scene ::= scene(𝑠𝑖𝑑 ) initialize a scene with a name 𝑠𝑖𝑑

mesh ::= mesh(𝑚𝑖𝑑, scene) create a mesh with a name𝑚𝑖𝑑
under a scene

| scene.𝑚𝑖𝑑 access a mesh with a name𝑚𝑖𝑑
from a scene

prim ::= primitive(𝑝𝑖𝑑, mesh, 𝑖 ) create a primitive type with
a name 𝑝𝑖𝑑 , number of instances 𝑖 ,
under a mesh

| mesh.𝑝𝑖𝑑 access a primitive type with
a name 𝑝𝑖𝑑 from a mesh

pUnion ::= primitiveUnion(𝑢𝑖𝑑, mesh,
[𝛿1, . . . , 𝛿𝑛 ] )

create a primitive union with
a name 𝑢𝑖𝑑 , a list of 𝛿s,
under a mesh

| mesh.𝑢𝑖𝑑 access a primitive union with
a name 𝑢𝑖𝑑 from a mesh

𝛿 ::= prim | pUnion a 𝛿 type is either a primitive type
or a primitive union

| 𝑐.from accessing 𝛿1
from a connectivity 𝑐

| 𝑐.to accessing 𝛿2
from a connectivity 𝑐

𝑐 ::= connectivity(𝑐𝑖𝑑, 𝛿1, 𝛿2, 𝑘 ) create a connectivity with
a name 𝑐𝑖𝑑 , from 𝛿1 to 𝛿2,
with arity 𝑘 ,
under 𝛿1

| 𝛿.𝑐𝑖𝑑 access a connectivity with
a name 𝑐𝑖𝑑 from a 𝛿 type

ℎ ::= scene | mesh | 𝛿 any host that can have attributes

Attribute Definition

𝛼 ::= data(𝑎𝑖𝑑, 𝜎,ℎ) create a data attribute
with a name 𝑎𝑖𝑑 ,
a dimension 𝜎 ,
under a host ℎ

| constant(𝑎𝑖𝑑, 𝜎,ℎ) create a constant attribute
with a name 𝑎𝑖𝑑 ,
a dimension 𝜎 ,
under a host ℎ

| attr(𝑎𝑖𝑑, 𝑒,ℎ) create a compute attribute
with a name 𝑎𝑖𝑑 ,
an expression 𝑒 ,
under a host ℎ

Attribute Expressions

𝑒 ::= 𝑣 ∈ R float values
| ℎ.𝑎𝑖𝑑 attribute access
| [𝑒1, . . . , 𝑒𝑛 ] array construction
| 𝑒 [𝑖 ] array access
| op(𝑒1, . . . , 𝑒𝑛 ) operator application
| JOIN𝑐 (𝑒 ) JOIN attribute through 𝑐
| UNION(𝑒1, . . . , 𝑒𝑛 ) UNION attribute

op ::= + | − | × | /
| sin | cos | exp | log transcendental
| select | ≥ |≤ | · · · logical operations
| reshape reshaping the dimension
| row | col row, column access
| cross | dot | norm vector operations
| inv | det | transpose matrix operations

Declarations

𝑑 ::= 𝑠𝑐𝑒𝑛𝑒 | 𝑚𝑒𝑠ℎ | 𝛿 | 𝑐
| 𝛼

𝐷 ::= 𝑑 declaration
| 𝐷 ; 𝑑 declaration list

Fig. 35. Core YASPS syntax. The left grammar defines declarations for scenes, meshes, primitives, connectivity relations. The right grammars define attribute
initialization, symbolic attribute expressions and declarations in YASPS. Here 𝑑 denotes a declaration and 𝐷 a sequence of declarations, while 𝑒 denotes an
expression. The tuple 𝜎 = (𝑛𝑟 , 𝑛𝑐 ) denotes the per-instance shape of an attribute. The symbol 𝛿 denotes a primitive domain, which is either a primitive type 𝑝
or a primitive union 𝑢, and ℎ denotes an attribute host (a scene, mesh, primitive, or primitive union). Thus ℎ.𝑎𝑖𝑑 refers to an attribute stored on ℎ with the
name 𝑎𝑖𝑑 .

In addition, we also add Table. 4 for one-to-one core syntax to the
Python API reference, whose semantics are presented in Sec. 4.

G Comparison of Tet4 and Hex8
Here we show all the statistics for the simulation shown in Fig. 16.
The simulation settings including the material properties, stats for
meshes are shown in Table 5. The performance stats, including the
compilation time for all the kernels, and the number of kernels are
shown in Table 6. The simulation result after 1.5 seconds (150 time
steps) is shown in Fig. 36.

We report the statistics for this example because it represents an
extreme case. Each vertex on the caged bunny is connected to up to

eight cage vertices. As a result, a point–triangle collision pair can,
in the worst case, be influenced by 8 × 4 = 32 Hex8 mesh vertices,
leading to a maximum Hessian size of 96 × 96. In turn, this puts a
lot of pressure on the per-thread stack memory, which is reflected
through the maximum YASPS memory entry in Table 6.
In addition, YASPS generates specialized kernels for different

compressed Hessian sizes, as illustrated in Fig. 11. Consider, for
example, a point–point collision pair where both vertices belong to
the caged bunny. Depending on how many cage vertices the two
points share (0, 1, 2, 4, or 8), the resulting compressed Hessian sizes
can be 48 × 48, 45 × 45, 42 × 42, 36 × 36 or 24 × 24, respectively.
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Table 4. A one to one correspondence for some entries in our core syntax in
Fig. 35 to the PythonAPI. On the right column, we use 3 different typography
for 3 different purposes. A mono-spaced font means function call. A bold
font indicates an object (as opposed to a class).𝑀𝑎𝑡ℎ𝑚𝑜𝑑𝑒 for string values,
numeric values or an attribute expression.

scene(𝑠𝑖𝑑) addScene(𝑠𝑖𝑑)
mesh(𝑚𝑖𝑑, scene) scene.addMesh(𝑚𝑖𝑑)
primitive(𝑝𝑖𝑑, mesh, 𝑖) mesh.addPrimitive(𝑝𝑖𝑑, 𝑖)
primitiveUnion(𝑢𝑖𝑑, mesh,

[𝛿1, . . . , 𝛿𝑛])
mesh.addPrimitiveUnion(

𝑢𝑖𝑑,

[prim_1,. . .,prim_n]
)

connectivity(𝑐𝑖𝑑, 𝛿1, 𝛿2, 𝑘) prim_1.addConnectivity(
𝑢𝑖𝑑,prim_2,
[. . .], 𝑘

)

data(𝑎𝑖𝑑, (𝑛𝑟 , 𝑛𝑐 ), ℎ) h.addAttribute(𝑎𝑖𝑑
rows=𝑛𝑟, cols=𝑛𝑐
)

constant(𝑎𝑖𝑑, (𝑛𝑟 , 𝑛𝑐 ), ℎ) h.addConstant(𝑎𝑖𝑑
rows=𝑛𝑟, cols=𝑛𝑐
)

attr(𝑎𝑖𝑑, 𝑒, ℎ) h.addAttribute(𝑎𝑖𝑑
computed_attribute=𝑒
)

attr(𝑎𝑖𝑑, JOIN𝑐 (𝑒), ℎ) h.addAttribute(𝑎𝑖𝑑
through=𝑐 ,
source=𝑒
)

attr(𝑎𝑖𝑑,UNION(𝑒1 . . . 𝑒𝑛), pUnion) pUnion.addAttribute(𝑎𝑖𝑑)

Fig. 36. Results after 1.5 seconds of simulation. Left: each cage is treated as
a hexahedral element and its energy is evaluated using 8-point Gaussian
quadrature (Hex8). Right: each cage is decomposed into 6 tetrahedra (Tet4).

In fact, out of the 705 files generated (this includes solver kernels,
block diagonal inverse kernels, index kernels, and all the computa-
tion kernels) for the Hex8 discretization, 495 of them are for varia-
tions of different compressed Hessian size. By comparison, for the

Table 5. Statistics for the simulation scene, meshes and their material prop-
erties shown in Fig. 16.

Soft and ABD Bunnies

Vertices 19,193
Tetrahedra 79,935
Surface triangles 20,832
Edges 31,248
Surface vertices 10,418
Young’s modulus (Soft) 3.17 ×101 kPa
Poisson ratio (Soft) 0.226
Mass (soft) 1.0 kg
Young’s modulus (ABD) 9.88 ×103 kPa
Poisson ratio (ABD) 0.485
Mass (ABD) 0.5 kg

Cloth

Vertices 10,201
Triangles 20,000
Edges 30,200
Stretch stiffness 3.55 ×102 kPa
Shear stiffness 1.00 ×102 kPa
Bending stiffness 0.25
Thickness 0.001 m
Mass 1.0 kg

Caged Bunny

Vertices 6,172
Triangles 12,340
Edges 18,510
Mass 6.2 kg

Cages

Vertices 736
Number of cages 451
Number of tetrahedra per cage 6
Number of Gaussian quadrature points per cage 8
Young’s modulus (Soft) 0.1 kPa
Poisson ratio (Soft) 0.25

Scene

Frames 200
Time step size 0.01s

simulation shown in Fig. 34, which involves an affine bunny and
multiple soft bunnies (and in addition, the container itself whose
vertices are in another primitive type), YASPS generates 151 ker-
nels in total, of which only 38 correspond to different Hessian size
variations.

H Algorithms
Here we list all the algorithms used in this paper.
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Table 6. Performance stats for the simulation shown in Fig. 16 under two
settings. For this example we also include total compilation time for the
solver kernel, computation kernels, and index kernels, as well as the total
number of kernels generated by YASPS during the simulation.

Tet4

Differentiation total time 143.35 s
Differentiation average time 59.04 ms
CG total time 127.21 s
CG average time 0.075 ms
# Newton iterations 2428
# CG iterations 1695130
Max YASPS memory 15302.13 MB
Generated files 595
Compile time 346.95 s

Hex8

Differentiation total time 197.76 s
Differentiation average time 87.66 ms
CG total time 114.55 s
CG average time 0.075 ms
# Newton iterations 2256
# CG iterations 1535411
Max YASPS memory 15820.91 MB
Generated files 705
Compile time 458.60 s

Algorithm 1 Find Local Boundary Pairs
1: Input: root node 𝑟
2: Output: mapping Succ from boundary nodes to boundary

neighbors
3: Succ← empty mapping
4: visited← ∅
5: procedure DFS(𝑣, 𝑡 )
6: if 𝑣 ∈ visited then
7: return
8: end if
9: visited← visited ∪ {𝑣}
10: for each child𝑤 of 𝑣 do
11: if type(𝑤) = JOIN or type(𝑤) = UNION then
12: Succ[𝑡] ← Succ[𝑡] ∪ {𝑤}
13: for each child 𝑢 of𝑤 do
14: DFS(𝑢,𝑤 )
15: end for
16: else if type(𝑤) = DATA then
17: Succ[𝑡] ← Succ[𝑡] ∪ {𝑤}
18: else
19: DFS(𝑤, 𝑡 )
20: end if
21: end for
22: end procedure
23: Succ[𝑟 ] ← ∅
24: DFS(𝑟, 𝑟 )
25: return Succ

Algorithm 2 Differentiate Local Pairs
1: Input: neighbor mapping Succ from Algorithm 1
2: function GetSelfChildren(𝑣)
3: 𝑠 ← ∅
4: for each child 𝑢 of 𝑣 do
5: if type(𝑢) ∈ {JOIN, UNION, DATA} then
6: 𝑠 ← 𝑠 ∪ {𝑢}
7: else
8: 𝑠 ← 𝑠 ∪ GetSelfChildren(𝑢)
9: end if
10: end for
11: return 𝑠

12: end function
13: for each boundary node 𝑣 in dom(Succ) do
14: if type(𝑣) = JOIN then
15: 𝑢 ← 𝑣 .children[0] ⊲ JOIN has exactly one child

attribute
16: 𝑤 ← Succ[𝑣]
17: if

𝜕𝑢

𝜕𝑤
not yet computed then

18: 𝐽 ← 𝜕𝑢

𝜕𝑤

19: 𝐻 ← 𝜕2𝑢

𝜕𝑤2 ⊲ Obtained by performing
𝜕𝐽

𝜕𝑤
20: store 𝐽 , 𝐻 on 𝑢’s primitive
21: end if
22: else if type(𝑣) = UNION then
23: for each child 𝑢 of 𝑣 do
24: 𝑝 ← GetSelfChildren(𝑢) ∩ Succ[𝑣]
25: if

𝜕𝑢

𝜕𝑝
not yet computed then

26: 𝐽 ← 𝜕𝑢

𝜕𝑝

27: 𝐻 ← 𝜕2𝑢

𝜕𝑝2
28: store 𝐽 , 𝐻 on 𝑢’s primitive
29: end if
30: end for
31: else
32: 𝑤 ← Succ[𝑣]
33: if

𝜕𝑣

𝜕𝑤
not yet computed then

34: 𝐽 ← 𝜕𝑣

𝜕𝑤

35: 𝐻 ← 𝜕2𝑣

𝜕𝑤2
36: store 𝐽 , 𝐻 on 𝑣 ’s primitive
37: end if
38: end if
39: end for
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Algorithm 3 Compute Final Hessian
1: Input: neighbor mapping Succ from Algorithm 1, root node 𝑟
2: Output: global Hessian 𝐻 and gradient 𝑔
3: initialize caches 𝐽𝑣, 𝐻𝑣 as undefined for all boundary nodes 𝑣
4: function ComputeHJ(𝑣)
5: if 𝐽𝑣 is already computed then
6: return (𝐽𝑣, 𝐻𝑣)
7: end if
8: if type(𝑣) = JOIN then
9: 𝑢 ← 𝑣 .children[0]
10: (𝐽𝑢 , 𝐻𝑢 ) ← ComputeHJ(𝑢)
11: 𝐽flat ← JOIN(𝐽𝑢 , 𝑣 .connectivity) ⊲ Derivative of JOIN

is a JOIN of derivatives plus reordering
12: 𝐻flat ← JOIN(𝐻𝑢 , 𝑣 .connectivity)
13: 𝐽𝑣 ← reorder(𝐽flat)
14: 𝐻𝑣 ← reorder(𝐻flat)
15: else if type(𝑣) = UNION then
16: 𝐽flat ← ∅
17: 𝐻flat ← ∅
18: for each child 𝑢 of 𝑣 do
19: (𝐽𝑢 , 𝐻𝑢 ) ← ComputeHJ(𝑢)
20: 𝐽flat ← 𝐽flat ∪ 𝐽𝑢
21: 𝐻flat ← 𝐻flat ∪ 𝐻𝑢

22: end for
23: 𝐽𝑣 ← reorder(UNION(𝐽flat)) ⊲ Derivative of UNION is a

UNION of derivatives plus reordering; padding omitted here for
clarity

24: 𝐻𝑣 ← reorder(UNION(𝐻flat))
25: else ⊲ Generic boundary node (typically a child of

JOIN/UNION, or the root 𝑟 )
26: 𝐽𝑔,flat ← ∅
27: 𝐻𝑔,flat ← ∅
28: for each neighbor 𝑢 ∈ Succ[𝑣] do
29: (𝐽𝑢 , 𝐻𝑢 ) ← ComputeHJ(𝑢)
30: 𝐽𝑔,flat ← 𝐽𝑔,flat ∪ 𝐽𝑢
31: 𝐻𝑔,flat ← 𝐻𝑔,flat ∪ 𝐻𝑢

32: end for
33: 𝐽𝑔 ← reorder(𝐽𝑔,flat) ⊲ Construct global Jacobian of 𝑔
34: 𝐻𝑔 ← reorder(𝐻𝑔,flat)

35: 𝐽𝑓 ←
𝜕𝑣

𝜕𝑢
⊲ Local Jacobian of 𝑓 ◦ 𝑔 cached from

Algorithm 2

36: 𝐻𝑓 ←
𝜕2𝑣

𝜕𝑢2
⊲ Local Hessian of 𝑓 ◦ 𝑔 cached from

Algorithm 2
37: (𝐽𝑣, 𝐻𝑣) ← ApplyChainRule(𝐽𝑓 , 𝐻𝑓 , 𝐽𝑔, 𝐻𝑔)
38: end if
39: return (𝐽𝑣, 𝐻𝑣)
40: end function
41: (𝐽𝑟 , 𝐻𝑟 ) ← ComputeHJ(𝑟 )
42: 𝑔← 𝐽𝑟
43: 𝐻 ← 𝐻𝑟

44: return (𝐻,𝑔)

Algorithm 4 Generate Code Order
1: Input: root node 𝑟
2: Output: code order stack 𝑆 , important nodes 𝑁
3: procedure DFS(𝑣, 𝑆, 𝑁 , visited)
4: if 𝑣 ∈ visited then
5: return
6: end if
7: visited← visited ∪ {𝑣}
8: 𝑆 ← 𝑆 ∪ {𝑣}
9: if type(𝑣) ∈ {JOIN, UNION} or 𝑣 .hasName then
10: GenObj(𝑣) ⊲ Defined in Algorithm 6
11: 𝑁 ← 𝑁 ∪ {𝑣}
12: else
13: for each child𝑤 of 𝑣 do
14: DFS(𝑤, 𝑆, 𝑁 , visited)
15: end for
16: end if
17: end procedure
18: function GenerateCodeOrder(𝑟 )
19: 𝑆 ← ∅
20: 𝑁 ← ∅
21: visited← ∅
22: DFS(𝑟, 𝑆, 𝑁 , visited)
23: return 𝑆, 𝑁

24: end function
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Algorithm 6 Generate And Compile Code
1: Input: root node 𝑟
2: function GenObj(𝑣)
3: (𝑆, 𝑁 ) ← GenerateCodeOrder(𝑣)
4: Code← CodeGen(𝑆)
5: 𝑂 ← Compile(Code)
6: 𝑣 .obj← 𝑂

7: return 𝑂, 𝑁

8: end function
9: Objs← ∅
10: (𝑂, 𝑁 ) ← GenObj(𝑟 )
11: Objs← Objs ∪𝑂
12: for each 𝑣 ∈ 𝑁 do
13: Objs← Objs ∪ 𝑣 .obj
14: end for
15: Kernel← CompileFinalKernel(Objs)
16: return Kernel

Algorithm 7 CUDA Block Level SpMV
1: Input: Block values B, positions array P, input vector x, output

vector y, 𝑟 = BLOCK_ROW_SIZE, 𝑐 = BLOCK_COL_SIZE
2: 𝑖𝑑 ← blockIdx.x · blockDim.x + threadIdx.x
3: 𝑡 ← threadIdx.x
4: Allocate shared memory:

allResults[32 · 𝑟 ], rows[32], cols[32]
5: for 𝑖 ← 𝑡 to 32𝑟 step 32 do
6: allResults[𝑖] ← 0
7: end for
8: Synchronize threads
9: if 𝑖𝑑 < 𝑁 then ⊲ 𝑁 = POSITIONS_END − POSITIONS_START
10: (rows[𝑡], cols[𝑡]) ← P[POSITIONS_START + 𝑖𝑑]
11: allResults[𝑡 · 𝑟 : (𝑡 + 1)𝑟 ] ← B[𝑖𝑑] · x[cols[𝑡]]
12: else
13: rows[𝑡] ← ⊥ ⊲ invalid segment
14: end if
15: Synchronize threads
16: if 𝑖𝑑 < 𝑁 then
17: if 𝑡 = 0 ∨ rows[𝑡] ≠ rows[𝑡 − 1] then ⊲ Start of a new

row segment
18: s← 0 ∈ R𝑟

19: for 𝑖 ← 𝑡 while 𝑖 < 32 and rows[𝑖] = rows[𝑡] do
20: for 𝑗 ← 0 to 𝑟 − 1 do
21: 𝑠 𝑗 ← 𝑠 𝑗 + allResults[𝑖 · 𝑟 + 𝑗]
22: end for
23: end for
24: for 𝑗 ← 0 to 𝑟 − 1 do
25: y[rows[𝑡] + 𝑗] += 𝑠 𝑗 ⊲ atomic add to global result
26: end for
27: end if
28: end if
29: if 𝑖𝑑 < 𝑁 and rows[𝑡] ≠ cols[𝑡] then
30: y[cols[𝑡]] += B[𝑖𝑑]𝑇 · x[rows[𝑡]] ⊲ Add the transpose

result
31: end if

Algorithm 5 Generate Code
1: Input: code order stack 𝑆 from Algorithm 4
2: Output: generated code as a string Code
3: function AttributeToCode(𝑣, 𝑡, visited, intermediates)
4: if 𝑣 ∈ visited then
5: return intermediates[𝑣]
6: end if
7: 𝑡 ← 𝑡 + 1
8: tmp← "x_" + toString(𝑡) ⊲ fresh temporary name as a

string
9: intermediates[𝑣] ← tmp
10: visited← visited ∪ 𝑣
11: inputs← ""
12: for each child 𝑢 of 𝑣 do
13: inputs← inputs + ", "+ AttributeToCode(𝑢)
14: end for
15: if 𝑣 .hasKernel then
16: return tmp+" = " +𝑣 .kernelName+"("+inputs+")"
17: else
18: return tmp + " = "+ ToCodeString(type(𝑣), inputs)
19: end if
20: end function
21: function CodeGen(𝑆)
22: Code← "" ⊲ The final code
23: visited← ∅ ⊲ Visited nodes
24: intermediates← empty mapping ⊲ For any

visited nodes, we replace the code call with a reference to an
intermediate value which should already be computed

25: 𝑡 ← 0 ⊲ Records the number of intermediates
26: while 𝑆 ≠ ∅ do
27: 𝑣 ← 𝑆.pop()
28: Code← Code+AttributeToCode(𝑣, 𝑡, visited, intermediates)
29: end while
30: return Code
31: end function
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