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Tests Based on Population Models

Getting null distribution based on randomization can be difficult if:
e cxperiment is complicated
e experiment is non or partially randomized
e experiment includes nuisance factors

Consider the following model for our 2 treatment experiment:

e There is a large/infinite population of similar individuals as those in

our experiment.

e When treatment A is given, the distribution of outcomes can be repre-

sented by probability distribution py:
E(Ya) = /yPA(y) dy = pa

var(Ya) = E[(Ya — pa)’] = 0}
e When treatment B is given, we have probability distribution pp:
E(Ys) = ps
2

var(Yp) = o3

e The individuals that got treatment A in our experiment can be viewed

as an independent sample from Py.

e Similarly for those receiving treatment B.

Yia,..., Y4~ Pa

}/lBa"'aYnBBNPB



and together with unbiasedness, Y4 — ji4
Can also show

(consistent estimator)

Sfl—>0§1
#{Yia < x}

A

= Fulz) — Fu(z) = /

nA

pa(y)dy
Connection to Hypothesis Testing

We can then formulate Hy and H; in terms of population quantities:

Ho:pa=pg

Hy:pa # pp
Assume:

YiAa N 7YTLAA ~ PA
YiBa . JYnBB ~ PB
The null hypothesis H; can be re-expressed as:

/ ypaly) dy = / ype(y) dy

To evaluate and get a p-value, we need the distribution of g(Yy4, Y5) under
a = pp. This involves assumptions about P4 and Pp.



The Normal Distribution
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Why is this a useful assumption to make?

e Data can be (approximately) normally distributed.

e Sample means are (approximately) normally distributed.
Both due to Central Limit Theorem.

Let P(u,0?) denote a population with mean p and variance 0. Then,

)

Yy ~ Pl(:ulvo-%)

}/2 ~ PQ(/LQ, 0'2) = . = =

| Doy (Y e
’ j=1 7=1 j=1
Yoo ~ P, 07%1) )

(if the Y}’s are independent)

Sums of varying quantities are approximately normally distributed.



Normally Distributed Data

Consider:
Y, =061X1+ foXo+ B3 X3+ ...

Empirical distribution of Y;’s will be approximately N(u, c?) where p and o2
depend on (1, 5o, ..., and the means and variances of X1, Xy, X3,....

Additive effects = approx normally distributed data.

Normally Distributed Means

For experiment 1:

sample: y?), e ,yfll) iid. P = g<1)

For experiment m:
sample: ygm), e ,yflm) iid. P = g™

A histogram of {gV), ... 7™} will be approx N(u,o?/n).
This is the sampling distribution of the sample mean even if the original

data are not normal.

Basic Properties of the Normal Distribution

-IfY ~ N(u,0?%), then aY +b ~ N(au + b, a?c?) for some constants a, b.
-If Yy ~ N(p1,0?), Yo ~ N(uz,03), and Y}, Y; are independent:

= Y1 +Ys ~ N + po, 01 + 03)



-IfYy,...,Y, are ii.d. N(u,0?), then Y is independent of S? (sample vari-
ance).

How does this help with hypothesis testing?

Consider:
Hoy:pa=pg
Under Hy:
Ya~ N(u,0%/na)
Yp ~ N(p,0%/np)
Where: ) )
2 %94, 9B
4B = i ng

=.". if know variances, would have a null sampling distribution.



History of the Neyman-Pearson Approach and the p-Value Ap-

proach

itk

Jerzy Neyman (1894-1981), Berkeley = Egon Pearson (1895-1980), UCL

Ronald A. Fisher (1890-1962), UCL

The rejection/do not reject dichotomy is associated with the Neyman-

Pearson approach to hypothesis testing; p-value is associated with R.A.
Fisher.



The t-test (One-sample)

Let’s consider first a simple one sample hypothesis test:

Yi,...,Y, ~ iid. with mean p and variance o>

Ho:p= po
Hy:p# o

Example:

Y; = muscle strength after treatment — muscle strength before treatment

Ho:E(Y;)) =p=0

Simple and Composite Hypotheses

@ The specification of null and alternative hypotheses depends on the problem.

Example

To test whether the mean package weight of a ready-to-eat cereal is 16 ounces, we
can set our null hypothesis as
Ho U= 16,

and the alternative hypothesis can be
Hy:u>16o0r Hy : u # 16.

If the company wants to avoid legal action and/or customer dissatisfaction, then it can
set Hp:u <16 vs. Hy: u > 16.

@ The hypothesis like u = 16, which specifies a single value of u, is called the
simple hypothesis.

@ Either of the two alternative hypotheses in the above example includes more than
one values of u, so is called the composite hypothesis.

@ Among which, u > 16 is a one-sided (composite) hypothesis, and u # 16 is a
two-sided (composite) hypothesis.



Consider:
D—/ — ,uo‘ as a test statistic
- sensitive to deviations from H,

- sampling distribution approximately known

E(Y) =p
var(Y) = %

Y =~ normal

Under Ho,
— . 02
(V = o) ~ N (o, _>

n

but o? is unknown

What if we scale (7 — ,uo)?

Y —
Ho N(0,1) under Hy

NG
where SFE = \/var

Having observed data,
Y is computable,
n is known,
to is hypothesized (known),
o is unknown

Solution: plug in s? for o2



One Sample t-statistic

For random variable Y, the test statistic is:

Y — o

NG

What is the null distribution for ¢(y)?
2

HY)

If approximation s* ~ o2 is poor, then we need to take into account uncer-
tainty in our estimate of o2.

This can happen for instance with small n.

Some Facts

U Zi,..., 2, ~iid N(0,1),

n

=Y 7' ~x;

1=1

also = Z(Z’ — 72~ N2,
i=1

CIUYh,.. Y, iid ~ AN(02)
Y1 — Yn_ ..
= ! 'u,..., Poiid ~ N(0,1)

o o

1

1=1

1 < =
Also = pe Z(Y} ~ Y)Y~ N2

1=1



X 2 Distributions

0.08
|

p(Y)
-

0.0
|

0.00
|

So all of this allows us to do:

n—1, (n-—1 1 O 5 )
o2 ° :( o2 )(n—lZ(Yi_Y)>anl

The t-distribution

If:
Z ~N(0,1), X ~x%, Zand X are independent,
Z
X/m

=

~ T

See more examples below.
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0.4

p()
0.3

0.2

0.1

n—1
2 2
o2 5 ™~ Xn-1

Y and s? are independent

Let —
V(Y —n)
o
X = n_2132
o
Then,

V(Y —p) v _

Z > B !
X N nlo 5 ~ et
Vel Voo v

Under a particular Hy : 4t = pg, this becomes a statistic with known sampling

distribution.
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Two-sided H; and One-sample t-test

t(Y) is the t-statistic as a random variable, t(y) is a observed value.
p-value = P ([¢t(Y)| > [t(y)| | Ho)

= P(|T-1| > |t(y)])
=2 P(T,-1 > [t(y)])

=2-(1—pt(teps,n — 1
(1= piltor ) Rcode
= t.test(y, mu = mu0)

Level a decision procedure:
Reject Hy if:

p-value < «

or equivalently:
(tW)] = tn-1)1-a/2

t(n—1),1—a/2 1s critical value for this test.

fora=05,=t~2
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History of the t Test

William S. Gosset (1876-1937)

@ The t-test is named after Gosset (1908), “The probable error of a mean”. At the
time, Gosset worked at Guiness Brewery, which prohibited its employees from
publishing in order to prevent the possible loss of trade secrets. To circumvent this
barrier, Gosset published under the pseudonym “Student”. Consequently, this
famous distribution is known as the Student’s t rather than Gosset’s t! The name
“t” was popularized by R.A. Fisher.

Composite Null and Alternative Hypotheses

® Ho:u<pgvs. Hy:pu>po

@ The data, test statistic, decision rule and p-value are exactly the same as in the
previous test.

® Ho:p=>povs. Hy:p <pg

@ The data and test statistic are exactly the same as in the previous test.
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Schematic Summary

Standard
normal Z
distribution

O]

State the hypotheses:

Hy: p=py Ho p=py Hy p=py
Hy:p# py Hyip>py Hp:p<py

®

Y

.

Student ¢
distribution

Y

Compute critical Computé critical | | Compute critical Compute critical Compdte critical | | Compute critical
values value value values value value
Tu = motZan0% | | Kot = Kot 2a0% | | Torit = B0 %05  |TuT BottanSt | | T = BotheSt | | Ferie = HohaST
XL = Mo~ 2an0% Xy = Bo—tanSe

Y Y Y ( Y /
Decision rule Decision rule Decision rule Decision rule Decision rule Decision rule
If X >xy or If X >Xerigs If X< Xgips If x >Xx0r i X > X f X <Xt
x<Xxp,reject Hy| | reject Hyand reject Hy and X <X, reject Hy | | reject Hyand reject Hy and
and accept H;. accept H;. accept H;. and accept H;. accept H;. accept H;.

Copyright ©2013 Pearson Education, publishing as Prentice Hall
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Matched Pair: Two Means

@ Matched pair is a kind of dependent samples; apart from the factor under study,
the pairs should resemble one another as closely as possible, such as twins.
- Dependent samples can also be two measurements taken on the same person
or object, e.g., a measurement is taken before an event and one after the event
(e.g., the treatment on a patient), namely, repeated measurements.

@ Data: {(x;,y;)}1_4, where X; —y,-~ N(ux—uy,cg,) but X andy,- need not be
normally distributed, and p, 1, and 6% are unknown 4

@ (i) Ho:py—py,=00rHy:py—p,<0vs. Hy:py—pu,>0

@ (i) Ho: puy —py,=00rHp:puy—p, >0vs. Hy:py—p, <0

© (i) Ho: iy —py =0vs. Hy:py —py, #0

@ This is like testing one normal mean with unknown population variance.
- Xj, 4, Ko and o there are like x; — yj, i, — iy, 0 and 65 here.

@ Test Statistic:

. d
Sq/V/n’
which follows the t,_4 distribution under Hy, where d = x — y, and sy is the sample
standard deviation of {(x; — y;)}4.

@ Decision Rule: reject Hy if t > t, 1 o in (i), if t < =1, 1 o in (i), and [t| > t,_1 o 2 IN
(iii).

@ The p-valueis P(T > t)in (i), P(T < t) in (ii), and P(|T| > |t|) in (iii), where
T Y tn_‘] .

@ (*) Recall that the power of the t-test is inversely affected by 62, so a smaller 62 is
favorable to the detection of the difference in u, and u,,. Since

t

O':‘;: Var (x —y) :G)z(+6}2/_20'xy,
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Example: Paired t-test

e Compare the effects of two soporific drugs.

— Hy:pg=0 where pug = p1 — po

Each subject receives placebo, Drug 1, and Drug 2.
Dependent variable: Number of hours of increased sleep.
Drug 1 given to n subjects, Drug 2 given to the same n subjects.

Study question: Is Drug 1 or Drug 2 more effective at increasing sleep?

— Hy:pg #0
Subject | Drug 1 | Drug 2 | Diff (2-1)

1 0.7 1.9 1.2

2 -1.6 0.8 2.4

3 -0.2 1.1 1.3

4 -1.2 0.1 1.3

5 -0.1 -0.1 0.0

6 3.4 4.4 1.0

7 3.7 5.9 1.8

8 0.8 1.6 0.8

9 0.0 4.6 4.6

10 2.0 3.4 1.4
Mean 0.75 2.33 1.58
SD 1.79 2.0 1.2

16




Extra Hours of Sleep
N
L

1 2 Diff

Drug

» Stat program output (R)

Syntax:

Paired t-test

result <- t.test(before, after, paired=T)
data: extra by group

t = -4.0621, df = 9, p-value = 0.002833
alternative hypothesis: true difference in means is not equal to O
95 percent confidence interval:
-2.4598858 -0.7001142
sample estimates:
mean of the differences
-1.58

* Interpretation

— A person who takes Drug 2 sleeps on average 1.58 hours longer (95%
Cl: [0.70, 2.50]) than a person who takes Drug 1

Discuss soon
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Two Sample t-test

Sampling model:
}/1A7 . 7YnAA ~ 1.1.d. N(,lLA,O'Q)

Yig, ..., Y5 ~iid. N(up,o?)
note that:o2equal variances assumed
Hy:pa=pg
Hy:pa # pp
Recall:

- — 1 1
Y=Y~ Nup —pa, o <—+—))
na ng

If Hy is true:
— — o (1 1
Yp—Ya~NOo°| —+—]))
ng nNp

How to get plug-in estimates for o7

Consider:

81271 pooled variance

2 _ Z?:Al(y; — YA>2 + Z?jl(yi — YB)2
r (na—1)+ (np —1)

S

_ (na —1)s% + (np — 1)s%
(nA — 1) + (nB — 1)

18



This generates two-sample t-statistic

0 refers to Hy : pua = up

Y—-Y4) =0
t(YAvyB):( - 1 A)l
Sp nA+nB

Hy

~ tnA+nB—2

Numerical Example (2 trt data again)

Decision procedure:

e Level a test of Hy : uy = pup, with a = 0.05
e Reject Hy if p-value < 0.05
° RG‘]P(‘t Hy if It(yA, yB)l > t10?_975 = 2.23

19



Data:

o 4 =18.36,54=1793,n4=6

o i =24.30, s3 = 26.54, np =6
t-statistic:

. 312, = 2224, s, = 4.72

o t(ya,yp) = 5.93/(4.72\/1/6 + 1/6) = 2.18

Inference: t.r.v. with 10 df under H,,

/
e Hence the p-value= Pr(|T1o| > 2.18) = 0.054

e Hence Hy: pa = pp is not rejected at level a = 0.05

Observed value ( in this case 4, — yg )

20



critical observed critical
value \ / value / value

T2
_
g i _—/ ¥
[ [ I [ [
—4 —2 0 2 4
T
pdf for a 775 (under H))
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Comparison to Randomization Test

( p-value from 2 sample t-test = 0.054 )

<
S
o
S
>
g g — randomisation
ol _—distribution
i
S
< | I I T T | ]
-6 —4 -2 0 2 4 6
t(Y As Y B)
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Is there concordance between the two approaches surprising?

Assumptions: Under H

¢ Randomization Test:
1. Treatments are randomly assigned
e t-test:

1. Data are independent samples
2. Each population is normally distributed

3. The two populations have the same variance
Imagined Universes:

e Randomization Test: Numerical responses remain fixed, we imagine

only alternative treatment assignments.

o t-test: Treatment assignments remain fixed, we imagine an alterna-
tive sample of experimental units and/or conditions, giving different

numerical responses.
Inferential Context / Type of Generalization

e Randomization Test: Inference is specific to our particular experimental

units and conditions.

e t-test: Under our assumptions, inference claims to be generalizable

to other units / conditions, i.e., to a larger population.

Yet the numerical results are often nearly identical.
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Keep the following concepts clear:

e t-statistic: a scaled difference in sample means, computed from the
data.

e t-distribution: the probability distribution of a normal random vari-

able divided by the square-root of a y? random variable.
e t-test: a comparison of a t-statistic to a t-distribution.

e randomization distribution: the probability distribution of a test

statistic under random treatment reassignments and Hy.

e randomization test: a comparison of a test statistic to its random-

ization distribution.

e randomization test with the t-statistic: a comparison of the t-

statistic to its randomization distribution.

Checking Assumptions

Two sample t-test assumes:

a) s = pup (to derive sampling distribution under Hy)

¢) pa and pp are normal distributions

Thus rejecting Hy = a) is not true,
. want to check b) and c).

24



Checking Normality

- Use normal probability plot.

- Idea: order observed observations within each group.
Yv(l)A) e 7}/(71A)A; }/(1)37 U 7}/(nB)B

Compare these sample quantiles to theoretical quantiles of a normal distri-

bution (N (0, 1) for convenience).

where P(ZgZ(k 1>>:£—1

ngq 2

[and similarly for the Y;p observations |

Then plot one against the other.

If normality holds, the relationship should be approximately linear.
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Sample Quantiles

12
1

16 20

\
Sample Quantiles

18 22 26
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Sample Quantiles

-20 05 05

11 1 1 1 1 1
°

®

Sample Quantiles
-20 -1.0 0.0

Sample Quantiles

0. S 1.0
Sample Quantiles
-05 00 05

Sample Quantiles

-0.5 05 15 25
Sample Quantiles
-1 0 1 2
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Examples of normal probability plots
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Checking Equality of Variances

There is a formal procedure (e.g., Levene’s test). We will see this later.

For now, we can use the following rule of thumb:

152
|
1752

What if variances do not appear to be equal?

<4 (A, B can reverse)

Options:
1. Use randomization H| distribution.
2. Transform data to stabilize variances.

3. Use modified t-test that allows unequal variances:

V-V
tw (Va, Vi) =~
ma T g

W: df based on Welch’s approximation

Example: Two-Sample t-test

e Compare the effects of two soporific drugs

— Optical isomers of hyoscyamine hydrobromide

Each subject receives a placebo and then is randomly assigned to receive

Drug 1 or Drug 2

Dependent variable: Number of hours of increased sleep over control
e Drug 1 given to n; subjects, Drug 2 given to ns different subjects

Study question: Is Drug 1 or Drug 2 more effective at increasing sleep?

27



— Ho: = po
— Hi:py # o

Obs. Drug 1l Drug 2

1 0.7 1.9
2 -1.6 0.8
3 -0.2 1.1
4 -1.2 0.1
5 -0.1 -0.1
6 3.4 4.4
7 3.7 5.5
8 0.8 1.6
9 0.0 4.6
10 2.0 3.4
Mean  0.75 2.33
SD 1.79 2.0

28



n=10

10

__ -

dos|S Jo sINOH eax3

Drug
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+ Stat program output |( R)

Two Sample t-test |Syntax: See earlier notes

data: extra by group

t = -1.8608, df = 18, p-value = 0.07919

alternative hypothesis: true difference in means is not equal to O
95 percent confidence interval:

-3.3638740 0.2038740

sample estimates:
mean in group 1 mean in group 2

0.75 2.33

* Interpretation

— Compare Drug 2 to Drug 1. The output compares 1 to 2

— Individuals who take Drug 2 sleep on average 1.58 hours longer (95%
Cl: [-0.20, 3.36]) than individuals who take Drug 1

30



State the hypothesis:

Hypy—pm2=0 Hgpy —pp=0 Hypy —pp =0
Hip = pp#0 Hyipy = <0 Hyipy — pp >0

Independent
ol o3
TN
Paired
52 o 0st + s s}, 53 observations
T Semgptay || diference
Pooled Variance Equation 10.11 Axp=x- x5
DOF = ny+ ny—2 for DOF
z_-sz 52
$37 _%-&_'E
si,,
(i
DOF=n —1
O] Hypothesis ® Hypothesis
type type
@
Compute critical| [Compute critical| [Compute critical Compute critical| [Compute critical| [Compute critical
values value value values value value
Afu'WA? AXrit = =207 | | Aferis = +24087 ATy =+lanSsT | | Ay =—toSaz | [AFey =+laSar
AN, ==ZupUs7 AY, =—lanS 57
: |
Decision rule Decision rule | | Decision rule Decision rule
WAx> ATy of | | |f AT < AT,,,, | | AT > ATy, AT > Avyor| [ peceionrule | | Decision rule
”":E-md reject Hyand | | reject Hyand AT < AT, e "A’:A:ﬂn:
reject accept H,. accept H,. reject H, and reject Hy
accept H,. 1 - wﬁl_ accept H,. accept H,.

Copyright ©2013 Pearson Education, publishing as Prentice Hall
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One Proportion, Large Samples

@ Data: same as in the previous test, but X; can only take 0 or 1 and follows the
Bernoulli(p) distribution.

@ The three pairs of hypotheses are the same as in the previous test, but here the
population means are denoted as p.
@ Test Statistic: R
- P—Po
VPo(1—po)/n

which follows the N (0, 1) distribution under Hy in large sample [npg (1 —pg) > 5
with pg being the proportion under Hy)], where p = X is the sample proportion.

- Recall that the variance of the Bernoulli(p) distribution is p (1 — p), so under Hy,
the variance of x; is known. This is like testing one normal mean with known
population variance.

In schematic on next slide
@ Decision Rule: reject Hy if z > z, inGi), if z < —zy inGid), and |z| > Z, /2 ING) .

@ The p-value formulae are the same as in testing one normal mean with known
population variance.

32



State the hypotheses:

® @ O
Hy:P=P, Hy:P<P, HyP=P, @ShOUld be

Hl:P?ng H1:P>P0 H-I:P(Po
p and py

(statea ) (not caps)

Y Y

Decision rule Decision rule Decision rule

pr p-p p-r,
Pfl-Pyy/n 2 ]/Pg(l _Py)/n_ Pfl-Po)/n @

S =Fs e reject H, reject H,
Po(1-Pg)/n ~ "o and accept H, and accept H,

reject H,

and accept H,

Copyright ©2013 Pearson Education, publishing as Prentice Hall
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Independent Samples: Two Proportions, Large Samples

Data: same as in the previous test, but X;and Y; can only take 0 or 1, so follows
the Bernoulli(px) and Bernoulli(py ) distributions.

The three pairs of hypotheses are the same as in the previous test, but here the
population means are denoted as px and py.

Test Statistic: o
someuseZ —>t= Px — Py

EESE)
\/ nXO + On 0

y

which follows the N (0, 1) distribution under Hy in large sample [npg (1 —pg) > 5
with py being the common proportion under Hp], where

o Ny ) n
 nxpx+nyp, total number of successes in {xi} >4 U {yj}ji1

A

Nx + Ny total sample size of {x;}/™, U {yf}/,'L

- Recall that the variance of the Bernoulli(p) distribution is p(1— p), so under Hy,
the variances of x; and y; are also equal. This is like testing two normal means
with unknown equal population variances. _ see schematic before

Decision Rule:reject Hy if t > zg inG@), if t < —zy inGiD), and [t| > Zy /o INO) .

The p-valueis P(Z >t) in (i), P(Z < t) in (ii), and P(|Z| > |t|) in (iii), where
Z~N(0,1).
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State the hypothesis:

@ ® ®
Hy: P;—P,=0 Hy: P,-P,=0 Hy:P;-P,=0|<= should be
ppand p,

(“statea (not caps)

Compute

Aj=p1—p2

TAp =\/ﬁ1(1_ﬁ]) + ﬁz(l_ﬁz)
m n

Y Y

Compute critical | | Compute critical| | Compute critical
values value value
Apu= +Zaposp Aﬁcrit =Za0Ap Aﬁn:rit = —ZaOAp
ApL = —2ap0yp
Y Y Y
Decision rule Decision rule Decision rule
If Ap >Apy OF | [ If AP > AP i It Ap <Ap it
Ap < APy, reject H,and reject Hyand
reject Hy and accept H,. accept H,.
accept H,.

Copyright ©2013 Pearson Education, publishing as Prentice Hall
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Example:

Test whether the population of women whose age at first birth < 29 has the
same probability of breast cancer as women whose age at first birth was > 30.
This dichotomization is highly arbitrary and we should really be testing for
an association between age and cancer incidence, treating age as a continuous

variable.

e Case-control study (independent and dependent variables interchanged);
p1 = probability of age at first birth > 30, etc.

with Cancer | without Cancer
Total # of subjects 3220 (ny) 10245 (n9)
# age > 30 683 1498
Sample probabilities |  0.212 (py) 0.146 (p2)

— Pooled probability:

683 + 1498

= 0.162
3220 + 10245

Estimate the variance

1 1
variance(p; — p2) = po(1 — po) X [— + —} = 5.54 x 107°
n1 D)

SE = vvariance = 0.00744

Test statistic

©0.212—0.146
* T T 0.00744

= 8.85

2-tailed P-value is 0.0 using survstat; we report P < 0.0001

We do not use a t-distribution because there is no ¢ to estimate (and

hence no ”denominator d.f.” to subtract).
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Other testing approaches include:
o ? test

e Fisher’s exact test
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