Block 6
Matrix Algebra
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Matrix Algebra - Some Useful Results

X, wecmatrix = an array of numbers with r rows and ¢ columns.

For example:

1 21 T11 Ti2 T13
1 15 To1 Too Tag
1 3 4 T31 32 I33
1 8 6 g1 X42 T43

A vector is a matrix with one row or one column.

2 Y1
3
Yy = — | Column vector
—2 Y3
0 Ya

A square matrix: r = ¢
Symmetric matrix: for some square matrix 7, Z;; = Z;;
A diagonal matrix: square with all off-diagonal elements = 0

For example:

7T 3 2 1 7000
3 4 1 —1 0400
C = < square D = <+ diagonal
2 1 6 3 0060
1 -1 3 8 0008

Identity matrix I = diagonal matrix with I;; =1 when ¢ = j

For example:

1000
1
I = 0 00 4x4 identity matrix
0010
0001



Note: A scalar = 1 x 1 matrix = ordinary number

MATRIX OPERATIONS:

Addition and Subtraction

- can only perform addition/subtraction if dimensions match.
eg/ Crxc = Arxc + Bxe

a a2 bi1 b2 ap; + bi1 aig + bio
C=A4+B=|an ap |+ |by bu| =|an+bn ax+ by
asy asp b31 D32 as; + b31 asz + b3y

Commutativity: A+ B=B+ A
Associativity: (A+B)+C=A+(B+C)

Multiplication by a Scalar
kA, x. = (ka;j) (K :scalar)

eg/ (o?: scalar, r X r: recall r = ¢)

2.0 0

9 0 o2 0
o Irxr — .

0 0 o?



Matrix Multiplication

- order matters — A, B.x, # cols of A must match # rows of B

c

C = (cy) =) anby

k=1

For example:

A=(1 3 2 —1) B=

Then the product AB is:
AB=(1x2)+3x1)+(2x =2)+ (-1 x4)=—-3 (scalar)

Note:
Al ><4B4><1 7é B4><1A1><4

2 6 4 =2
1 2 —1
BA = s
-2 -6 —4 2
4 12 8 —4
4x4
When all dimensions > 1:
ABXBBQXQ

a1011 + agebar  ag1bia + ageban

ail a2 a11b11 + a12b91  a11012 + aj2ban
g bi1 bio
21 022 =
ba1  bao

as; as2 as1b11 + asebay  asibio + azabas



Using numbers, an example of multiplication of two matrices is:

3 1 5 1 15+0 3+4 15 4
-1 0 ( )— —-95+0 -14+0]=|-5 —1
2 2 104+0 2+8 10 10

Note: BA not defined!
Associative Law:

ATXC(BchCqXp) = (AB)C

Transpose of a Matrix

If Xixe, X,

cXr

—transpose of X
In other words,
X =(z5) X'=(z5)

Transpose of a column vector is a row vector.

Property of transpose:

(ABY = B'A’

Other properties:

If a1, then a’a is 1 x 1 scalar given by

.,
aa = E a? [sum of squares of elements of a]
=1

If Qrx1 and brxla

Cle = Z aibi = zr: biai = b/CL
1=1

i=1
Useful in manipulating vectors used in regression calculations.

Another useful property:

(a—0)(a—b)=da+bb—2db



Inverse of a Matrix

Recall for a scalar ¢ # 0 and another scalar d # 0,
if cd=1 = d=c!
Square matrices can also have inverses.

— inverse of C'is D such that CD =1 = D =C""' (unique)

Not all square matrices have inverses.

Those that do are called full rank (non-singular).

We don’t do calculations by hand:

- use specific decompositions in linear regression (computer)

Facts:

a) For a diagonal matrix with non-zero diagonal elements = inverse obtained
by inverting diagonal elements.

b) If any diagonal elements are zero, no inverse exists.

Orthogonality

Two vectors a and b of the same length are orthogonal if a'b = 0
This result can be used to extend the notion of orthogonality to matrices.
An r X ¢ matrix @) has orthogonal columns if the set of ¢ < r columns (each

an r X 1 vector) are orthogonal and have length 1.

= Q/Q = Irxr
Furthermore, a square matrix A is orthogonal if A/A = AA' =1

= A=A



For example,

o1 1
3 V2 V6
1 1 -2
A=|d 0 2
11 1
V3 V2 VG

can be shown to be orthogonal by showing that A’A = I, and therefore

111
-1 _ qr —
A_A_EOTE
1 =2 1
V6 V6 V6

Linear dependence and rank of a Matrix

Let X be an n x p matrix with column vectors x1, ..., z,.
We say x1,...,x, are linearly dependent if we can find a4, ..., a, (not all 0)
such that )

Zaja:j =0

J=1

If we cannot find such a4, ..., aq,
= T1,...,T, are linearly independent and the matrix X is full rank.

eg/

1 2 5

X 11 4 ( )
= = (21,22,

13 6 1,12, T3

1 8 11
Note:

x3 = 211 + X9

c.rank(X) =2



Fact:
X'Xispxp
If X has rank p, so does X'X.

Full rank square matrices always have an inverse.

Random Vectors and Matrices

Y, «1 is a random vector if each of its elements is a random variable.

E(y1)
— E(Y) = :
var(yr) -+ cov(y1, Yn)
— var(Y) = : ' :
cov(Yn,y1) -+ var(y,)

Note: COV(yi,yj) = COV(yj; Yi)
Some properties:
E(ag + AY) = ag + AE(Y)

(ap, A : constants) [ag = vector, A = matrix]

var(ag + AY) = Avar(Y) A’



