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REINFORCEMENT LEARNING

1. THE PROBLEM

St state at time t

A action at time ¢

Ry reward at time t

vy discount rate (where 0 <y < 1)

Gy discounted return at time ¢ (3 pe o V¥ Ritrt1)
S set of all nonterminal states

St set of all states (including terminal states)

A set of all actions

A(s) set of all actions available in state s

R set of all rewards

p(s’,r|s,a) probability of next state s’ and reward r, given current state s and current action a (P(Si41 = ', Ryy1 = r|S: = s, A; = a))

2. THE SOLUTION

s policy
if deterministic: m(s) € A(s) for all s € S
if stochastic: m(a|s) = P(A: = a|S: = s) for all s € S and a € A(s)

Ur state-value function for policy 7 (v (s) = E[G|S; = s] for all s € S)

G action-value function for policy 7 (¢ (s,a) = E[G¢|S: = s, Ay = a] for all s € S and a € A(s))
Vs optimal state-value function (v.(s) = max, v.(s) for all s € S)

Qs optimal action-value function (g.(s,a) = max, g.(s,a) for all s € S and a € A(s))



3.1. Bellman Expectation Equations.

3.2. Bellman Optimality Equations.

3. BELLMAN EQUATIONS

v (8)

S wals) Y p(srls.a)(r +yva(s)

a€A(s) s'€S,rER

g (s,a) =

Z p(s',r|s,a)(r +~ Z m(d|s)gx(s',a’))

s'e€S,reER

a’€A(s’)

V4 ()

= max
a€A(s)

3wl s a)(r + you(s)

s’eS,reER

g (s,a)

- Z p(s',r|s,a)(r +v max q.(s',a))

’ !
s'€S,rER @ EA(s")

3.3. Useful Formulas for Deriving the Bellman Equations.

Uﬂ'(s): Z ﬂ-(a|8)Qﬂ(Sva)

acA(s)

vi(s) = Jnax q:(s, a)

tr(s,0) = Y p(s'srls,a)(r + yoa(s)

s'eS,reR

a:(s,a)= Y p(s'rls,a)(r +you(s)

s’eS,reR
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G (s,a) = E;[Gi|S: = s, Ay = al

= Z P(St+1 = S/,Rt+1 = T|St = S,At = a)EW[Gt|St = S,At =a, St-‘,—l = S/,Rt+1 =T
s’eS,reR

= Z p(s',7|s,a)Ex[Gy|S: = s, Ay = a, Se41 = §', Rey1 = 7]

s’eS,reR

= Z p(s',7r|s,a)Ex[Gi|Sis1 = 8", Ryp1 = 7]
s’eS,rerR

= Z p(s',7]s,@)Bx[Rpt1 +7Gry1|Ses1 = 8, R =7
s’eS,rerR

= Y p s @)+ B [GrialSia = )
s’eS,reR

= > pErls )+ yen(s)

s’eS,reR

The reasoning for the above is as follows:

e (1) by definition (g (s,a) = E,[G¢|S: = s, At = a])

e (2) Law of Total Expectation

e (3) by definition (p(s',7|s,a) = P(St41 =8, Rip1 =7|St = s, Ay = a))

o (4) E[Gt|S: = s, At = a,St11 = 8, Rey1 = 1] = Ex[Gt|St41 = 8, Rey1 = 7]
e (5) Gt = Riy1 +7Gipa

e (6) Linearity of Expectation

o (7) vx(s') = Ex[Gi11|Si41 = §']
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4. DYNAMIC PROGRAMMING
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Algorithm 1: Policy Evaluation

Input: MDP, policy 7, small positive number 6
Output: V =~ v,
Initialize V arbitrarily (e.g., V(s) =0 for all s € ST)

repeat
A<+0

for s € S do
v V(s)
V($) < 2acacs) Tals) Xges rer (s’ 7ls,a)(r +9V(s"))
A+ max(A, v — V(s)])
end
until A < 0;
return V

Algorithm 2: Estimation of Action Values

Input: MDP, state-value function V'
Output: action-value function @
for s € S do
for a € A(s) do
‘ Q(Sv a) « ZS’GS,TGRP(S/a T|S> a)(r + 'VV(S/))
end
end
return Q)
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Algorithm 3: Policy Improvement

Input: MDP, value function V'
Output: policy =’
for s € S do
for a € A(s) do
| Qs,a) X yesrern (s 7ls,a)(r +V (")
end
7(5) ¢ arg max,e age) Q(5, )
end
return 7’

Algorithm 4: Policy Iteration

Input: MDP, small positive number 6
Output: policy 7 =~ 7,
Initialize 7 arbitrarily (e.g., w(a|s) = Wls)l for all s € S and a € A(s))
policy-stable < false
repeat

V < Policy_Evaluation(MDP, 7, )

7’ + Policy Improvement(MDP, V)

if 7 = 7’ then

| policy-stable < true
end

T 7
until policy-stable = true;

return 7w

Algorithm 5: Truncated Policy Evaluation

Input: MDP, policy 7, value function V', positive integer max_iterations
Output: V ~ v, (if mazx_iterations is large enough)
counter < 0
while counter < max_iterations do
for s € S do
| V(S)  acats 7(0l8) Sy eser o' ls,a)(r + 4V (s)
end

counter < counter + 1
end

return V
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Algorithm 6: Truncated Policy Iteration

Input: MDP, positive integer max_iterations, small positive number 6
Output: policy 7 =~ m,

Initialize V arbitrarily (e.g., V(s) =0 for all s € ST)

Initialize 7 arbitrarily (e.g., w(a|s) = IA%S)I for all s € S and a € A(s))

repeat

7 < Policy_Improvement(MDP, V)

Voia <V

V + Truncated_Policy _Evaluation(MDP, 7, V, mazx_iterations)
until maxges |V (s) — Voua(s)| < 6;
return w

Algorithm 7: Value Iteration

Input: MDP, small positive number 6
Output: policy 7 =~ 7,
Initialize V arbitrarily (e.g., V(s) = 0 for all s € ST)

repeat
A<+0

for s € S do
v+ V(s)
V(S) < INaXge A(s) 25'6377»672 p(sla ’I’|S, a)(r + ’VV(‘S/))
A + max(A,|v — V(s)])
end
until A < 6;
7 < Policy_Improvement(MDP, V)
return w




5. MONTE CARLO METHODS
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Algorithm 8: First-Visit MC Prediction (for state values)

Input: policy m, positive integer num_episodes
Output: value function V' (= v, if num_episodes is large enough)
Initialize N(s) =0 for all s € S
Initialize returns_sum(s) =0 for all s € S
for i < 1 to num_episodes do
Generate an episode Sy, Ag, Ry, ..., St using 7
fort<0toT —1do
if S; is a first visit (with return G¢) then
N(S;) « N(Sy) +1
‘ returns_sum(St) + returns_sum(St) + Gt

end

end
V(s) + returns_sum(s)/N(s) for all s € S
return V

Algorithm 9: First-Visit MC Prediction (for action values)

Input: policy m, positive integer num_episodes
Output: value function Q (= ¢, if num_episodes is large enough)
Initialize N(s,a) =0 for all s € S,a € A(s)
Initialize returns_sum(s,a) = 0 for all s € S,a € A(s)
for i < 1 to num-_episodes do
Generate an episode Sy, Ag, R1, ..., 57 using
fort< 0 toT —1do
if (S, Ap) is a first visit (with return G¢) then
N(St, At) — N(St, At) +1
‘ returns_sum(Sy, Ay) < returns_sum(Sy, A;) + G,

end
end
Q(s,a) « returns_sum(s,a)/N(s,a) for all s € S, a € A(s)
return @
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Algorithm 10: First-Visit GLIE MC Control

Input: positive integer num_episodes, GLIE {e;}
Output: policy 7 (= 7, if num_episodes is large enough)
Initialize Q(s,a) =0 for all s € S and a € A(s)

Initialize N(s,a) =0 for all s € S,a € A(s)

for i + 1 to num_episodes do
€< €;

7 < e-greedy(Q)
Generate an episode Sy, Ag, Ry, ..., St using 7
fort+0toT —1do
if (S, Ay) is a first visit (with return G;) then
Q(Si, Ar) + Q(St, Av) + ysrary (G — Q(Sr, Ay))

end

end
return 7

Algorithm 11: First-Visit Constant-a (GLIE) MC Control

Input: positive integer num_episodes, small positive fraction «, GLIE {¢;}
Output: policy 7 (= 7, if num_episodes is large enough)
Initialize Q arbitrarily (e.g., Q(s,a) =0 for all s € S and a € A(s))

for i < 1 to num-_episodes do
€< €;

7+ e-greedy(Q)
Generate an episode Sy, Ag, Ry, ..., St using 7
fort<0toT —1do

if (S, Ar) is a first visit (with return G;) then
| Q(St, Ar) < Q(St, Ar) + a(Gr — Q(St, Ar))
end
end
return w
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6. TEMPORAL-DIFFERENCE METHODS

Algorithm 12: TD(0)

Input: policy m, positive integer num_episodes
Output: value function V' (= v, if num_episodes is large enough)
Initialize V arbitrarily (e.g., V(s) =0 for all s € ST)
for i < 1 to num_episodes do
Observe Sy
t<0
repeat
Choose action A; using policy 7
Take action A; and observe Riy1, Si41
V(St) < V(St) + a(Re1 + 7V (Se41) — V(St))
t—t+1
until S; is terminal;
end
return V

Algorithm 13: Sarsa

Input: policy 7, positive integer num_episodes, small positive fraction o, GLIE {e;}
Output: value function Q (= ¢, if num_episodes is large enough)
Initialize @ arbitrarily (e.g., Q(s,a) =0 for all s € S and a € A(s), and Q(terminal-state,-) = 0)

for i < 1 to num_episodes do
€ < €

Observe Sy
Choose action A using policy derived from @ (e.g., e-greedy)
t+0

repeat
Take action A; and observe Ryy1,S¢t1
Choose action A1 using policy derived from @ (e.g., e-greedy)
Q(St, Ar) < Q(S¢, Ar) + a(Ri1 +7Q(St1, Arr1) — Q(St, Ar))
t+—t+1

until S; is terminal;

end

return Q




W ubaciTy

Algorithm 14: Sarsamax (Q-Learning)

Input: policy m, positive integer num _episodes, small positive fraction «, GLIE {¢;}
Output: value function Q (= ¢, if num_episodes is large enough)
Initialize @ arbitrarily (e.g., Q(s,a) =0 for all s € S and a € A(s), and Q(terminal-state,-) = 0)

for i < 1 to num_episodes do
€< €

Observe Sy

t< 0

repeat
Choose action A; using policy derived from Q (e.g., e-greedy)
Take action A; and observe Riy1, Si41
Q(St, Ar) < Q(S¢, Ar) + a(Ryy1 +ymaxg Q(Siq1,a) — Q(St, Ar))
t—t+1

until S; is terminal;

end
return Q

Algorithm 15: Expected Sarsa

Input: policy 7, positive integer num_episodes, small positive fraction a, GLIE {e;}
Output: value function Q (= ¢, if num_episodes is large enough)
Initialize @ arbitrarily (e.g., Q(s,a) =0 for all s € S and a € A(s), and Q(terminal-state,-) = 0)

for i < 1 to num-_episodes do
€< €;

Observe Sy
t<+0
repeat
Choose action A; using policy derived from @ (e.g., e-greedy)
Take action A; and observe Ryy1, Sty1
Q(St, Ar) + Q(St, Ar) + a(Riyr + 732, 7(a]Si41)Q(Si41, a) — Q(S, Ar))
t—1t+1
until S; is terminal;

end
return @
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